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PREFACE. 


\ 


Tr has well been said that the sciences are of a sociable dis- 
position and flourish best in the neighborhood of each other. 
They are, indeed, in such reciprocal relation that we cannot 
successfully discover the nature of any one without calling 
to our aid the helpful truth that abides in a certain number 
of the rest. A masterful knowledge of arithmetic cannot be 
obtained by explorations carried on solely within arithmetical 
limits. “a is to Algebra the student must look if he would 


expand his vision and see clearly both far and wide. How- 


_ ever thorough his survey of arithmetical principles may have 


been, and self-satisfying his attainments in comprehending 
and applying them, algebra comes to him as a revelation, and 
opens up before him a domain of truth of which he could 
have no previous conception. We mean to say, in a word, 
that the accomplished arithmetician must of necessity be a 
skilled algebraist as well. 

Algebra is, in fact, an enduring corner-stone of mathemati- 
cal science in general, and for this reason must continually | 


grow in popular favor as an essential educational force; con- 


_ stantly increasing in importance and valuation in the higher 
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schools, and working its way, in elementary form, into the 
schools of the lower grade. Inspired by this conviction, we 
present the following pages for popular consideration and 
acceptance. 

As “’ tis in books the chief of all perfections to be plain 
and brief,’ we have studied beth plainness and brevity, — 
and we trust there will be found at the same time in our 
unpretending treatise a fulness of scientific statement and 
of practical exercises that will meet all ordinary require- 
ments. 

The miscellaneous problems and exercises with which our 
book closes will afford, we believe, a copious supply of 
varied and interesting matter upon which the teacher can 


draw to advantage at various stages of his professional work. 
J. M. R. 
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ALGEBRA. 


I. Quantity is that which can be measured or estimated ; 
as distance, weight, time. 

Mathematics treats of the exact relations between quan- 
tities, and embraces fundamentally Arithmetic, Algebra, and 
Geometry. 

II. Arithmetic treats of quantities or numbers as ex- 
pressed by the Arabic numerals, 0, 1, 2, 3, 4, etc. 

Geometry treats specifically of solids, surfaces, lines, and 
angles. 
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IIJ. Algebra, like Arithmetic, treats of quantities or 
numbers, but, by the use of peculiar symbols, extends its 
power far beyond the arithmetical limits ; it has been called, 
not inappropriately, Universal Arithmetic. 


IV. The Algebraic Symbols are classed ea follows : 


1. Symbols of Quantity or Number. 
2. Symbols of Operation. 
3. Symbols of Relation. 
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Symbols of Quantity. 


1. a, 5, ¢, d, etce., representing known quantities—known 
because any value whatever may be given them. a@ may 
represent 0, or 1, or any other digit or number. 

2. 2, Y, % U, etc., representing unknown quantities—uwun- 
known because their value has to be found. If we say # has 
the value of a, we cannot know the value of 2 until we have 
fixed upon a value for a. If we determine that @ represents | 
10, the value of x has been found, and is 10. 

3. + (plus) and — (minus), as marking distinction of char- 
acter or quality. : 

Quantity, as algebraically treated, is either Positive or 
Negative. 

Positive quantities are distinguished by + ; negative quan- 
tities by —. 


PRINCIPLE. 


Positive and negative quantities are diametrically oppo- 
site in their signification. 


If + 10 denotes dollars gained, — 10 denotes dollars 
lost. If +6 denotes miles north, — 6 denotes miles south. 
b, representing a known quantity, may be assigned a value, 
say 15; then we have + 15, the miles north, and — 15, the 
miles south, 

If height be represented by + 7, and depth by — 6, height 
exceeds depth by 1, and the symbol for the excess is + 1. 

If height be cepresented by — 7, and depth by + 6, height 
again exceeds depth by 1, but the symbol for the excess is — 1. 

If height be represented by + 7, and depth by — 7, there 
is no excess of height over depth, and the symbol for the 
condition is O (zero). 


SYMBOLS OF OPERATION. 9 


4, The continuation of a quantity, as c, is represented thus : 
Bri. , read “ continued indefinitely.” abc..... is 
read “abc and so on.” 

EXERCISES. 
What is quantity ? 


Of what does mathematics treat? 
Embraces what ? 

Arithmetic treats of what? 
Geometry treats of what? 


In what respect is algebra like arithmetic? 
In what respect is it different ? 


What has algebra been called ? 
Name the first class of algebraic symbols. 


ee ee re ee 


10. Name the second class. 

11. Name the third class. 

12. Write five symbols representing known quantities. 

13. Select a value for each of them. 

14, Write five symbols representing unknown quantities. 

15. If the value of y is 6, how can you obtain the numeri- 
cal value of y? 

16. How do + and — differ in signification ? 

17. If —8 indicates that you owe 8 dollars, what will 
indicate payment of the debt? What will represent the 
balance ? | 

18. Write c¢ once, and indicate its continuation. 


Symbols of Operation. 
1. +, sign of Addition, used thus: 8+10,7+y; read 
“ 8 plus 10,” “ax plus y”; preferably, “ the sum, 8 plus 10,” 
“the sum, x plus y.” 
2. —, sign of Subtraction, used thus: 11 —9, e—d; read 


10 ALGEBRA. 


“11 minus 9,” “c minus d”; preferably, “the difference, 
11 minus 9,” “ the difference, c minus d.”’ 


PRINCIPLE. 


+ and — indicate operations exactly opposite in kind, 
effect, and result. 


3. X, sign of Multiplication, used thus: 8 X11,a xb Xe 
(sometimes written a. 6. c, but commonly abe), read “ 8 multi- 
plied by 11,” or, “the product of 8 and 11,” “the product 
of a, b, and «.” Note the use of the period in second line. 

8 and 11, and a, ), c, are called Factors of their products. 
Numerical factors precede literal factors, as in the product 
Gabe. Here 6 is called the Coefficient or Co-factor of adc. 
6a may be regarded as the coefficient of bc, and 6a6 as the 
coefficient of ¢. 

4, +, —, signs of Division, used thus: 9 = 3, or$,a + b,or 


~ read ‘9 divided by 3,” or “9 over 3,” “a divided by 6,” 


or “a over b.” 

5. 2,3, 4, etc., as Hxponents, placed thus : a, a’, at, ete., 
read “a square,” “a cube,” “ a fourth power.” 

a? means the product aa ; a® means the product aaa. 

a‘ is aaaa, in which 4 isan exponent. 4aisa+a+t+a-+a, 
in which 4 is a coefficient. Notice carefully the difference. 

6. 1/, Radical Sign, used thus: 7/9, 78, read “ square 
root of 9,” “cube root of 8.” 

In 7, 3 is called the Index of the root; in 7/, 2 is the 


index understood. 
EXERCISES. 
1. Write algebraically the sum of a, b,and ce. Of 2a, 
By, Az. 


SYMBOLS OF OPERATION. 11 


2. Write the difference, 7 minus 7, and indicate the differ- 
ence by a single symbol. 

3. How do + and — differ as symbols of quantity? As 
symbols of operation ? 

4, If you have travelled continuously 16 miles, and + 7 
signifies your miles north, and—9 your miles south, what 
. symbols will indicate how far and in what direction you are 
from your starting point ? | 


5. Show by the asterisks that the product hoe ae 

: * * KK OX 

of 5 x 4 is the same as the product of 4X 5. x x x x ® 
6. Express accurately and in brief form * * * * * 
the product of the factors 2, y, 100, a, 6, and point out the 


coefficient of y. 

7. Why is the product a <6 the same in value as the 
product 6 X a? 

8. Write the arbduuct of 2 and y “over” the sum of 2 
and y. 

9, Write the sum of gz, y, and z “over” the difference, 
é minus f. 

10. Indicate the cube of 2, and the cube root of 8. 

11. Since 2? is 2 x 2X 2, or 8, and 78 is 2, what is the 
difference in effect between an exponent and an index? 
What power of 2 is 2°? Write 3 as a coefficient. 

12. Write the cube root of 1728, divided by the square 
root of 144, using symbols. 

13. Write 21 as the coefficient of the product p qr. 

14. Read without ambiguity the following : 


mt b, 4 2. 
eh. = 
3. a+b? —e. 5. 10 abe | 
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4 3 
cua 9. abe + a’ ey 
V 16 
7. 2y — 13abzy. 10. 5a + 36 + 16 X 8a. 
8. opgr +6 Ve 77. abedef : 
4Xuv 1xX2x3x4 


Symbols of Relation. 


1. =, sign of Equality, used thus: 9+ 5=14, aw —b=ce, 
read “9 + 5 equals 14,” “az —b equals c.” 

2. > and <, signs of Inequality, used thus: a+ b><¢, 
a—y<d, read “the sum, a plus 3, is greater than ec,” “the © 
difference, « minus y, is less than d,” 

3. (), LI, { }, 
tively parentheses, brackets, braces, vinculum, used thus: 
6(3 + 2—1), 68+2—1],6{3+2—1}, 6 Xa gee 
indicating alike 6 times the value of the quantities enclosed 


, signs of Aggregation, named respec- 


—. e., 6 times 4. 
4, .°., sign of Deduction, used thus: a=6,b=5,.*. a+b 
= 6+5=11, read “therefore” or “hence” a+b=6+5=11. 


EXERCISES. 


Write the following: 

1. The difference, 5a minus 3a, as equal to 2a. 

2. The sum, 5a plus 3a, as equal to 2a. 

3. The difference, 3x minus 2, as greater than the sum, 
2x plus 1. 

4, A sign of aggregation, and show by it that x is equal » 
to a times y +z—e. 

5. Write y times the sum of m and n equal to 6 times the 
square of p “over” the 4th root of 81. 
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Algebraic Expression. 


1. A combination of algebraic symbols denoting a quan- 
tity is called an Algebraic Expression. Parts connected by 
the signs + and — are called Terms. 3a -+ 4bx — 6cy’ is an 
expression consisting of three terms. 

3 2. Terms are called dike terms when their literal factors are 
~ in all respects the same. 6a7y’z and 7a7y*z are like terms. 

3. A single expression, as 3a, is called a Monomial; an 
expression consisting of two terms is called a Binomial ; an 
expression consisting of three terms is called a Trinomial ; 
an expression consisting of two or more terms is called in 
general a Polynomial. 


EXERCISES. 
Define the following : 
1. Algebraic expression. 4, Binomial. 
2. Terms. 5. Trinomial. 
3. Monomial. 6. Polynomial. 
Write: 


1. A monomial. 

2. A binomial (terms like). 

3. A trinomial (terms unlike). 

4. A polynomial (four terms). 

5, A binomial as equal in value to a trinomial. 


The Equation. 


1. An equation is the expression of equality between two 
quantities, made by writing the sign of equality between 
them. 7+8—9=6, 24+ 32 =10, are equations; read, 
“The sum of 7 and 8, diminished by 9, equals 6.” “Two 
times x plus 3 times 2 equals 10.” 

2. The part of an equation preceding the sign of equality 
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is called the First Member ; the part following the sign of 
equality is called the Second Member. | 
3. The solution of an equation depends upon Simplifica- 
tion—a process that consists in removing symbols of opera- 
tion by performing the operations they indicate or imply. 


a. Let the equation be 7 + 8 —9=6. 
The signs of operation are + and —. 
1. Removing +, we have 15 — 9 =6. 
2. Removing —, we have 6 = 6. 
By such a result an equation is said to be verified. 


b. Let the equation be 5 x 14+7—-12+6X2+8=17. 
The different symbols of operation are +, —, X, + 


The law or order of their removal is, in this and in all other 
cases, as follows: X, +, —, +. 


Norr. + may sometimes be conveniently removed before —. 


1. Removing X, we have 70 + 7 —12+124+8=17. 

2. Removing +, we have 10 —1-+ 8 = 17. 

3. Removing —, we have 9 + 8 = 17. 

4. Removing +, we have 17 = 17, which verifies th 
equation. ; 


EXERCISES. 
Read and verify the following : 
3+6X2=16. 
10—-3xX3=1. 
12+38 X2= 2. 


§51+3—-—2X6=65. 
21X3+7+8X3—33 =0 (see note). 
11 Kk 20 +4—12+4+6=858. 
82+8X4+49+7—-4=4, 


ee a ee 
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8. 43+9+9—4+4+10—10=40, 
9.1k2xK3+6—1+100=100. 
10.0xk2x4xX5+404+0=0. 


4, Equations are called: 
1. Numerical, when all of the known quantities are rep- 
resented by numbers ; as, 
| on + 27==10, and 10+6—7=9. 
2. Literal, when some or all of the known quantities are 
represented by letters ; as, 
2ax +b=c, and z*=axr—e. 


EXERCISES. 
Find by simplification the second member of the follow- 
ing numerical equations : 


. 64+124=, 

2. 40—6x 6=. 

3. 24+6x4=, 

4. 96-6—4x2=. 

9. 42<6+14+16 X6—66=. 
6. 22x 40+8 —24+-8412=, 
7. 144+6<8+4+18+6—5=. 

8. 86+ 18+18—8+20—20=. 
9.2x4x 6+12—2+4200=. 

10.048 x10=+80+2+4+0=, 


5. To indicate that + is to be removed before , a paren- 
thesis, (), must be used. See (3) above: 24+6X4=1; 
but (246) x4=16. A parenthesis invariably dieu 
that the signs it includes are the first to be removed. A 
, may be used instead of (); thus 24=6 
24 = 6 


vinculum, 


x 4= 16, or 


= 1, 
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EXERCISES. . 
Find the second member of the following equations : 


L. (eer Oe ee 

2. 28--7—2X12+6=. 

8. 22+(7—2) x (2+ 6)=. 

4.13xX6+44+8xX2=. 

5. 18X(6+4)+8X2=. 

6. 4x5 xX9-—84+-9+370— 

7.4X5X(9—-3)+(199+3+4+6)=. 

8. 6+4)xX9-870)a84) 

9. Stake OF oe : 

10. 327 x 6+109 + 52X5 ier 
PROBLEMS. 

é ORAL OR WRITTEN. 


1. If A. had 7 marbles and bought twice that number, 
how many had he then ? 
Solution.—1. Let x represent the number A. then had. 
2. Hence, the equation isw = 7+7 x 2. 
3. Removing x, we have x = 7 + 14. 
4. Removing +,we have x = 21, the number he then 
had. 
2. B. had 82 dollars; after paying 3 dollars apiece for 9 
books, how many dollars had he left? 
The equation is x= 82—3 9. 
3. C. gave $6 for one dozen knives; how many at that 
rate can be bought for $1.00? ie 
The equation is 2 = $1.00 + ($6.00 + 12). 
4, D. bought 5 gross of pens for $3.60 ; at that rate what 
would 50 pens cost? | 


The equation is x = ($3.60 + 720) X 50. 
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5. E. having earned on Monday 76 cents, and on Tuesday 
78 cents, spent on Wednesday 9 times 17 cents; how much 
of his earnings had he left? 

6. If 19 horses can be bought for $950, how many horses 
can be bought for $1350 ? 

%. The quotient is 367, the divisor is 445, and the remain- 
der 189. What is the dividend ? 

8. The gift of $1.50 per month will amount to $36 in how 
many years? 

9, If a man earns $70 per month for 7 months, and $82 
for 5 months, and spends one-third of these earnings for the 
rent of a house, how much remains for other expenses ? 

10. Two employés receive $16 per week each, but expend 
weekly $11 and $8 respectively. How much do they save 
in 13 weeks? 

11. One basket contains 43 apples, another 53 apples, and 
a third 5 times the difference of these numbers. How many 
apples in the 3 baskets ? 

12. What is the cost of 14 hats and 13 caps, if hats are 
worth $4 apiece and caps one-half as much ? 

18. A boy earns half as much as a man; a man earns $2 
a day. What will 9 men and 6 boys earn in 11 days? 

14. If 14 sheep cost $98, for how much must 5 of them . 
be sold to gain $5 by the sale? 

15. If 6 arithmetics, at 40 cents each, and 5 histories 
together cost $5, how much do the histories cost apiece ? 


Algebraic Use of Letters. 


1. Numerical factors of a product require the interposition 


_of the sign X; asin3 X 5X 7. 
2 
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2. Literal factors and parentheses are written in a product 
without the use of < ; as in 6abx, (a + b) (a — b). 

3. Although the product of two or more factors is the 
same in whatever order the factors are arranged, for con- 
venience the numerical factors precede the literal factors ; as 
in 7 X 6abea. 

4. In the expression 6abz, 6 is called the coefficient, or 
co-factor, of abz. 6a may be called the coefficient of ba, and © 
6ab the coefficient of x. 


EXERCISES. 


1. If a =0, what is the value of 5a? 
Ans. 5 times a = 5 times 0, which is 0. 
2. If a=1, what is the value of 5a? 
3. Ifa=6, what is the value of 5a+ a? 
4, If a=11, what is the value of 7a — 7a? 
5. If a=25, and 6 = 50, what is the value of 2a + 6? 


Oia ho (OF Gabe OF ee ok) Of 22 ae 


6. Ifa=1, b=2, c=3, d =4, find the numerical value 
of 5a + 30'— 36 2a 
7. Of bed + eda + dab + abe. 
8. Of oe + 4d) (2c — 3b). 
2b 2c 2d 
Of _— . 
if ee e+ ia ee 
10. If a=5, b=3, show that the following. expressions 
are equal to one another : 
I. (a —b) (8a — 108). 
II. (4ab + 2ab) (20ab + 106). 


12ab 5b+a 
Tit: . 
3a+6 * Bh as & 
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11. Find also the value of (a? + 6?) (a ~6). 
12. Of V5?+37+2. 


Transposition. 
1. The simplification of an equation—that is, the removal 


of its symbols of operation—often requires the auxiliary proc- 
ess of Transposition, which is the bringing of any term of 
“an equation from one member to the other, without destroy- 
ing the equality. ) 
This feature of simplification depends upon certain self- 
evident truths called Axioms. 
2. Important axioms are: 
1. If equals be added to equals, the sums are equal. 
2. If equals be subtracted from equals, the remain- 
ders are equal. 
3. If equals be multiplied by equals, the products 
are equal. 
4. If equals be divided by equals, the quotients are 
equal. 7 
3. Solve the equation « — 7= 6. 
As the terms stand simplification is impossible. 
1. Adding 7 to the equals (Ax. 1), we have 
a-fA+A=6 +7. 
2. — 7 cancels + 7, and we have x=6+7. 
3. Removing +, we have x = 18. 
In (2) we see that axiom first has transposed 7 from the 
first member into the second, but has changed its sign. 
4, Solve the equation «+3 =7. 
1. Subtracting 3 from the equals (Ax. 2), we have 
r+p—3=7—8. 
2. +3 cancels — 3, and we have x= 7 — 3. 
3. Removing —, we have x = 4. 
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In (2) we see that axiom second has transposed 3 from 
the first member into the second, but has changed its sign 


from + to —. 
PRINCIPLE. 


The transposition of a term requires its sign to be 
changed from + to —, or from — to +. 


5. Solve 3x + 21 = 10, and find the values of 3x and 2a. 
1. Removing +, we have dz = 10. 
2. Removing 5 (Ax. 4), 7 = 2. 
3. By Ax. 3, 3% =6, 
and 2x = 4, 
6. Define the following terms : 


Equation. Literal equation. Literal factor. 

Member. Parenthesis. Coefficient. 

Simplification. Vinculum. ‘Transposition. 

Numerical equation. Numerical factor. Axiom. 
EXERCISES. 


Solve the following by the direct use of axioms, and also 
by transposition : 


1. 2243-7. 6. 52-5 =4¢—11. 
2. 2a+4=14. 7. 44+ 16=3-— 2 
5 OS Cope cee «8 8 8. 30+15=2-4 25. 
4. 27 —3=8 +2. 9. 3a +4=56 (x— 2). 
§. 3a +14=2—-2. 10. —2#+24=32+12. 


11. — 320 — 3027 + 500 = — 58. 

12. 2a hee Be 

13. 5(2—3)—-7—-2=24+3 6-8) 
14. 14% + 6 (108 —a) =1128. 

15. 3750 — 1.875 = .12e + 1.185. 


Notrr.—All the terms of an equation may be transposed—that is, all 
the signs may be changed. No. 10 may be written x — 24 = — 3x — 12. 
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PROBLEMS. 
ORAL OR WRITTEN. 


1. If a number, represented by x, be added to itself, what 

will represent the sum ? 
: Solution.—zx + x = 2a. 

2. If the number 2x be added to twice itself, what will 
represent the sum? a2+2u=what? 

3. If A. has a Mae and B. three times as ae how 
many have both ? 

4, If A. has 2 dollars, B. twice as many, and both have 
$60, how many dollars has each ? 


Solution.—Since A. has x, B. has 2x, and both have $60, 
1. The equation is 2 + 2x = 60. 
2. Removing +, 32 ee 60. 
3. Removing 3 (Ax. 4), x = 20, A.’s sum. 
*, (Ax. 3) 2a = 40, B.’s sum. 


5. If A. has a certain sum of money and B. has 5 times 
that sum, and both have $300, how much money has each ? 


Solution.—Let x = A.’s sum, 
then 5x = B.’s sum. 
1. «. x + 5x = $300, the sum both have. 
2. Removing +, 6x = 300. 
3. Removing 6 (Ax. 4), 2 = 50, A.’s sum. 
*, (Ax. 3) 52 = 250, B.’s sum. 


6. A boy has three times as many marbles as his brother ; 
together they have 52. How many has each? 

7. The sum of two numbers is 120; the first is 4 times as 
great as the second. Find the two numbers. 

8. Jane, Ann, and Mary have 60 roses. Ann has 3 times 
as many as Jane, and Mary has twice as many as Ann. How 
many roses has each girl ? 
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9. In a. class of 35 pupils there are 6 times as many girls 
as boys. How many are there of each? 

10. A farmer bought a horse, a cow, and a calf for $130; 
the cow cost 3 times as much as the calf, and the horse 3 
times as much as the cow. Find the cost of each. 

11. Divide the number 144 into two parts ‘such that one 
part is 12 more than the other. 


Solution.—Let x = the less part, 
then x + 12 = the greater part. 
.*. the equation is x + 2+ 12 = 144. 
I. By transposing 12, we have 2 + 2 = 144 — 12. 
2. By removing + and —, we have 2x = 182. 
3. By removing 2 (Ax. 4), we have x = 66, the less part. 
4. Then 2 + 12 = 66 + 12 = 78, the greater part. 


12. The sum of two numbers is 231, and the smaller is 
31 less than the larger. What are the numbers ? 


Solution.—Let x = the larger number, 
then x — 31 = the smaller number. 
.. the equation is 7 + x — 31 = 231. 
1. By transposing 31, we have x + x = 231 + 31. 
2. By removing + and —, we have 2x = 262. 
3. By removing 2 (Ax. 4), we have 2 = 131, the larger number. 
4. Then x — 31 = 131 — 31 = 100, the smaller number. 


13. James and John have together $36, and James has 
$12 more than John. How many dollars has each ? 


Solution.—Let v = Jonn’s number of dollars, 
then x + 12 = James’ number. 
.. the equation is 7 + 2 + 12 = 36. 
1. Transposing 12, we have x + & = 36 — 12. 
2. Removing + and —, we have 27 = 24. 
3. Removing 2 (Ax. 4), « = 12, John’s number. 
4. Then x +12 = 12+ 12 = 24, James’ number. 
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14, Laura and Miriam together have 59 roses, and Laura 
has twice as many as Miriam and 5 more. How many roses 
has each ? 

Solution.—Let a = Miriam’s number ; 
then 22 + 5 = Laura’s number. 
.’. the equation is x + 2x + 5 = 59. 
1. By transposing 5, we have x + 2v = 59 — 5. 
2. By removing + and —, we have 3x = 54. 
3. By removing 3, we have x = 18, Miriam’s number. 
4, Then 2x + 5 = 36 + 5 = 41, Laura’s number. 

15. If from three times a number I take 34 and obtain 

32, what is that number? 
Suggestion.—Equation is 3% — 34 = 382. 

16. A. and B. together paid $150; if A. paid $50 more 
than B., how much did each pay ? 

17. Two boys solved 48 problems, but one solved 6 less 
than twice as many as the other. How many did each solve ? 

18. Find three consecutive numbers whose sum is 18. 

19. Pay out to A., B., and C. five hundred dollars, so that 
B. and C. shall each have twice as much as A. 

20. Solve the equation 16x — 8 = 20x — 8 — 5a. 


Suggestion.—Transpose from the second number the terms contain- 
ing x. 


21. What number, diminished by 16, will be equal to 4 
itself ? 2 | 
Solution.—Let x = the required number ; 
then 2 — 16 = 42. 
1. By Axiom 3, we have Or 
24 — 32 = 2 By transposing,  — $a = 16. 
2. By transposing, we have 
22 — x = 82. By removing —, $x = 16. 
3. By removing —, we 
have x = 32 By Axiom 3, x = 32. 
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2 Divide the number 130 into two parts such that one © 
_’part shall be 75 of the other. 

23. The wind broke off ? of a flagstaff, and afterward 
# more ; the parts broken off measured 35 feet. How high 
was the flagstaff at first ? 

24, A father is four timesas old as his son, and the differ- 
ence of their ages is 24 years less than the sum of their ages. 
Find the age of each. 

25. What number is doubled by adding to it 4 of itself 
and 2 of itself and 9? 

26. If the sum of two numbers is 42, and one is 3 of the 
other, what are the numbers ? 


ADDITION AND SUBTRACTION. 


1. Addition is denoted by the sign of operation, +. 

Subtraction, the inverse of addition, is appropriately ne 
noted by the sign — 

2. The processes be addition and subtraction are but 
special methods of simplification. : 


1. + (pos. a) = pow a= +4. 
2. + (neg. a) = neg. a= — a. 
3. — (pos. a) = neg. a= — a. 
4, — (neg. a) = pos. a= + «. 


3. Hence, we see from (1) and (2) that in adding a 
quantity its sign is not changed; but we see from (3) and 
(4) that in subtracting a quantity its sign is changed. 

Why should the operations denoted by + and — yield exactly 
opposite results ? 

4. A quantity without a sign placed immediately before 
it is considered positive. 
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1. Simplify 4—(8+ 2). —signifies subtraction, and sub- 
traction means change of sign. Hence, by removing —, we 
mee 3 — 2, or 4 — 5, or — 1. : 

If a debt is $5, and there are but $4 to pay it with, what 
does the — 1 signify ? 

2 Simplify 6 — (— 3). 

The sign, —, before the parenthesis means subtraction, and 
subtraction implies change of sign; hence, by removing —, 
we have 5+ 3, a numerical sum that is, nevertheless, the 
algebraic difference sought. 

We see, then, that algebraic subtraction may give us an 
arithmetical sum. 

3. Simplify 5 + (— 3). 

The sign, +, before the parenthesis means addition, and 
addition means no change of sign; hence, by removing +, 
we have 5 — 3, a numerical difference that is, nevertheless, 
the algebraic sum sought. 

We see, then, that algebraic addition may give us an 
arithmetical difference. 


Expressing this peculiarity in symbols, we have 
- at (—b)=a—J, the algebraic sum. 
a —(-- 6) =a + 5, the algebraic difference. 


To what is this peculiarity due ? 


PRINCIPLES. 


Addition retains unchanged the signs of the terms to 
be added. 

Subtraction changes the signs of the terms to be sub- 
tracted. 

Obviously 7 + 1 =1+ 7, and in general a +b=6 +a, 

This is called the Commutative Law of Addition. 


ig 
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Again,a+(b+0e)=(at+6)+e. 
This is called the Associative Law. 


If we subtract m from m, we have m—m=0. 0 signi~ 
fies here no quantity, and is the absolute 0 of arithmetic. 


EXERCISES. 
1. Simplify 7 + (— 11). 


Solution.—1. Addition requires no change of sign. 
2. By removing +, we have 7 — 11, or — 4. 


9, Find the sum of — x and — 42. 


Process. 
alan Solution. 
en ae 1. Addition requires no change of sign. 
2. — once x and — 4 times 2 are — 5 times Z. 
— 5x 
3. From 7ab take 3ab. 
Process. Solution. 
Tab 1. Subtraction changes the sign of the term to be sub- 
Zab tracted. 


2. Conceiving 3a to be — 3ab, we say 
4ab “Tab — 3ab = sab.” 
4, Simplify 127 — (— 72). 


Solution.—1. Subtraction changes the sign of the term to be subtracted. 
2. By removing the — from before the parenthesis, we 
have 127 + 7x = 192. 


5. From z take 3a. 

6. Find the sum of — 8xy and 4xry. Process. 
4. From 42’ — 5a take 327 + 2x. 4a? = Sie 
8. Find the sum of 82y, — 1lay, and 3xy. 3a? + 2x 


io 


. Simplify 3ax — 2ax + bax — 8az. 
10. Simplify 6a — (4a — 2). 
Ll. Stmphiyer® 6-7 (27 4 2, 
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12. From 32° — 6 take — 2° + 2. 
13. Find the sum of 32° — 6 and — z? + 2. 
Beer ee + ae +o" take 4 + @ — 2? — a? ~ Qe. 
15. Find the sum of 2? + y? — 32, 42? — y? + 22, 2 -- 227, 
a” — 2", 
Process. 
"eB an 32° 
peel gl mals a 


Arrange like terms in the sam : 
— Jy? ais g t ame column 


16. Simplify 6x — 38a + 5a. 

17. Simplify — 8m + 5m — 5m. 

18, Simplify 6a — (— 3y + 42). 

19. From 0 subtract 32. 

20. Find the sum of 0 and 32. 

21. Find the sum of: 

Bea 7 106 — 2c, ba — 4b — 3c, 3a + 4b — 6e. 

on On 2 Bo + oe 4) a — Oe — 8, 

ae oe + Aer, oe + 4ax -- 50", 2? + av + 3a". 

fo -— Dab + 0°, 20° — abe 30", a? — 4ab + 507, 

eer or, Gry + Lary? + Gary’, boty? — bay" 
— Tay? 

22, Subtract — 3a + 46 from 4a — 66. 

2s. subtract — 32” — 32 from — 427 + 4y/’. 

24. Subtract a — 6 from a + 6, and a+ 6 from a — b. 

ee rect a a? e+ 1 from 2 + e+ 1. 


a eee 


The Simplification of Expressions containing 
Parentheses. 


1. A Parenthesis is an algebraic expression enclosed 
within a sign of aggregation. A parenthesis may enclose a 
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second parenthesis, and the second a third, and so on. When 
parentheses are thus involved, their removal requires special 


care. 


EXERCISES. 


1, Simplify ob —[a—-6-—¢ — e]. 


Solution.—1. There are two parentheses, one in [ ] enclosing another 


Beginning 
with the 
outermost 


parenthesis. 


Beginning 
with the 
innermost 


parenthesis. 


in (). 
f 2. Removing — from before [ ], a—b—a + (b—c) + ©. 
{+ 3. Removing + from before (), a— b—-a+b—er+e. 
4. Removing + and —, by uniting like terms, we have 0. 


Or, 
( 2. Removing — from before ( ), we have 
| a—-b-[a-—-ob+e-¢é]. 
3- Removing — from before [ ], we have 
a~b-ato~-¢ere 
4. Removing + and —, by uniting like terms, we have, 
[ as before, 0. 


2. Simplify : 


ou iy — (a + 2g) — (Ay da, 


-(atht+e)-(@+6+-o-G@ ae 


x? — Jay + oy — (a + ay —y) —(— 2a 

g—-(F—#)—-BV+(e—@) +e ae 

40 By {Be + Ag) + do 4 Ly — 9 
+ (a —y)]}- 

nm —[n—(m—p)] 

oa (On fee 1), 

ov (2y + Se — Bae we 

4a — (80 4 12a c+ (a = Sie 

{50 + [38 ~ (10 + a) ee. 


otle-bA Ge 8 ee 
. 24—-(2b —d) + {a — b — (Be ae 


Sb -tda— (6 +ay ty 
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Pe 15-2 — [ie — (82 — (92 — dx — 6x)}]- 
oe oe (4 (2a —[ da — (4a— [ba — (6a — x)})})} > 
3. Simplify the following expressions, and find their 
numerical value, assuming that a = 0, 6b = 2, ¢=3, d=4. 
Peo + [a + (6 — c) — ec}. 
Solution.—_l. a+b+at+b-—c-e. 
2. 2a + 26 — 2e. 
[ Assigning the values given above, we have] — 


3. 0+4-— 6. 
4. 0 — Qi — 2, Ans. 


mee 30 [c~{d — 6) + a] — 2b}. 


Solution.—I..a — {6+ [e—d+b6+a] — 20}. 
2.a-—-{6+e—d+b6+a-— 20}. 
3.a—-b—c+d—b—ai2d. 

4, cid, 
o. —3+4=1, Ans. 


3. 3a —[— 4b + (4a — b) — (2a — 5b)]. 
mao (a— (2b~ 3c) + ¢] + [a — (26 — Se — a)}. 
5. a—[b+e¢—a—(at+b)—c] + (Qa--b $0). 
moe [6 + @ — fa 5) e} + 2a — (6 — a) I. 
mee ~ (a —(o— 6) + oa —(a—b-—c)— a] +a}. 
See | — 3a -- [3a —- (2a — a —b) — a] +}. 
9. d-— (d+[6—(d+b+e—a+6+d)—e}}. 

oo (ob — {d —(5e — 2e— b — 46) + 2d —-(d — 


2 + 2)}]) 


The Insertion of Parentheses. 


The insertion of parentheses reverses the operation of their 
removal: when inserted after sign +, the included signs re- 
main unchanged; but when inserted after sign —, the in- 
eluded signs are all changed. 
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1. Taking the expression a + 6 + ¢ —d, make a positive 
parenthesis of 6 + ¢ —d. 
Solution.—As + is to precede the parenthesis, the included signs 
must not be changed; hence, we have 
a+(b+e-d). 
2. Taking a — 6 —e +d, make a negative parenthesis of 
a he, ihe 
Solution.—As — is to precede the parenthesis, the included signs — 
must all be changed; hence, we have 
a—(b+ce-—ad). 
3. Taking a + 6 + ¢—d, make a negative parenthesis of 
O+ ord. 


Solution.—As — is to precede the parenthesis, the included signs 
must all be changed; hence, we have 
a—(—b—c+d). 
4. Write each of the following expressions, enclosing the 
last three terms in a negative parenthesis: 


Le ee Bo Ce eee 


at Be ey a ab a ee 
Oa b+ oO ba a. 
4. by + ae + be + ott oe ee 
5. xty—ztu—4+5a. 
REVIEW. 
1. Solve the following equations : 
Ll. 2-32. 3. ta = 10. 
2. 2a +12=36. 4. i4¢0+6=—9. 


5. ~ 42+ 38 =— ba 8; 
2. Find the sum of: 
1. 32° — 40? — 4az’ + 5a*e, 6Ga® + 22° 4 ee ee 
18az7— 1023 — 14072, 112° + 8a’x + 4a*—17aa?, 
2. 2a+b—(c+d),a+(6—¢e)—d, 463i 
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3. 3a? — 4ab — 267, 5a? + 2ab — b*, 38ab — 2b? — 3c’. 

mo fT a0 cd + 7, bo + Gab — Ged — 7, — 5a — Gab 
oie < , a ao fed + 4f. 

moat 6 7 6, bad + 20 + Sac, a e+ ac, — 3a —Sa0 


— 8b. 
3. From: Subtract : 
1. 6ac — 5ab+¢ Bac + 8ab — Te. 
2. 5a? — 4a7b + 367c — 2a? + 3a7b —86’e. 
3. 0 | a’ — 2a? —a — 2. 
a ae a? + 2az + 2’. 


B. @ = 20°) — Zad* + 6° ba i 6 + Bair, 
4, Simplify : | 
Re Be + 1 — (2? + Qe + 3) (227 — Ga — 6). 
Bee fat bla +b +e (at 6+¢+d)]}. 
Bee ie ~ 8x — (92 Ge) ]}. 
Bee te oe) a + (eo) + (0? — 0). 
Bae oy — {(2c + 4y) + Oe + [y + 9a — (2y — x) 
+ (e—y)}}. : 
5. Assuming that a=10, b=3, c=8,d=4, find the 
value of the following expressions : 
ote (b—e)} + (b-—fe— a)}' + {e— (a2 —d)}. 
2. 4a — 46+ 4e — (46 — le + ia). 
ma loa + ¢— {4a — (8b — ec) + 30} — 2a]. 
mo la 2 — (— 20° — 3)]. 
meee 1b (a+b +6 +a +b +d) ol}. 
6. Write the following expressions, introducing in each, 
a parenthesis at the point indicated. 


° 
a Ga +9) — Ge + 4d — Se + 2f. 


mee yy + oe — 20+. 
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ao hae 2 ee 

4, 3a 20 + 0e— 4d —e-— 
? 

o. az — cy — da+ 62 + cd + ag, 


PROBLEMS. 


1. When the subtrahend is 8a + 46 — 5c--2, and the 
minuend is — 10a — 46 — 15c + 12z, what is the remainder ? 

2. What quantity must be added to 3a —46 + 5e to 
give da + 36 — 3c? : , 

3. What quantity must be added to a?—J8* to give 
@ + Qab + b*? 

4. What quantity must be added to a? + 2ab to give 
rifle 2 ae 

5. What quantity must be added to a? +2ab+ 0? to 
give 0? 

6. What quantity must be subtracted from 0 to give 
Swe 

7. What quantity must be subtracted from 2? +ar+y’ 
to give 2” —2ar+ y'? 

8. In the equation x —p =0, what is the value of x? 
[Show how Axiom 1 applies. ] 

9, From the difference between the minuend, 10a%b + 
8ab? — 8a*b? — 6? and 5a*b -— Gab? — 7a’*b? take the sum of 
10a7b? + 15ab? + 8a*b and 8a7b — 5ab? + a’b?. 

10. A man has four sons, each of whom is three years 
older than his next younger brother; what will represent the 
age of the oldest, if 2 represents the age of the youngest? 


11. A poulterer has x ducks and y geese. After selling — 


ERIE: OOOO aca ae a 


Se RE et ae ee See ee, eee Se 


eg ee eee 
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9 ducks and buying 11 geese, what expression will represent 
the number of fowls he then has ? 


12. If b= 2; and d =4, and e = 3, what is the numerical 
b¢ 
] i? 
value of —.1 
13. Assume 
A =a? + 3ab — 5ac + Tby, 


B = 3a’b — a’ + Thy + dae, 
C= — Tby — 3a? + ac — 3a°. 


Find the value of : 


ware + C. SATE 
my oe eG 
MULTIPLICATION. 


1. Multiplication is the process by which is found the 
result of taking one quantity as many times as there are units 
in another. : 

2, As we have already seen, + and — indicate diametricaliy 
opposite forces, and produce diametrically opposite results. 


Since + 5 multiplied by + 5 = + 25, 
+ 5 multiplied by — 5 = — 25. 
Since — 5 multiplied by + 5 = — 26, 
— § multiplied by — 5 = + 25. 
To use symbols that will represent any values, 
Since (+ a) X (+ 6) = + ab, 
(+ a) X (— 5) = — ab. 
Since (— a) X (+ 6) = — ab, 
(— a) X(—))=+ a. 
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3. Hence, we perceive that in finding the product of two 
quantities, 
Take signs give +. 
Unlike signs give —. 


4, Since aa =a 
and aaa = a 
a’ X @ = aa X aoa = aaaaa = a’. 
In general, we have a” X a®=a™t", 
Hence, the base remaining the same, the sum of the expo- 
nents of the factors equals the exponent of the product. 


LAWS. 


ab = ba. Commutative Law. 
a (be) = ab(c) =abe. Associative Law. 
e(a+ b pees | 
Distributive Law. 
ofa > 


a” X a =a"+", Law of Exponents. 


(+) X (4)=+) 

oes a . 
(+)X(-)=— ; ~—- Law of Signs. 
x)=-J 


O and — 1 as Factors. 


Ifat+at+a=a~x 3 = 3a, then 
by making successive subtractions of @ we have: 
l.a+a=ax 2 = 2a, 


2. Qa) =e, 

8... 0 ae 0 = Oe 

4, —a=ax(-1)=-—la, 

5. —2a=ax (— 2) = — 2a, and so on. 
That is: 


1. When the factors are positive, the product is positive. 
2. When 0 is a factor, the product is 0. 
3. When a factor is negative, the product is negative. 
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Multiplication by Monomials. 


Multiply 6a°b’x by Tab*x*. 


Process. Explanation. 
6a2b2x 1. The product of the coefficients = 42. 
"ab at 2. The product of a* anda = at, 
Pp rear 3. The product of 6? and 6% = D5, 
iv talthalead 4, The product of x and 2 ee 2, 


8. Since like signs give +, the product is positive. 

6. Hence 42a*b’2° is the entire product, containing every 
factor of both multiplier and multiplicand. 

If the above coefficients were — 6 and —7, would the coeffi- 
cient of the product be positive or negative? Why ? 


EXERCISES. 
Find the products of the following : 
(1) (2) i}, (4) (5) (6) 
9 ee .. bey 70a7y? 70a?y? 8a 
woe, ce. oe 
(7) (8) Cy eo) 5 C0 (12) 
bay — 12az* l4ey = — fab 8f9 — 8ayz 
— 8ay oe hey eel) i Ore 
(13) (14) (15) (16) (17) (18) 
Bey ° + Ba" 10x"y” 6y" +1 oe oa 
me Bers 6a" wee oo ay a on" 
19. Find the product of 6a + 46 and 3a’. 
Process. Explanation. 
6a + 46 1. 46 x 3a3 = 12a%O, first partial product. 
303 2. 6a x 3a* = 18a‘, second partial product. 
18a! 2 Y9ath 3. .. 12a?b + 18a is the entire product. 


20. Find the product of : 
1. 32 — 2y and — 3abay. 
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Tax —A4by an\ 22xy. 

4x?y — xy* and -— 6zxy. 

4xc? — 4in’n and 4an. 

my — om and — San, 

ae ao and 2, 

3a” — bay and 4a”y”. 

a oar ae, 

3x — 2y — 4 and 52’. 

, 3 ey oe ane, 


The Product of Negative Factors. 
(— m) X (—n) = + mn, the product of 2 terms. 
and (— m) X (— n) X (— p) = — mnp, the product of 3 terms. 
That is, the product of an even number of negative terms 


is positive, and the product of an odd number of negative terms 


is negative, 


21. Find the product of: 
1. —5mn and — 5mn. 
. — 8ab? and — 3a’7d. 


. — 3m’np*®, mnp’ and — m’np. 


2 
3. — abc’, a’b’c and — a’be. 
4. 
5 


. — day, — gen, and — Za*y. 


Multiplication by Polynomiane 
1. Multiply z + 20 by x + 3. ; 


Process. 


x + 20 


Explanation. 
1. (x + 20)x = x? + 202, first partial product. 
2. (x + 20)3=3x + 60, second partial product. 
3. The whole product = the sum of the partial 
products. 
4. Adding and combining similar terms, we 
have z? + 23x + 60. 


A ge ee CRS eye PERE Ten MEE eRe Sete SERN, ge Tee a 
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2. Multiply : 
Aas Oo by de + 2, 
2¢ — 4 by 4a + 3. 
ov + 6 by 2x — 8. 
4x — dy by dx — Ay. 
Ba" 67° by. 5x7 + 4y/*. 
Oxy + T by Tay — 8. 
5a? — bd by 9a°d + 3ab?d*. 
12a*y — 82?y> by 42? + 377, 
a aap by & + y. 
a + 22*y by a — 6. 


eS 


ae 


~ eae | 


food 
_ 


Arrangement. 


We cannot but perceive the convenience of having the 
similar terms of the partial products fall in the same column 
—a result that is secured by arranging the terms of the mul- 
tiplicand and of the multiplier according to the ascending or 
descending powers of the leading letter. 


Peo +3 — Ze by 1 +2" — 2. 


Explanation. 
Process. 1. Arranging the terms of multipli- 
a? — +3 cand and multiplier according to the 
ee 4 descending pores si x, we have 2? — 
2x + 3 to be multiplied by 2? —- x +1. 
af — Qa* + 3x? ®. Multiplying the multiplicand in 
= ow +. 20° — 3a succession by 2, — x, and + 1, the like 
a? —2%%+3 _ terms fall each in its appropriate column. 
et Got — bo +3 3. Adding the three partial products 


ibaa —-—.-——— we have the entire product. 


EXERCISES. 
2. Find the product of: 


1. m2? +n? + mn and m—n. 
2. 4ab + 3a? +67 and 2a + 5b. 
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lay + 2 + oe eel ee ae, 

et af + abe ap et a 

Cy ey te ae an eo 
ae ey ee” a yy) a 
eles 1 ee andes 

ore + 1 and ha 

a + 1 52? and 52 + 1 + 22°. 

10.2 —e+1e¢+i +a, end © 4 ee 


~~ SS SS 


Algebraic terms having the same number of literal factors 
are said to be of the same degree; and a polynomial whose 
terms are of the same degree is said to be homogeneous. 
When both multiplicand and multiplier are homogeneous, 
their product is homogeneous. 


a? + 2ab + b?—2d degree and homogeneous 
a+ ab + 6—83d degree and homogeneous 
a& 2a + Fh | 
ath + 2a3b? + a2b* 
anh? + 2ab* + 6° 
a’ + 8atb + 3a%b? + 2a7b' + 2ab* + b°—5th degree and hom. 


When the product of two or more homogeneous factors is 
found and is not homogeneous, an error has occurred in the 
process of obtaining the product. 

When no two terms of partial products are similar, the 
number of terms of the product equals the number of terms 
of the multiplicand multiplied by the number of terms of 
the multiplier. 


3a? — 5b? + 3c? (3 terms) 
ees Me (2 terms) 


Ba! -- 5a2b? + 3a%e? —- 3026? + 56° — 3b%c, (6 terms.) 
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Multiplication may be indicated by the use of parentheses 
as introductory to the actual finding of the product. 


1. Indicate and find the product of a + 6 anda + 6. 


Process. Explanation. 
(a oe b) (a 2 b) cae (a a by Enclosing each binominal in a 
Ni Bi Be parenthesis, and placing the paren- 
=a + 2a - theses in a line, we have (a + b) 
(a + 5); or, since the two factors are equal, we enclose a + 0 in a single 
parenthesis and indicate its square or second power; read, “the square of 
the sum of @ and 6”. Simplifying or expanding (a + 6)*, we haye 
a +2ab + 6. 
2. Indicate the product of a + 6 and a—6 diminished by 
the square of 6,. Also simplify. 
3. Indicate the product of a—b and a —b diminished by 
a? — 2ab. Simplify. 
4, Indicate the product of a?+ ab + 6? and a— 6 dimin- 
ished by a* — 0%. Simplify. 
8. Indicate the product of a? — ab + 6? and a + b increased 
by the sum of a3 and 6°. Simplify. 
Simplify : 
Pe ey + 2) (a + ya) (ary — 2°). 
2. (a+ 6) a—[(a+ bf — 6 (b—a)}. 
3. [az —(e@—y) (y+2)]-y ly-(@— 2). 
® (2-1) (a ~2)-—3a (a +3) +2[(a2+2)(a+1)—3]. 
B. (e+ y) (0° y") [2?—y (@—y)} ) 


REVIEW. 


1. Find the product of the following : 
a ie and — 82". 
M407", — x*y"2", and 16y*2’. 
3. m? + mn + vn? and mn? 
4. ab? and a — 3a7b + 3ab? — 6°. 
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So. @-F be and 446 - a. 
6. Sa” t*y — Say? tL and 4¢% 1° dae 
7. a+ 1, 3¢— 2,and d@ ~a~ &,. 
8. m+1,m—1, m+ 2, and m— 2. 
9 6 @tyft +4 ety! —2¢+y) ae 
eae 

10. 3a? — 56d + of and — 5a’ + 46d — 8ef. 
11, tet ll eel ae ee 
12. 1 + 40— 1027 and 1 — 6x + Se’. 
13. a+0?+¢—be—ac—abandat+brte. 
14, a” + 6? — 2c" and 2a" — 36. 

2. Expand the following : 


Le re a 

a Oy 

oS. (a+ 6) (2-6), 

4, (a? + ab + B’) (a—B). 

5. (a — ab + 5") (a +B). 

6. (a + b) (a+ b) (a +O). 
~ te (ab) (6) ab), 

O.ta tes 1) (a 44), 

Oe ee a 


= 
2° 


(a+ b) (a+b) (a—B). 
1 (a*<6) (6-8) (e Fay 
fe hO) ey, 
LO. (be ey, 
3. Inspect the above results, and from the obvious law of 
formation write the expansion of : 


bb 
be 


Le a te 5. (ae 
a. ee yy. 6. (2 — yf (ee 
a. (wy, I. (+t 


4. (2+ yf. 8; (2 9a 
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4, Simplify the following, substituting 0 for a, 1 for 6, 
ana 1 for c: | 
Pom 2 (0+ 8a) 3 16+ 2 (a — )}. 
mee 7 0 +c) (a +) + 6) (Zab — €”). 
B. 40—) 2a — {26 (a + ce) — 26 (6+ c)} ]. 
4. (a+ 38—3 (a+ 2¥+3 (a+1¥—a. 
m b4-—7,(6-—c)— [6a — (Sb + 2c) + 4c]. 
5. Simplify the following, substituting a+ 6 for c, and 
making a= 6b: 3 
(2+ ¢) (a+ 6 — ec). 


(m +1) (m+ 1). 
ea + 6) 2 + ab) (2:-e). 


. 
m © (0 +5). 
a+b+e atbé+e at+b+e 
- ae og al ER i 7 7 
4, 
5. 


DIVISION. 


Division is the inverse of multiplication, and is, therefore, 
the process of finding one of two factors when their product 
and the other factor are given. 

The product of the two factors is the Dividend. (D.) 
The given factor is the Divisor, (p.) 
The required factor is the Quotient. (Q.) 

Hence, D=D Xa. 
+ab+(+a)=+0. 
7 ab = (+ a)=— b. 
= ab + (— a)=—— b. 
mee + (-~ a) == + 0. 

That is, 

Tike signs produce + ; 


Unlike signs produce | Law of Signs. 
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Again, 

| bia hee Ne hee 
axaxa 

That is, when a letter appears at the same time in dividend, 

divisor, and quotient, its exponent in the quotient equals its 


=a, 


exponent in the dividend minus its exponent in the divisor. 


a =a"—", Law of Exponents. 
b “+ Cc b C e e e 
= -— + —» Distributive Law, 
a a a 


Division by Monomials. 


Divide : 

1, 1, 4 by oo’. 6. 422° by — 62°. 
2. oue by Ge’. 7. 56a°® by — 14a?d*. 
oO by Ty. 8. — 502°b* by — tore. 
4, — 122% by 42. 9. — 48m'n® by — 8m*n‘. 
5. A0xy by — bre. 10. — 35p‘¢* by 7p°q’. 

Divide : 


Sb Slew eee by. Tae’. 

54a° — 72a’ by 18a’. 

~ 16a? + t00' by — aa 

Ba pia 2a by aay. 

ne oe bs re 

a? ab -~ ae by — ¢. 

6a? — 1267 1800" by oe 

asia? ees ay? oe a*a/* by ety 

162° — 8a?y — 122y* by — 4x. 

10. 6m‘n? — 12m?n? — 30m?n* by 3m?n’. 

Divide: 

S01. See ee ee 
2.0+2+ oe oe byw. 


OAD mw wb 


DIVISION. 43 


eee a th eat by a”. 
moa 6 40% oe by 26° +e. 
5. a *+ab — 2a'c — ab by a. 
ee 2 +S A + by 1. 
eee a eg ht tee ge? 24, 
8.132" +8 + Ta" +? — a” by 2°. 
m 1110. + 63a" — 3a" by Sa”. 
fee ows: — oa” + Fy"z by bay*z. 


Division by Polynomials. 


a’ +ab + 6’ and a+ 6 are the factors of a? + 2a7b +2ab? + 
6°. Multiplying a? +ab-+ 0? by a+ 6, we find the partial 
products to be: 

1. a + ab + ab’, and 
moot ab? + 6°. 

Hence, taking a? + ab + 6? for divisor and a’ + 2a7b + 
2ab’ + 6* for dividend, we find the quotient a+ 6 as follows: 


Explanation. 
Process. 1. Since a? in the D is 
D \ the product of a? in the p 
2 
a OD TO nod of @ in the. q, a? + 


D =a? + 2a7b + 2ab? + 63 | 
a+ @b+ ab? | 


a+b a* = a, the first term in 
a , 


Q the Q. 
a’b + ab? + b 2. Multiplying the b 
oo + al? + 6° by a, we have the first 
O partial produet, a + ab 
+ ab’. 


3. Subtracting the first partial product from the D, we have the second 
partial product, a?6 + ab? + b*. 

4. Since @b in the second partial product = a? in the p x b in the q, 
a’*b + a? = 5b, the second term in the q. 

5. Multiplying the p by 6, we have the second partial product. 

6. Subtracting again, we have for remainder 0. 

7. Hence, a + 6 is the exact quotient sought. 
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Brief Directions are: 


1. “ Arrange” both the D and the p in like manner. 

2. Divide the first term in the D by the first term in the p. 

3. Multiply the p by this first term in the a. 

4. Subtract the product from the D. 

5. Divide the first term in the remainder by the first term 
in the D. 

6. Multiply the p by this second term in @. 

7. Subtract as before, and, if necessary, repeat steps 5, 6, 
and 7. 


(5), (6), and (7) must be repeated until the entire quotient is found. 
To Apply the Directions: 


1. Divide 9ab? + a* — 96° — 5a7b by 3b? + a? — 2ab. 
1. Arranging, we have a? — 5a%b + 9ab?— 96° |a? — 2ab + 3b? 


2. Dividing, we have a — 2a% + 3ab? a — 3b. 
a@ in Q. — 3a°b + 6ab? — 95° 

3. Multiplying, wehave — 3a%b + 6ab? — 963 
a? — 2a7b + 3ab%. 0 


4. Subtracting, we have — 3a7b + 6ab? — 963. 

5. Dividing again, we have — 30. 

6. Multiplying by — 30, we have—3a2b + 6ab? — 9%, . 
¢. Subtracting, we have for the remainder 0. 


2. Divide o* +102 -- 34: by 2.4 at Ze, 
(1) 2§ + 1027 — 33 oe Be S 
(3) a ~~ 2° + Se zt + 223 + 2? — 4e — 11 
(4) 2a5 — 3at + lox — 33 (2) (5) (5) (5) (5) 
(6) 20° — 4a*.+ 625 


(7) x* — 62° + 10x” — 33 

(6) gf 2 + Ba) 

(7) — 4x% — 3274+ 10x — 33 

(6) — 403 + 8a? — 12” 

(7) — lz? + 22% — 33 
(6) — 11a? + 22x — 38 


A@) 0 
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EXERCISES. 


Divide. 


be 


Sea fe ee 


Oe ee ee 
SeEBNAaARWN EH O 


an + 122 +9 by 22 + 3. 
oe 30 by Sa + 7. 

ea Oy" by @ + by. 
my far + a by a to. 

w- say + 3ay — 9 by a — ¥. 
ma 86 by da — 6. 
woe +o — Zac by a + 6 — ©. 
$2" —10axz — 3a’ by 42 + a. 

1442* — 145277? + 36y* by 4x + 3y. 


pa yf by a? + yf’. 
pe + der + at by 2? — az + a’. 
. a — 406? — a —4ab by a— 26—1. 


ae + 102 — 33 by 3 + 2? — 2z. 


. a + + A — Bayz by ety + 2. 
, a — Gat + 52? — 1 by 2° + 22? — 2 — 1. 
ey by 2 — y- 


quan ce yn by an 4+ y”. 
ea oe ae by aie 


pa a by 1 — 27. 
. ia — 8b? — 273 — 54abe by 3a — 26 — 8e. 


REVIEW. 


1. Find the sum of: 


A 
2. 
3. 
2 


a+ 2b + 30, 2a —b — 2c, b—-a—e,c—a—b. 
2a — 4c +b, 7a — 3c +m, — 9a + be + 3ab, + Tam. 
5(a+2),—2(+2),—3(a-+ 2). 

4V 2 + Qa2x, — V2 — ax, 4V 2 — ae, -38V 2 
5. (b—a)V a, (Qa — b) Vx, (a +¢) Vo. 


2. Simplify the following : 


a) (hate — labs + Ta) — Ga*e — Taabe: 
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2. (51a*b’c — 18abe — 140’y) — (41a°b’e — 2iabe — 
140’y). 

3. (10a" —15b" — ce? + 5d*) — (— 908 +20 7 ee ee 

4. (8a + 36 + tc + $bc) — (Ga — 76 — 3be + de). - 

5. (dy — $a — fa + 3a) — (By + tha — ge). 


3. Remove the parentheses from the following: 
1. 1-[1—(2—2)]+ [4e—-(8 — 62)] +[4—(—5 + 62). 
Z. 2a |2a—(6 + 2e)| + 1b (ae ee | 
3. [((1+2)—-(+ 22)|+[—2) +1 = 2 
rol oe ae, 
4. lle (le [he he a ea | 
5. 4a — 3y — {(2e + 4y)+32+ |y—9e— Ge 
@=y}. 
4, Divide: 
L. oe Zan oe Dee a, 
of ae a By ee a 
ae a OY a Fe a. 
a we by oe, 
Ce by es a, 
om ly ea, 
a oe oe 
ae OY ee, 
era +a" by a ae Aer, 
af ar ae By a ae 
bet eee oy et ee 
Aa. So? by Bey, 
5. Simplify : 
D, (oS) sO) (ee 
2. (a + 5y) (4a + y) (22 — 3y). 
o (ee 1) + he ed), 


ee ee 


ae 
es © 
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4. (af + 16y!) (a* + 4y") (w + 2y) (a — 2y). 
5. (e—y)' (wry) (ery. 
mee lye ey a 1, 
t. (@ — 2aa + 42”) (a? + 2ax + 42”). 
m 19a + Bax + 2°) (9a* — dae + 2’). 
Be” +b? — 2c”) (2a™ — 30). 

pe te a”) (2a — 22). 

11. (ga? + 4y") (Ge? — 44°) 

fee 2) (1 + a) (1 + 27) (1 +2). 


6. Divide: 
ee 1.02" — 10,327 + 10.22 — 3.9 by 2.407 + 
2, 2a — .075a° + 9.6527 —1.05a°— 19.252° + 8.52% 
Dy 2.00 Oa’ + Oa" — 1 b2%, 
3. —4d° + d?— 41d’ + 3d te ea” + 2d. 
192? 
4, «— 6 A 
5. 1.2ate — 5.4940%2" + 4.8072" + 0.9act — 2° by 
0.6a2 —- 227. 


7. Verify the following : 


; a—(0—2)—( = | ao. 


Bees for —|4—(2—1)(22—3)—Ta]} =o? — Ta + 1. 


= 


ie 
3. 2{b-+a(2—a)} —( = Se )= 2a BaP +1, 
a 2 
. a2 + (27ers ate \ — (SP) —( A | = 20. 
x 4 2a 


ce. —alai(a—b) -(a + b)}— a — 2ab| + a? = + 2a? 
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FACTORING. 
Formule. 


1. Factoring is the process of finding the factors of a — 


quantity ; it reverses the process of expanding. 


2, A Formula is the algebraic expression of a rule or 


a principle. 

3. The following formule are of vast importance in their 
relation to factoring, and, in general, to the simplifying of 
algebraic expressions ; they should be most thoroughly learned. 

1. (a + b) (a + 6) =(a + bY =a? + 2ab + b; hence, 
a? + 2ab +b? = (a + bY =(a +) (a + 6) as factors. 
2. (a — b) (a — 6) = (a — bY = a? — 2ab + O°; hence, 


a? — 2ab + 6? = (a ~ 6)? =(a— 6b) (a — 6) as factors. ] 


8. (a + b) (a —b) =a’ — &; hence, 
a? — b? =(a + b) (a — Bb) as factors. 


EXERCISES. 
1. Write and expand the square of a + y. 


Process. Observe that here all the terms are : 


By formula 1, positive, and that 2ay is twice the prod- — 


(w + yf =a? + Qvy + y? uct of V2" (= x) and VF (= y). 


2. Write and expand the square of m — n. 
Process. 

By formula 2, 

(m — n)* = m? — 2mn + v? 


Observe here that 2mm is nega- — 


tive. 


8. Expand (p+ q) (p ~ 9). 


Process. 


By formula 3, 
(p+9) 8-QD=P-¢ 


appears. 


Observe that here no middle term e 


ety) @ +9). 
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4, Factor a + 2xy + 7’. 
Process. 


e+ Qey + P= (at y= 


Suggestions. 
1. Formula 1 applies. 
2. The sign of the middle 
term, +, appears in the factors. 


5. Factor m? — 2mn + nv’. 


Process. 
m? —2mn + nr? = (m — nj)? = 


Suggestions. 
1. Formula 2 applies. 
; 2. The sign of the middle 
(m — n) (m —n). : term, —, appears in the factors. 


6, Factor p? — 9’. 


Suggestions. 
Process. 1. Formula 3 applies. 
p iy ¢ — (p + q) ( Fags q): 2. + appears in one factor, 


— in the other. 


EXERCISES. 
Square : 
Oe 6. 4m — Bn. 
Mm OC. 1. 2a? + 32", 
Ba ow. OB oe oe a 
4.a+ 20. B..\o0 + 5. 
5. 32 — 2d. 10. 7 — 277. 
Expand : 


oe to td) (6 — d). 

12. (4x — 3) (4x + 3). 

13. (2a? + 26?) (2a* — 26’). 
14. (4a — ¢) (4a + ¢). 

a. ia + 70°) (a — 76"). 


te 9. 


Process. 
oe 2 (oY 3) (x — 3). 


4 


Explanation. 
lL Ve = 2, V9 = 3. 
2... 27-9 = (2 + 3) (2-3). 
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2. a + 6ab + 96". 9. 36m? — 36mn + On’. 
3, 2 ee eS ee 10, 2° + 82° oa 

4. 1—2’. LL, Os" Ta 

B. 20 - 860". 12: 2507 — 6, 

6. 42? —12a7 +9a?, 13. 49m? — 100n°. 

7. a2 +10ab+ 256%, 14. 144a7b* — 225e°. 


8. 2 — 16x + 64. 15. 4a'b? + 52a°6° ‘i 1690754. 


The above formula may be applied to certain compound | 


expressions. 
1, factor (a + by &. 

Process. Explanation. 
(a+b?—e= 1. Vig Oye + and Ve~ 
Le ee ¢) os oe 
2, Vactor(a oy —(a--a7, 

Explanation. 

Process. 1. Vlas bp =a +b, andV(a—c} © 
(eb te ey ae 
(2a +b — 0c) (6+ €) 2... (a+ bP -(a— cP= (at b+ ae 

~¢c) (a+ b—at+ce)=(2a+b6—c) (b+e). | 
EXERCISES. ; 
Factor : } 

Ae (oe ee ee, ; 

ma ae ey, 

3. Ba wae 6°)? ies (a? BT 3b"). 4 

a. 1 os Dbey > ae. q 

Se ie yy ; 

6. (oa 8F te hae 

1. Gat OF — a ae. 

i Ci ail © laa © 

Oa Hare ae 


p= 
o 


(i+ ayy — (le + ayy. 
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8. Factor a? + 2ab+ 8? — &. 
Suggestion.—c@’? + 2ab + 6? — c= (a t+ by? — &. 


4, Factor a? — 2ab + b? — 5? 
Suggestion.—a’? -- 2ab + 6? — & = (a — b)? — 8. 


5. Factor 2? + Qay + y? — 2 — Qen — n*. | 
Suggestion. —(2? + 2ey+y*) — (2% + 2en + n*) =(ut+y)— (2 +n) 


EXERCISES. 

Factor : 

ae + 2a +] — a. 

Boe er {1 9°. 

ee ie — 2ab cc, 

4. ¢ — 2be — c+ 6. 

Bo —14+ d+ Qed. 

6. a? — 2am + m? —b? — 2bn — nr’. 

7. @—6? +m? — n? + 2am + 2bn. 

8. a? — 2ad — B* — ce? + d? + be. 

9.1-—2+2?—-44+ 4a —da’. 


a? + Qax + a? — 4a7bt — 8abta — 4642? 


p= 
2 


Compound Expressions Containing a Common 
Monomial Factor. 


1. Factor abz? — aby’. 


Explanation. 
1. By inspection we find that ab is a common factor 
2. Introducing a parenthesis, we have, 
ap Cc. — 9°) = ab (2 + y) (@ — y). 


SB pacter co — c° +.c'd* + 2cd, 
Introducing a parenthesis, we have, 
(ce? — 1+ d? + 2cd) = c& [(e? + 2cd + d*) — 1] = 
meife+dy—-1)] = ete+d+1)(e+d—1): 
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EXERCISES. 
Factor : 


1, 2 + Ooty + oy de, 

2. ay —Zaby + oy — ey. 

3. 4bm — m — 46?m + 4m’. 

4, 5a? —10am + 5m? — 5b? — 10bn — Bn’. 
5. gat — gb? + cc — gd’ + 2eeg — sae 
Soyer ey ae, 


A Common Binomial Factor. 


1 Factor a? — y° — am — my. 


Explanation. 

3 Process. Separating the expression 
oy am ang into two binomial parts, a?—3/? 
(a+ y)(a—y)—m(at+y)= and am—my, we find by in- 
(a od y) (a —y— m). spection that @ + y iscombined | 


as a factor with both a—y and 
m; hence, we write (@ + y) as one factor and a— y— as the other factor. 


9, Factor a2 +ab+ac+ be. 


Process. Explanation. 
a@+abt+act be= Separating the expression into two 


bi ‘ : 
¥ (a : b) ae (a a b) ce inomial paris a a ab and ae + i, 

we find by inspection that a + 6 is 
(a + b) (a He ¢) combined asa factor with both a and 
c; hence, we write a + 0 as one factor, and a@ + ¢ as the other factor. 


8. Factor 12a? — 4ab — 3aa? + ba”. 

Solution.—12a? — 4ab — 3ax7+ ba? = ( 12a? —3azx?) — (4ab—622)= 
3a (4a~—2?)—b (4a— 2x?) = (4a—2*) (8a—6). : 
EXAMPLES. 

6a? + 8ry — Qax — ay. 
at + a? + Qa 4+ 2. ; 
max — Imy — nx + Wy. 7 
oft Peay we 2 


oy ape a 
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ama” + bmay — anxy — bny’. 
ee ar am + 2m. 
era oe ae ie Oh, 
106 16, 
Pe a Ory a, 
Peel ea — Seo). 


DO O IH a 


& 


A Special Case. 


In a trinomial perfect square, as x? + 2vy + y’, or a — 2ry 
+ 4°, the middle term 2vy is twice the product of V2? or a 
and V7?, or ¥. 

at + a?y* + y‘ is not, then, a perfect square, but by adding 
ay’ to its middle term we have x* + 227? + y'*, a perfect 
square. Now, to preserve the original value, we subtract 
ae mee Mave 20 + 22 + yf — ay, or (a + ff — xy? 
= (a + yf + ay) (a? + y? — ay). 


EXERCISES. 


Factor : 
1. gto’ +1. 6, 9a* — 42°75" + 46%, 
Boe Pore’ + a'. 1. 25a* — 36274? + 47/7. 
a. ee 150° + 1. 8. 49at— 169077? + 144y4. 
4, 9at — 150? +1. 9. 225a* — 46a? + 4904. 
DB. 495" — 11067? + 25d". 10. 256c* — 36e’d? + 25d". 


Factorable Trinomials that are not Perfect Squares. 


Expanding the expression composed of the factors (w + 2) 
(2 + 3), we have 2? + 5x +6; from which we find by 
inspection that the elements of the trinomial and its factors 
are x, 2, and 3, combined in the trinomial as follows: 
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ua=2;2X3=6; (2+ 3)x = dz, the middle term, which 
alone contains each of the three elements. 
1. Factor 2 + 7x + 12. 


Process. 
Elements: x, 3, 4. Explanation. 
Factors : (x ne 3) (x + 4), 1. 3x + 42 = Fa, and & & 4 oe ae 
2. Hence, the elements are 2, 3, 4. 
rroor. 3. Writing the sum of x and 3 in 
2+3 a parenthesis as one factor, and the — 
z+4 sum of x2 and 4 in a parenthesis as a 
a oe second factor, we have for a result 
ax + 19 (x + 3) (w + 4), the factors required. 
a? + Tx + 12 
%. Factor 2° - 8a +15. 
: ee Explanation. 
Elements : x. — 3, — 8. 1. —82 + (—52) = 


Pastors} (a 3) (0), Ge i ae 


2, Hence, the elements are 2, — 3, 


Proof: 5 
ene 3. Writing the sum of z and — 3 
— ley and the sum of x and — 5 in paren- 
* a = ve thesis as factors, we have for the 
— ow + ° 
required result (2 — 3) (a — 8). 
av* — 84 +15 > ! 
S. Pactor oy. Gay ~ oD. 
Process. 


Explanation. 
Elements: wy, — 5, + 11. 1. lay — bey 


Factors: (vy — 5) (wy +11). x11 = — 55. 


2. Hence, the elements are ry, 


Froot: ee ae 
ty — 6 3. Combining these elements 
ee in binomial factors, we have 
ay oe ay — 5) (xy + 11), the result 
“tise a (ay — 5) (ay ); 


Aa bah o OR required. 
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4, Factor xv? — 4xy —457/’. 
Process. 


Elements : 2, dy, — 9y. 
Factors: (a + dy) (@ — 9y). 


Explanation. 
1. —9xy + Say = —4ay; by 
x (— 9y) = — 46y?. 
2. Hence, the elements are z, 


froot : 

a+ BY mde A : 

2 — 9y 3. Forming binomial factors, 

a? + bay we have ? + 5y) (x — 9y), the 

— 9xy — 45y? result required. 
x? — Avy — 457 
EXERCISES. 

oe Ga + 9. Da tar 78, 
Boe + oe + 2. 1. eae 1" 
om @ + lie + 70. GS. a — Lae’ + Dba’: 
427-2 —2. 9, 2° — 30% + 200. 
Bm 2 + bar + 6a’. 10. 3a°b + 18a7b + 27ab. 


Trinomials Less Easily Factored. 


1. If the factors of a trinomial are 
(x + 2) (2x +3), the trinomial may 4 af 
be developed from its factors by 


es 


arranging the terms of the factors 


about a rectangle as follows: 2 at A, , i a Be 


2 at C, 2x at B, and 3 at D. 


1. Guided by the vertical lines we have x. 27 = 2x7, and 2.3 = 6, 
the first and third terms of the trinomial. 

2. Guided by the diagonals, we have 7.3 + 2.24 = 32 + 4a = 72, 
the middle term of the trinomial. 

3. Hence, the trinomial is 2a? + 7x + 6. 


Having given the trinomial to determine its factors, we 


reverse the process. 
Sat me oS se 6. x 2, S, 
1. We place x at A, and 27 at B, on a rectangle as before. 


56 


ALGEBRA. 


2. By placing 2 at C, and 3 at D, the diagonals give x.3 + 27.2 
= 3a + 4x = 7x. 

3. Hence, the horizontal lines give us (a + 2) (2a + 3) the factors 
required. 


9, Factor 627 + 23a + 20. 


iy 


A C 
Explanation. 
1,42" = Se. ae. 
2. 20 beiae 4.5, 


B D 


3. The diagonals give us2x7.4 = 8x 
and 3x.5 = 15x 
4. Hence, 62? + 2382 + 20 = (2x45) (8x + 4), the factors 


‘ = 23x, the middle term, 


required. 
By Factor Bx = 2-6. o -. 
Explanation. 

Li Se? 2 Se. 

yoo Sain 6 nate e ees 2 e 3. 

2x +3 ° 
B D 
me BS 


3. The diagonals giveus x 38 
24. —-2= — 4x 
4, Hence, the factors are (x — 2) (2a + 8). 


; = — 2, the middle term. 


Or, we may proceed as follows : 
4, Factor Ge" + 192 + 10, 


Explanation. 
aobsichs nis 1. We write two vacant parentheses ( _) 
Rie Ee OR eee yy 
(2a Bi Se + 2) 2. 62? = 22.32. We write 2x in the first 
parenthesis and 3x in the other, and have 
Proof: (2x ) (3a ). 
an 8.10 = 2.5. We write +5 in the first 
scale OO parenthesis and + 2 in the other, and have 
Ga? + 16a i ee 
4x + 10 (2a + 5)(3a” + 2), the factors required. 
Ga? + 19x + 10 4. For 2%.2 + 387.5=4a + 15x” = 192, the 


middle term. 


FACTORING. ey 


EXERCISES. 


Factor: 


me aoe t 24a + 12. G. Gar — biz + 22. 

on + 2iz + 30. Paes ie 20, 
oe -- 12. Mm, Gar Oo) (a +56) 6: 
aa 1s - 6: 9. (avy) + (aca + by) + be. 
ae ee — 7. AG. oe + (iGa' -- 96°) - 90, 


=~ eS 


Additional Formule. 
Odd Powers. 


Ge BD 3 2 2 
1. a e ab + 6? ; hence, a? + 6? =(a+6) (a’?—ab+b’). 
ane 2 | 373 3 ae 
6 et ab + 67; hence, a*— b?=(a—b) (a*+ab+0’). 
5 5 
De one a a0 + ab? ab’ + 6°; hence, a + 6? = 
ete — ao +a°bh’ — ab* +, 6’). 
Even Powers. 
a OF ) 
4, a’ + b* -are prime quantities and cannot be factored. 
or 4 . 
Be = bt (co + 07) (a? — 0) = (e+ 0") (2 + 6) (a — 8). 


1. 


a’ 


(a 


@ —6'=(a'* + 5°) (a? —b°)=(a + 6) (e’— ab + 6") (a —B) 
fa + ab + 6). 


, a + B8=(a? +b) (at — ab? +). 


Tilustrations. 


Factor a — m’. 


Suggestions. 
1. Formula 2 applies. 
9. The terms of the second factor 


Process. 
9 mx 
—m) (a? + am + m?) 


are all positive. 
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2. Factor 8a? — 1. 
Process. Suggestions. 
Peg pe) et ne ees 1. Formula 2 applies. 


2, 2a takes the place of a, aud 1 
(Aa 1h) Ghat te 1) . 


the place of 0. 
$. Factor 27y° + 1. 
Process. Suggestions. 


27y° +1= 33y3 t+{= 1. Formula 1 applies. 
(By ‘ 1) (94? a. By » 1) 2. The second term of the second 


factor is negative. 
4, Factor a? + m”™. 


Process. Suggestions. 
a? + mB = 1. Formula 7 applies. 


2. 12 =3 x 4; it is the even factor 
(a* + m*) (a® — a*m* + m*) if .. 


4 that is used. 
b, Factor (a + Ly 8. 


Suggestions. 
Process. 1. Formula 2 
atiy-s8=(a+1y 2 = applies. 
(a+r 2ietlyt2at+la7 ie 2.a+1 takes — 
(a —1)(a@ +4a+7) the place of a, and : 


2 the place of 6. : 
3. Simplification gives the factors required. 


EXERCISES. 
1. om ee’, 6. 2° 
2. a+ 64. (Foie 
3. x*y* — 64. 8. a oe 
4, 343 — a. ie 
8a" o, 10. (n+ nf ee 


Compound Expressions. 
1, Factor a + ff + ay, 

Process. Suggestion. 
(e+ y¥)+(at+y)= The gives ex preaniog 
( an y) (a? ay ee 7?) ne (a iy y) Be separable into two bi- 


2 ae og nomial parts which have 
cs 4 y) is in RS Se Se ) the common factor a + Y 


FACTORING. 


om peor y — b° — y+ 6. 


Process. 
oe) yb) = 
(y — b) (y’ + yb +B’) —(y—b) = 
very 1 yo + 6? —1) 


Suggestion. 


tor is y — 6. 


/ 


Factor: EXERCISES. 
ae re dt a? +9". 


Soa O° + 2a. 
moar of — Qe + yy, 
4, 0+ 86> + a? + 5ab + 687, 
5. 216 — a* + 36 — a’. 
om Rt Qin — 2mn’, 
Poe oo + Of. 
o. ata —2iy — (9a — 18ay + 9’). 
9. ep — 8y'p’ — 4a°q° + S2y%¢’. 
10. a® — 64a? — a® + 64. 


Special Cases. Polynomial Complete. 
1. Factor a? + 4° — dry — 10x + 20y — 56. 


Explanation. 
The first three terms 


constitute a Process. 


perfect 


Here the common fac- 


square; this 
factored, the expres- 
sion becomes (x — 2y) 
(~ — 2y) — 10x + 20y 
~_ 56. 

— 56 = — 14 x 4. 

The diagonals give 
—10x and + 20y. 

Hence, we assume 
that the factors re- 
quired are (% - 2y + 
4) (x — 2y — 14). 


square _ 


| ; ) 
a” — day + 4y? — 10x + 20y — 56 = 


(eo -— 2y) (@— 2y) — 102 + 20y — 66 = 
te = 2y 44) (oe ~ 2y — 14), 


8 


—2Y +4 
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2. Factor 327 — 4az + a? + 2ba — 6. 


Process. 

— ; Explanation. 
Sint hae ae Zoe Sat -a —b 

aay see ages a 
(8a — a) (e — a) + 2be << 

ne Pe no Ae 
Deo = by eo ao Ob), a =a +b 

Explanation. . 

1. Factoring we have 3827 =3x.2; a?’=-—-a.—a@; —O?=46)—@ 


2. Having arranged these factors as in the diagram, the diagonals give 


us —4az, 0, and 262. 


3. Hence the horizontal lines exhibit the factors required: 3x— a—b 


and «—a+o0. 


3. Factor 4a” + 9y? + 19 ~ 12ay + 40x — 60y. 


{ 
t 


dere A ares Qu? + 40x Explanation. 
— 60y + 19 = te <8 9 

(2 — 3y) (2x — 8y) ee ae 
Fate Oby 1 ey 

(22-709 +19) (2a oy ont Be 
at xy — ee 

EXERCISES. 
Factor : 


1. 4a? —1lab + 17ac — 367 + be + 4c?. 
9x? ++ ax + cx —a*+ 10ac — 21’. 

Sa? baa Tot 2 oe ee 
4q? + 10ab + 3ac — 6b? — 5be — e’. 
Br + Gry He LOper et a Oe 

2a? -- 4ab — 4ac + 2b? + 4be + Qc?. 
2a? + Gax — 18a + 42? — 30x + 36. 
4a? — 1lab + 17ace — 36? + be + 4e, 
on” + Say -— Ter — 2y" + fey Ge, 


Pew eee oh 


‘FACTORING. 


Special Cases. 


Perio a + 327 — 2. 

Process. 
eee 2 eet 1) + os 8 = 
oe eb) +3 (ae? - 1) = 
Merete et i) + s(ett@-1)= 
me tie 2 +1 +32 —3)= 
ie tae +22 — 2). 
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Polynomial Incomplete. 


Explanation. 

We render the 
given expression 
factorable by add- 
ing 1 and subtract- 
By adding 
1, we have 


ing 1. 


a +1+ 327— 2. By subtracting 1, we have y* + 1 +32? — 3, an easily 


factorable form. 


m Pactor ¢ — 3277.+ 4. 

Process. 
Par + 4-eo° b1—324+3= 
(ed) 3? —1)= 
fears —2 + l)-3(e¢+)@-—1)= 
eee ee + 1 8e + 3) = 
(a + 1) (a? —42+4)= 
(@+I)@—2. 

8. Factor z° — 2” — 4. 

Process. 

Bee 4 — a — 4p oe + 4a 4 
Me 44) (e -- 2S = 

eee ee 2) Ge — 2° = 
male tle — e+ 2) = 

fee 2) te + a + 2). 


Explanation. 
We render the 
given expression 
factorable by add- 
ing 1 and subtract- 


ing 1. 
Explanation. 
We render the 


given expression fac- 
torable by adding 4x 
and subtracting 42. 


x® — 32? — 10x + 24. 
x — 827 + 17x — 10. 
62? — 232? + 162 — 3. 


Factor: EXERCISES. 
1. 2°? — 3x — 2. 6. 
2. xt — 32? — 2x. fp 
3. a? + 3a? — 4. 8. 
4. 7° —Tx — 6. 9. 42° — 192 + 15. 
5. 32° + 7a? — 4. 10. 


Qa? + 62? + 327 + 4x2 — 15, 


62 


Factor : 
i 


PPP PhP WwWwWwwWWwWWWwWWWWDd FS Be ee 
WNrFODAN OT rFrWONFrF ODO fF WN F © 


OC ON A op wb 
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MISCELLANEOUS EXERCISES. 


6a°b’c. 

ax — tt. 

da” — bab. 

om — 12a. 

a + Zab + 6. 

Ua + Gary aoe, 
lda®z — 10a*y +5a*z. 
a a. 

a — 160%. 

yr Boer. 


. o62? — 2567. 

(ao - ey hay. 
age 8. 

. me + Qmn + nr? —1. 
. o— Te — 60. 

. ax" + ba* — 562 ~— 5ax + 60 + 6a. 
. ba* — 152° — 902. 
. 14a*a*® — 35a%x” + 14a*e. 
. 27+ 12a + 2. 

. 9a* — 10a*b* + a7b*. 
oe + Dla + 20M, 
fog + byl — fae Oey, 
el — 24d — & 
» 80a7y° — 5a®y. 
Or a oP ed, 

. 25a*'b* + 70076*e’ + 49c*, 
a Bee ee alee 
. 2 —ar — a’a +a’. 

, 2° — 32? + Ba — 2. 


a a ae 


. 2 — 64. 

oT ee 

 -— -a a 

. 2* — Qe? —1 + Qe. 


. 2+ 1oey ee 

; 2ia’ ae 

. 272° + 64y’. 

_e -( ee 

. & — Oat ie 
. ty—oy ee ee 
. a —18ab — 4067. 
aie 
(c+y)- ee 


44. 
45. 
46. 
47. 
48. 
49. 
50. 
51. 
52. 
61. 
62. 
63. 
64. 
65. 
66. 
67. 
68. 
69. 
70. 
71. 
72. 
73. 
74. 
75. 
76. 
TT. 
78. 
79. 
80. 
81. 
82. 
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a + ae + abe + be — b’. 


m+n. 53. a& +b? +a+ 6. 
a‘b® -- ¢. 54. a? — 9b? + a4 3b. 
Loe ae ae, B60, 2 — 232" +1320". 
ory — 812. SO. 2 Zeya Dy. 


oe ee a i. BT. a 64). 


a? — b? + 2be— ’. 58. abz?+a+ab+1. 


at — 292? + 100. 59. 36at — 21a?+1. 

e-1. . 60. x?+a2 + br — ab — 2a’. 
y—b?+a—bd. , 

2a? + ab — 30? — 4be — ac — ce’. 


a’ —a’— t+ 8". 

ie ey + (6— dy. 

aie yy — (x ~ Y): 

arty Ee cay ae xy? + wy’, 

ax* + ba? — 5ba — 5ax + 66 + 6a. 
ae ao) ar + a? 8. 
a’ + 30°) + 3ab? + 6°. 

a’ — 3a*b + 3ab? — b°. 

@ + 30° + 3a +. 1, 

ee — oa’ + 3a —u. 


e+ 6274+ 1274 8. 


oo ot Sab" — 6°. 

mot + 2? + Qay + Qaz + Qyz, 
eg te — Qey + 2a. — 2ye. 
ee tty + 12. 

ooo + a ab + OF. 

2 — y — Sey (e— 9) 

ae oe + 6a 1. 

eer aki om) a 2 

fa + bY + 4a? (a + bP + 4e% 
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83. 
84. 
85. 
86. 
87. 
88. 
89. 
90. 
91. 
92. 
93. 
94. 
95. 
96. 
97. 
98. 
99. 


100 


1. A Factor of a quantity is an exact divisor of that 


quantity. 


2. A factor that is not resolvable is called a Prime Factor. 
a,a+ 6, @ + 6, are prime factors of their product. 
3d. A Common Factor is a factor belonging to each of 


ALGEBRA. 


(2° + de + 8) 4 Ow (at da a) ee 
ge 

Lie he + tae TT. 

we ha + lie > 6, 

Pee ey ey. 

ea ob Gat. 

8(@ + y) — (2x — y). 

(Ob ey - Ga 0) + Ba. 

gt Bho oF 4 Be 

Cee a Oe ey 
(et by 1 apie 6 te 

Sar > Gay (e+ Syl oie. 

Le tay ae, 

at + bt + e -- 2a2b? — Aare? + 2b7c?. 


te Ae Bar ie ae Ty 


ea b) em eb, 
ie in ae) oo oM. 
4a? — |lab + 17ae — 367 + be + 4c’. 


Highest Common Factor. 


a? -- 6? = (a+ 6) (a — 8); 
ene 2 ae 
hence, — Aan =a—b, tid =at b. 


two or more quantities. 


4, The Highest Common Factor (H. C. F.) of quantities 
is the product of all their different common prime factors. 


a? is a common factor of a?b’c and a®cy. 


| 


a : . 
a ie = oe £ oe m ‘e “sa a 
ES RE Share ne tea ico aT Ye oR OPE ae PMR ore ee ee ee as Pa ee ee MENT ng RRC eae 
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a’c is the H. C. F. of a‘e, a’c, a’cxy, being the product of 
the common prime factors aaac. a*— 6’ is the H. C. F. of 
a*— 6* and a*— 6’, being the product of their common 


prime factors a + 6 and a — b. 
at — 0¢ = (a? + 5?) (a + 5b) (a — B) 
a — 6? = (a+b) (a — BD). 


| Monomials. 
1, Find the H. C. F. of 21a’b, 35ab’c, 49a‘b?d?. 


Explanation. 
may = 3.7, @.2.0, 
35ab7e = 5.7. a.0.6.¢. 
49a°b?d = 7.7. a.a.a.0.0.d. 


H.C. F. = 7. a.6.= Tab, these being the only common prime factors. 
EXERCISES. 

Find the H. C. F. of: 

12a%btc!, 9a°b*e, 6a®b*e. 
foe fr, LOxy'z. 

4272, 60a7x". 

abcde, a*bef, b?cde*f?. 
a’b*c*, a’b*, a®be’. 

17ab’c, 34a7be, 5labc’. 
-60a*x?, 45a27, 90a?x*y. 
21a‘*m?, 18a*m?, 15a?m‘*. 
Gtr’, 82°, 32a", 42°. 


na a es wal a ake 2s 


Polynomials Easily Factored. 
Find the H. C. F. of a‘b? — a*b* and a‘b? + a°b’*. 


Explanation. 
ath? — a®bt = a?b? (a? — b?) = ab? (a +b) (a — B). 
mo + abt = a?b® (a + 5). 
H. C. F. = a?b? (a + 6), the product of all the common prime factors 
of the given numbers. 
5 
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EXERCISES. 


Find the H. C. F. of: 

5ary — 1ba°y? and 25a°y* — 452xy’. 

oy ante + oy. 

oD a ee 1, 

em Laud a ae be 

Ts ae Poel PO maa “irae 

Co ay, ae ae, 

a’ bab + 40%, a bath + ae 
Suggestion.— — 5a’b = — a’b — 4a’b. 

et 2a 1, oF oar eae 

a OF ed ee dy 

10. 10ary + 92*y* — Say’, 427? + hy? — dae 

Lhe fae a ey, 

12.. & + By, a? + ay Sy. 

13. 160° — 19a7y + Gay’, 102* — o'y ee 

16, of ef oye ee ee, 

15. 20x* + 2? —1, 75a* + 152° — 32 — 3. 


we eee ee 


<> OO 


Polynomials Less Easily Factored. 
Find the H. C. F. of 128 and 144. 


Process. Explanation. © 
128)144(4 Treating 128 and 144 as divisor and dividend, 
198 we have 144 = 1 x 128+ 16. Hence, 
144 128 16 ‘ 
16)128(8 ase en 1» ae + ToK That is, the 
128 H. C. F. of 144 and 128 = the H. C. F. of 128 
0 and16. 128 +16 =8+0; hence, 16 is the H. 


C. F. required, for 16 is the highest number that is contained in both 
itself and 128. 


In general, the dividend = the quotient < the divisor + 
the remainder ; that is, D= QxXd+ R. 
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Let it be required to find the H. C. F. of D and d. 


7 Explanation. 
R 
aoe e* wort EF that is, the H. C. F. of D. and 


d. = the H. C. F. of d. and R. 
When o- Q’ + 0, R = the H. C. F. required ; for FR is the highest 


. quantity contained in both itself and d. 

When Q’ does not equal 0, the H. C. F. required is, as Laie the H. 
C. F. of the last remainder and the preceding divisor ; and so we proceed 
till we find the remainder 0. 


Find the H. C. F. of a? — 5ab + 46? and a’ — 5a’b + 46%. 


Explanation. 
d D Q 
a’? — 5ab + 4b7)a’ — 5a7b + =467(a 
a? — 5a*b + 4ab? 
— 4ab? + 46%. 
Since — 46? does not appear in the terms of the divisor, we reject it and 
have R= a — 6. 


R ad Q’ 
a — b)ad? — 5ab+ 40°?(a +1 
a— ab 
— 4ab + 4b? 
Rejecting — 4b, we have a — 0; dividing again we have 


Rue Se 
; 0 
Hence, a — 0 is the H. C. F. required. 


EXERCISES. 


Find the H. C. F. of: 
1. 6a? — 2 — 12 and 62° — 132? — 62 + 18. 
2. a* + aba — 2a' and wt — 2az* + at. 
3. a* — 4a? + 3a and a? + 4a? — 5. 
Suggestion.—Reject a from the first polynomial. 


4, 2 4+ 27? + 22 +1 and 2? — 2x — 1. 
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5, af + 2:2+ 9 and 7a?°—11l2?4+ 1524 9. 


Suggestion.—Multiply the first polynomial by 7; for the intro- 
duction of a factor not common cannot affect the H. C. F., which is the 
product of common factors only. 


6. 24a* — 22° — 6027 — 32a and 18a* — 6a° —38e 
coe 
Norr.—2z, rejected from the first polynomial, and 3x, from the second, 


have a common factor x, which must be retained as a factor of the H. C.F. 
sought. 


7. 2 + 227 — 1382 + 10 and 2° + 27 — 10S 
8. 2? — 5a? — 99x + 40 and 2* — 62? — 86x + 35. 
9. 62° — 6a’y + 2ay*? — 2y° and 12a? — ie ee 
10. 42* + 92° + 22? — 22 — 4 and 32° + 52? —a2 4+ 2. 
11. 102° + 3527 + 302 and 4a* + 262° + 5827 + 42a. 
12. 227 — 142 + 20 and 20x — 2527 + 4a7 + 25. 
13. 2* — 102° + 352? — 502 + 24 and 2° — (a4 1ig ow. 
14, ‘23 + Qa? + Qe + 1 and a* — 42? — 4a — 5. 
15. 82? + 27 — 3 and 62° + 52? — 2. 
16. 22° — 3a” — 162 + 24 and 42° + 2a* — 282° — 162” 
nn areas 
17. 64e"! — 82756 and 120° + 327y*— [gaa 
18. 3a* — 2a@°b + 20°60"? — bab’ — 2a ae 
6at — a®b + 2a7b? — 2ab? — 54. | 
When it is required to find the H. F. C. of more than two 
quantities, first find the H. C. F. of two of them, then of 
that H. C. F. and one of the remaining quantities, and so 
on for all that remain. The last H. C. F. will be the H. C. 
F. of all the quantities. 


EXERCISES. 
1. 2° — 9274+ 262 — 24, 2* — 102" + Bie ee 
nF << Lia? + OS =, 
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Be or be — 42, 4" + Sa — 21, 627 + 232 + 7. 
noe re oes te + oe 6, 2a" — Or? — 2 — 2. 
Bee te te a Le 20a — 102 2), 
oe dor 22x" — 4 + 21, 
Bee lay + oy — yf, xy + Say? — oe — 7, 
Pe + ory + ay a. 
mo ey 100" a + Say — Shy", 2? — Bary + 1597. 


Lowest Common Dividend. 


1. A Dividend of a quantity contains all the prime factors 
of that quantity. 

2. A Common Dividend of two or more quantities con- 
tains all the prime factors of each of those quantities. 

3. A Lowest Common Dividend (L. C. Dd.) of two or 
more quantities contains all the different prime factors of 
those quantities, a common prime factor occurring but 
once. 

4, What are all the different prime factors and the L. C. 
Dd. of 40, 56, and 60? 


Process. Explanation. 
a0=2.,2.2.5 The different prime factors 
§6=2.2.2.7 iil a | 

os : 2, common to all the given 
60 =2.2.3.5 TY 
12 C, Dd. =2.2.2.3.5.7= 


2, common to all the given 
840. numbers. 

2, common to some of the given numbers. 

5, common to some of the given numbers. 

3, not common. 

7, not common. 

Hence, the L. C. Dd. required is 2.2.2.5.3.7 = 840. 


2. What are the different prime factors and the L. C. Dd. 
of 6a* and a?b?? 
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Process. Explanation. 
6a? = 2.-3.4a.a.a The common factors are a. a. 
The factors not common are 
ie ane b 
gl apc tn aR a 2% eo wee 
LO Tet 2 Sa. G18, 618 Hence the L. C. Dd. = 
ao Gro .. | 2.3.a.a.a.b.6 = 6a3b*. 
Monomials. 
1. Find the L. C. Dd. of 24, 36, 60. 
Process. 3 
C> 
5 2/24, 36, 60 Explanation. | 
E 2,12,18,30 _ By division we find that the factors common to 
th a. 6 9, 15 all the numbers are 2, 2, 3, and the factors not 
o common are 2, 3, 5. Hence the L. C. Dd. = 
5 2, 3, 5 2.9.3.2.3.5=2.2.2.3.3.5 = 360. 


Factors not common. 


L. C. Dd. =2.2.2.3.3.6= 360. 
2. Find the L. C. Dd. of 4a°b, 2a6, 6az. 


Process. Explanation. 
mn 2 2a |4a*b, 2ab?, 6ax By division we find that 2, a and 
. Z b \2 ab, b?, 39 b are the common factors, and 2q?, 
aS a2 b. 3 6, 3x the factors not common. 
Cae oe Hence the L. C. Dd. = 2ad . 6a°bx 
Factors not common. = 12q3d22,. 


Li. ©. Dd. = 2a6:, Gabe = 1: 


EXERCISES. 
Find the L. C. Dd. of: 
1. 6ab, 10be, 14ac. 
2. 8a°b?, 24h, 18abe%. 
3. 3a’b, 4ac’, 67. 
4. 


ary, ax, a®y?, 


FACTORING. tL 


2a°y*, Savy, 4a%y’. 

7a°b, 4ac*, Gac, 21be. 
19274", 57a*b*c*, 171a2". 
66a467c*, 44a°b*c’, 2407b?c4. 
8072", 36a°x*, 4a°z*, 10a2. 


ay, oe, 8, Cary, L2xry", 21, Tx. 


OO ID OT 


Polynomials Easily Factored. 
pre the LC. Dd. of a?— 7 and a’ — 2ay + 7. 


Explanation. 
The common fac- 
Process. j 
tor is a — y; the 
soy = (a— y) (a* + ay +’) factors not common 
ae — Lay +4 = (a— y)(a—y) are (a —y) and 


(a? + ay + y?). 
L. C. Dd. =(a — y) (a — y)(@ + ay + 7’) Hence the L. 


C. Dd. is (a —y) 
=(a— yy (a + ay +4). (a — y) (a? + ay 


24h ee 
(a + ay +7*). 
EXERCISES. 
Find the L. C. Dd. of: 


ee — Se. 
(2. a —1, a? +2. 
mer ey, 9x" -— Sa. 
ae er 1. 
OE gash ONE alien et 
ee ee on Oe oe 
7. 6ab? (a + bY and 4a’b (a? — B). 
8. 2aay (m — y)”, 3aa? (a? — y"), dy? (x + y)’. 
faye, do, a + aa + a, 


Pe ato, a + ae t+ *, a? t+ x. 
fo eee (1 ey, al 2)’. 
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12. fee oe Sy, 
be. er a Oa 
Mig oe ae ae, 


16. ey ee, ae 
16. a’? — 2° —a— 2, 5a°b — 10abz + O62 aa 


abs — ab. 
7.0 eh ae oe 
LG. 22 + oy Oy, da = Bay ee, 


Polynomials Less Easily Factored. 


1. Find the L. C. Dd. of 143 and 442. 


Process. 
i. 143)442(3 
429 
H. C. F. = 13)143(11 
143 
0 
mH. F135) 140 482, 
1]. 34. 


Factors not common. 


8. L. C. Dd: =13 X 11 X 34 = 4862 


2. Vind the 1-0, Dd. of 2 ay 
+ 4y?. 


Explanation. 

1. We find the H. 
C. F. of the given 
numbers, and thus 
obtain the common 
prime factor 13. 

2. Dividing the 
given numbers by 13, 
we have for quotients — 
the factors not com- 
mon, 11 and 34. 

3. Hence, 13 x 11 
x 84 = 4862, is the 
L. C. Dd. required. 


6y’ and 32° — 8ay 


Process. 
di Th Cy OF, ea, 
2. a — Qy)227 — vy — by", 38a? — Say + 4y/’. 
2x + 3y, 30 — 2y. 


Factors not common. 


8. L. C. Dd. = (@— 2y) (2¢ + Sy) Ge 


=~ Du, 


FACTORING. to 


Explanation. 


1. The H. C€. F. of the two polynomials is 7 — 2y. 

2, Dividing the two polynomials by 2 — 2y, we have for quotients 
2x + 3y and 3x — 2y, the factors not common. | 

$. Hence, the L. C. Dd. required = (% — 2y) (2% + 3y) (3% — 2y). 


L 


RULE. 


1. Find the G. C. F. of the two given polynomials. 
2. Divide the polynomials by the G. C. F. 
3. Find the product of the G. C. F. and the quotients. 


EXERCISES. 


Find the L. C. Dd. of: 


oS ee 


ht be be RA RS 
mo De © 


When 


required, 


Pohe 1. OC. 


627 + 132 — 28 and 122? —3la + 20. 

62" — x —1 and 22° + 3a — 2. 

Qu* +2 —6 and 4z7— 8a + 3. 

8a? + 302 +7 and 122? — 29a — 8. 

21a? — 26a + 8 and 72° — 427 — 21a + 12. 

© + on + fe@+ 2 and a + 6a + 8. 

x? — 627 + lla — 6 and 2° — 92? + 26a — 24. 

a* — (x —6 and x? + 827+ 172+ 10. 

a er — 200" Ta +94 and 22? + 30° — 1327— 
oc + 15. 

a — ba + 6, a® — 8a — 2. 


. Ga? + a? — 5a — 2, 623 + 5a? — 8a — 2. 

. ao + ax’®+ ae at, xt + ae? + at. 

ba 5a? + 97 — 9, at — 42? + 122 — 9. 

. da° — 13a? + 23a — 21, 6a? + 2? — 44a + 21, 
15. 


a —x + 8e — 8, vt + 4a° — 8a? + 242. 
the L. C. Dd. of more than two quantities is 


first find the L. C. Dd. of two of them, and then 
Dd. of the result and a third quantity, and so on. 
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1, a*-- 62? + 11a — 6, 2° —- 927 + 260 — 24, a 
ae 

2, 3a? 2a 1, 6a*— a > 1, 8a ee 

$. 21a? + 2827 — 152 — 20, 219° — 282? — 1ba + 20) tae 
wi hare eke 

4, 49° — Be -—1, Qo? — So? + 1, oe 

5. a? — 5a? + 9a — 9, o° — 2? —9e + 9, ao 


FRACTIONS. 


1. A fraction is an indicated division, made by writing 
the dividend above a vinculum (dividing line), and the 
divisor below the vinculum. 

2. The dividend is called the Numerator ; the divisor is 
called the Denominator. 

3. The numerator and denominator are called the Terms 
of the fraction. 

4, A quantity having no fractional part is called an 
Integer, or Integral Quantity. 

5. A quantity having both an integral and a fractional — 


part is called a Mixed Quantity ; as a+ = 
y i 
6. The Transformation (Reduction) of a fraction changes — 
its form without changing its value. | 
A fraction is to be regarded as affected by three signs, — 


namely, by + or — standing before the numerator, the 


: ‘ | 
denominator, and the vinculum; thus, ee 
+ 


¢@. A fraction may be transformed : : 
1. By change of signs ; 2. By change to higher or lower — 
terms; 3. By change to a whole or a mixed number. 


FRACTIONS. 15 


The Law of Signs. 


We may have the following transformations : 


+@ aay ed et 
ae pCa 

4 ee a es es 

ne" oo as it 


That is, of the three signs belonging severally to the 
numerator, the denominator, and the vinculum, any two may 
be changed without affecting the value or quality of the 
fractional expression. Hence, if only the sign of the numer- 
ator or of the. denominator be changed, the sign of the 
vinculum must be changed. 


et) Koc) 
i 4 (+0) (-d) ae aut 


Pee te) { 4) 
ed C= 0) d 


That is, of the signs belonging to the factors of the terms 
of a fraction, an even number may be changed without affect-_ 
ing the quality or value of the fractional expression. Hence, 
if an odd number of factor signs be changed, the sign of the 
vineulum must be changed. 


EXERCISES. 
1. Assuming = =m, transform the fraction variously, let- 


ting + m remain the quotient. 


° 4 by . e 
2, Assuming — = +, transform the fraction variously, 


letting -- v become the quotient. 
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e m s 
3. Assuming — = d, correct the following erroneous equa- 
n 


tions : : 
re ie +m a... 
om dg. + So, 
eu . +n 
fo dy ood. 
oe ie “+ Ht 
Oe Amen, : 3 Gore 
4, Why is — identical with ———-? 
c c 


Nore.—When a change of sign is made, every sign of a polynomial 
numerator or denominator must be changed. 
Ceo eee 

d d 


a—d 


5. Why is — 


a correct equation ? 


d—a 


6. Explain why a + has the same value as ¢ — 


€ 
@. By changing signs, make the denominators like in each 
expression. 


a b Cc 1 1 


pon, ah? a (a — 6b) (G@—0) | ate an 


5, Show thet (cB) —)(e—a) (a). — 


is an Identicai Equation, i.e., that the first member may 


assume the exact form of the second member. 


9. Transform - <td 
(6 — a) (w—y) (a — b) 


and denominator may have a common factor, and the denomi- 


» so that the numerator 


nator may have (a — 6)’. 
10. Transform — ioe es ; To Zz so that ec — 6 shall 


pecome 6 — c, and a — 6 a common factor. 
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The Law of Higher and Lower Terms. 


1. To prove that : = oan 


1. If a 


2. “Then a = bx, for D=D XQ. 
So. em=—bmx Ax. 3. 


4. ee «AX, 4. 
m 
ut. : = The values of xin 1 and 4. 


Hence we have the principle, Multiplying or dividing both 
terms of a fraction by the same quantity does not alter the value 
of the fraction. 

On this principle, the terms of a fraction are made higher 
by the introduction of a common factor, or of common factors, 
and are made lower by the removal of a common factor, or 
of common factors. 

Obviously, the terms of a fraction are made lowest by the 
removal of «all their common factors. 


The Terms Easily Factored. 


Reduction to Lowest Terms. 


ROLE. 


Resolve the terms of the fraction into their prime fac- 
tors, and cancel all the common factors. 


42m?b_ 


1. Reduce to its Lowest Terms 
Omn? 


Process. 
42m’b 2.3. %m*b _ 6b 


A9mn? —s- 7. Tmn? Tn? oe 
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: xe — 27 
2. Reduce to its Lowest Terms : 
g? + 2a¢—15 
Process. 
wa 2 (¢—3)(e + 3e+9) a eee re 
arpa g ar, Pairs ? e 
ot ae 15 (a -+ 5) (@ — 3) aaa a 


Nay | 
3. Reduce (x A) to its Lowest Terms. 
ag It + @) 


eat) ae GG) ee > Ang 2 
G-2)y-I(? +a) @-1I)y-iC+a Tae a 


Observe that the numerator is 1, not 0. 


EXERCISES. 


Reduce to Lowest Terms : j 
1. 58ab*c - 6. 20 (a? — yy | 
87atbFe? ba® + bay + By? | 
Mota Be 7, (ey 8) 
: 302y32 : ay? — 27? ; 
3 a ana ay 8 5a°b + 10a*b? 
' 6a? — 9a?ax 376? + 6ab 
2a’cd + 2abed Sl 
4. . 9. ‘ 
6a’xy + babay oleate 
; 2 an 
5. an 10. 5a? ae ee 
oe ae 5a” + 19a 


The Terms Less Easily Factored. 
Reduce to Lowest Terms: 
1 x* — 9a? at — 14a? — 51 
; - a. - . 
xt — a? — 6a at-- 2a?—15 
10a? —a eh 4 x? — 6x he 
2a? — 7a + 6 " 323 — 8a + 8 
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5 e+ 170 + 21 gq owe te 
" 832? + 262 + 35 ge ~ Bt + 4a — 2 
6 oe + 23% + 14 9 as ae 
" 82? + 41x + 26 " ot + Qo? + Qe? + Qe +1 
a? — (6b — ey em + gm — 9 
(f ( ( . y. 10. 2m We cs ' 
ate) 6 eo eg 


Reduction to an Entire or Mixed Quantity. 
A fraction being an indicated division, the entire or mixed 
quantity is simply the resulting quotient. 
Hence therule: Divide the numerator by the denominator. 
Observe the following : 


x x 
a. i I 1G pe ee The fractional part may 
x x 
assume four different forms: — —>» + ie. ia oe Md Cras 
xv x — 2 —2 
3. rem om, 
x x 
4, = a ae Why have ¢ and m in the 
x 


quotient suffered change of sign ? 
Write all possible transformations of the fractional part. 
Can a parenthesis be employed? Which form is preferable ? 


EXERCISES. 
Reduce to an entire or mixed quantity : 
Lat 2 2 
1. eo be + 4 g vty, 
x etry 
an ue 8 
2. 627 — 127 +5 4 ete Ue 


6a a 
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5. a” + 6a + 12y — by” oe ao OEE 
Co tea ts 
G ete 9 o — a — 2 : 
ge ak a’*—ax-—l1 4 
ee oe 4 ; : 
7. 4ax — 2a a" 10. x na 
sa a—l 


Reduction of a Mixed Quantity to the Fractional 
Form. 


This case exactly reverses the preceding one; hence the 


ROLE: 


1. Multiply the integral part by the denominator. 


2. To the product add the numerator when the sign of the . 
fraction is +; from the product subtract the numerator 
when the signis —. : 


3. Under the result write the denominator. 


: at B 4 

1. Reduce to fractional form a + 6 + —-——- 7 
a— 3 

Process. | | 

5 2 pene | hy. 2 2 2 

Dieat et oe Ma cal he 2a" | 
a—b a—b a—b q 


2. Reduce to fractional form 2 + 3y — J rf os 
y 


Process. 


y—5 _8ytlay—yt5 _ ty 
4y 4y 4y 


ya | Raa 
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EXERCISES. 
Reduce to fractional form : 
. Sains Bata A Aisle 
y roy 
eee Ban 6 
2. tie y - cf Oy eee! 
y 1 lie oa | 
2 2 
i ee ie UR as 
toe a-~b 
2 a 
ee i; : SE is a a ae ales a call area 
v—2 ie 
ee 4 
ee 10, te 
a+] en we 


Reduction of Fractions to a Lowest Common 
Denominator. 

1. A common denominator of two or more fractions is a 
common dividend of their denominators. 

2. The lowest common denominator (L. C. D.) of two or 
more fractions is the lowest common dividend (L. C. Dd.) of 
their denominators. 

3. Reduction to the L. C. D. depends upon the principle 
already stated: multiplying both terms of a fraction by the 
same quantity does not change the value of the fraction. 


RULE. 


1. Find the L. C, Dd. of the denominators. 

2. Divide this by the denominators severally. 

3. Multiply both terms of each fraction by the quotient 
obtained by its denominator. 


I, Reduce to L. C. D. —— ‘s cE idea) 


ab ac be 


6 
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1. The L. C. Dd. of the denominators = abe. — 

2. abe = ab, ace, be = ¢, 6, a. 

3. (a Oe. (c—a)b (6—c)a _ ac — be be —ab 
ab Xe. wae Geka abe abe 


3 


ab — ae 


abe 


2 
diets li CO Oe ai 
2. Reduce to colar Aer (o oan 


1. The L. C. Dd. = (a + y). 
2. (@+yfpr(et+y,etry, (ety =1, wry, 
(Gy). 
xv x1 ae X(@ ty) ay 
“(@tyyxl (@@tyxX@+y? @+yPX@+y) 
oe y(e@tyy aye ty), 


~ (@+yp ce (x+y) 


1 
8. Reduce to L. C. a) ee . ES by (EN z 
1 
(e—a)(e—by 


Explanation. 


Making the factors like in the arrangement of their letters, we have - 


1 ee 1 
(a —c) (a—b) (a—b)(b— ©) (a—e)(6—e) 


1. The L. C. Dd. = (a — c) (a — 6) (6 — ©). 
2. The quotients areb—c,a—c,a- 6b. 
&. The numerators with L. C. D. are 


Oe Cas (ee ee 
(a — ¢)(a— b) (b= ec) 


FRACTIONS. 


EXERCISES. 
Reduce to L. C. D.: 


cn t th ek (n="} 


> n—8 1 
AS | 2 
>) 
za+22e24+3 
oa 8 4 
"by? ax? ax 
1 3S 
4. — 
ao ty 
1 1 
5. : 
a—« @— x 
6 ee Gg z 
ee. #1 at —2447 7 
o a 3) c 
e > . 
ay (ety) ay(a—y) ay? (2 — 9) 
8 a—l at+2- a+ 3 
e y : 
a —%—15 a+a—B§& a*—Ta+10 
a a b 
* > 
me 06 ¢) (2 —b)(¢ — 6) 
10 zt+il e+ i x 


et eg 1 ay 


Addition and Subtraction of Fractions. 


RULE. 
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1. Reduce the fractions, when necessary, to their L. C. D. 
2. Connect the numerators by the given signs of opera- 


tion, + and -. 


. fraction thus obtained. 


3. Write the result over the L. C. D. and simplify the 
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1. Addition and subtraction of fractions are but special 
cases of simplification. 


Boe 
Simplify — + —---: 
implify sayy 
UAE reduced to L. C. D., = 66.0 
fas aa | 12 
da + 4b 
12 
EXERCISES. 
Simplify : 
1. 2a @ 2a 
a aes 
a rad oe ct 
5 5 
3 aD ae ae ed 
oa 3 4 
Na « 
4. Ze +3, @ Am lel 
2x Aa 82" 
F 1—a ce 
tee. tea ot ee 
tt+a2? 1-2 
6. —— — ——-. 
tee ite 
ai ai 
Aab 
8. ee dae 
2-2 2x-1 
a—l a“—-a a 
10 be b ab 


‘ (a—b) (a—e) as (b — a) (b—e) : (e—a) (e— 6) 


FRACTIONS. 85 


REVIEW. 


1. m and n are the terms of a fraction; with these terms 
write a negative fraction in various forms; also a positive 
fraction. 


2. ab and cd are the terms of a fraction ; with these terms 
_ write a positive fraction in various forms ; change the posi- 
tive fractions to negative fractions. 


- 8, Arrange in like order the letters in oan ea “+ 


1 e 1 
i a) (a—c) (e rt) (e-~ 0) 


of the fractions. 


without changing the value 


2 A 3 a 
(c—2)(@-8) (8-2) (4-2) 


4. Transform 


1 
(@ ~ 4) @—a) 
all begin with x. 


so that the factors of the denominators will 


5. Reduce to their simplest form : 


18a?’ — 3aef. g, et ay, 
" Q7ac? — bae® eo ay 
9 Ga? — Te — 20 7 Wet Be +1 
4a? — 272 +5 eae 
gyrt+ae—2 é 8 oa a 
a ae "gt — Ta? +1 
ee l4e' 51 9 ee, 
"gt — Qe? — 15 aes 
ae, none We Wanye We 
5 a te a 10, 14? Oe 2 


em tg — 9 , Ot Gah dae & 
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6. Transform the following improper fractions into integral 


or mixed quantities : 


1 wat l al Gay oe ae 
eae, ? ) ) y) 
a a a a—b a+3 
@ + 2ax + x 
ax 


a—h @—d@—at+1 1 ieee 
' @— ab +B’ a—2 : xz—A 

Co nk 

ataxr—1 


%. Reduce the following mixed quantities to fractional 


forms : 
2 at Me 
1. ¢—“—. 6. an +4—— 
of aty 
22 —7 3 
2. 5+ 7.3+ ——— 
3a a — 1 
ap iia si 8 tf -or 4 
a ats qi 
aaa Gee 1—2 : 
4,.1+ 2c — ——- 9. ¢+1—22 38 : 
: 5a id g—} q 
5. 32 — 1 — ———- 10. ci 1 Te a ‘ 
a eons e+ Bee | 
8, Simplify the following expressions : : 
1 bee. Be , 
“@-b. a+b : 
a a : 
~l-— 
: atb a-—bdb 
ee we 
3 oy 
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2a — 46 ,lba—4e_ 2a—b—e 
coe 12 3 
2746 J] 


+S oot 
a ab? ibe 


a 63a? 
ee 8 Ne TE 
ae? — yz 2 ny 2a 
10. 4 __d + v, 
@+Ne+)  Yta@ty) wtaet) 


Multiplication and Division of Fractions. 


Laws affecting the Value of the Fraction. 
Let “=>. 

b 
Then a= bv. Why? 
And am=bmv. Ax. 3. 


And . moe. Ax 4. 


That is, When the numerator is multiplied, the value of the 
fraction is multiplied. 

Consequently, When the numerator ts divided, the value of 
the fraction is divided. 


Again, since a =. (Page 77.) 
m | 


a v 
on ee) A, oe 
bm m : 
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That is, When the denominator is multiplied, the value of the 
fraction is diwided. 

Consequently, When the denominator is divided, the value 
of the fraction is multipled. 

1. Multiply ; by . 


Hxplanation. 


Obviously, if ¢ be taken alone as a multiplier, the result will be d times 


too great. ; ee ra but - is d times too great. +d= a 
Hence . x a es ae That is, The product of two fractions is the product 


of their numerators dunded by the product of their denominators, 
: oy 
2. Multiply a + — by ZL 
a 


Process. 

ba\ a @+beii a tbe 
a +—\X == X= = 
a d a d d 

RULE. 
Write the integers and mixed quantities in fractional 
form, indicate the multiplication required, cancel common 
factors, and find the product of the remaining factors of the 


numerators for anew numerator, and of the denominators 
for a new denominator. 


3 Di e ] a } Cc 
6 d 


If ¢ be taken alone as the divisor, the quotient will be d@ times too small. 


pales eu but =o 18 d times too small. 
a O.o.0 oe 
Co dO Fee aa ee 
be mo Ae 


plea That is, the quotient of two fractions is their prod- 


uct when the divisor is inverted. 


FRACTIONS. 


eee + I 2a 
4, Divide ‘ by ss 
Process. 
ere er, 
6 Qa Aa 
/ ys 
RULE. 


Invert the divisor and proceed as in multiplication. 
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EXAMPLES. 
Simplify : 
ee ey 
zx—l Soa ea 
Process. 
x a 2a 2a 
aie — x me : — __ 
Do Pe fe Dil 2) fo~ 1a hy 
pea 2a * 
(x — 1) 
2 (6+ 2)x¢ 
a x 
. wb x? + BF 
3. ok . 
be b+e 
4 6 Sex 
Sed = Ad 
5 ia see a 


for) 
oe 
| 
8S il-_ 
Se Cn 
en 
ree 
+ 
Qi 
——— 


J 
Q | 
+ 
peed, 
Os 
a 
ee 
= 
-{- g, 

Q 
yl 
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10. 


19. 


20. 


a oe 
aa 


\b 


Coe 
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oe 


b2 ed? 


vt+avta 


x 


3 


a—-wzv 


(a+ 1y ee 


2Qa: 
Aa’ u ary 


By" 


ic 
es 


3 (a — by 
4 (a + bY 


4 gt AL 
ay 
y 


x 


at+l 


82? 


Ve ” 35 yz 


2a\ Tp /_ 
3p vial” 


shes) 


; 


se eh OD 14ab 
Oia oy 


8(a+8) 


2 
St} 
y 2u —y 
a— ey +ay jax + ay oa ae 
» a a 
at a ate 
(m+ mn )(n— mn 
mn mtn 
SE ae ar + 1 oe oe 
ve+9r+20 2?+57+6 
a®& — x® SC 1 e 
a—%ax+2? ata 


(" 


24+ ax +27 


2 Brand | 


at — an + at) 
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Complex Fractions. 


A Complex Fraction has a fraction in one of its terms or 
in both. 


ee 
a _—_ —— 
1. Simplify the complex fraction 8h 
a gt+e- 
D 
Process 
TS wal 


a at ce x ots ne sh A 
x? +1 at z’?+1 


1 
ei 
x 4 
eee ia 1) ae ott ot 1 
+1 La a? 
ee | 
Pea ae Ans. 
Ww OTE.— ‘ being regarded a divisor, is inverted in the process of 
simplification. 
mM m 
2. Simplifym—n m+n. 
n m 
oe 


m—-n mtn 


Explanation. 


The L. C. D. of the denominators, m — n and m + n, is m? — n?, 

Multiplying both terms of the complex fraction by m? — n?, we have 
m(m+n)—m(m—n)_m?+mn—m+mn__2mn ee 

n(mtn)+m(m—-n) mn+n?+m— mn m+ nt 
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3. Simplify | 3 , a continued fraction. 
i gene 
oe 
3 i: 3 o om 5) 
oe 3 3 
1 1 eyes 
ae 3 oes ae 1 
1: Le sei. 
: 3 8 _ 128% Ae 
4—e¢+3—Se (oe fo 
4—2 4-2 


Norr.—Begin by simplifying the mixed quantity at the foot of the 
complex fraction. 


EXERCISES. | 
Simplify : | 
at oe 5. a 
c 
— + d+ = i 
b d "a 
eae : eee | 
a 4 g ita fe 
ay 2 l= : l+a : 
oe a | 
3 a 1. 
pol ge a? — 2 ee , 
ee te | 
1 foe 
a ot res + oe 
4 (a—b) g & bag 
ga + 3b aio +e 
6 ee 


FRACTIONS. 
ae b Dae 1 — 2? 
9g a+b a8. 10, 1-2 1+2? 
Roe b 1 oe. 
a—b a+b ee 


/ MISCELLANEOUS EXERCISES. 


Reduce to Lowest Terms : 
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Amir? , ire 
" Im?n + 2mn? V1 ee 
a? — 2 6a7b? — 5 
o. . S. ne 
a — x 26? — 6° 
eo eG fH 
: . 6, — + 
vt bat+4 | — @&—-am—an?+m 


Change to whole or mixed quantities : 


at — bt ° 


Ta? -- 18a + 3. 


: : 3. 
we —2ab + & xa—-4 
9 oe ot) ee Coes 
‘ a? —Q | ' @+ar—-1 


x + ax*® — 8a2r — 83a? 


x — 2a 


5. 


Change to improper fractions : 


2. oF 
ON) nettle iean 
ofl a—ab + & 


VC+h+¢ a 
2be 
ae 6? + a 
2b 
ae 4 
4, (a be. 1)* oes: a Ly 


a 


2. ai 


| 
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924? 
5. +3 +- 
1 at a Be tt Bay + ye 
ae a ana . 

ee a 


3 - 2 
Nal ce mcs ay ' 
ene ae 
Express with the L. C. D.: 
1 1 ab 


© ? Y, - 


ae 9) O(a yy) ay 


7 et Ee ee 


a+1 32 +.2 2a — 


1 


y ie Fi SORTING, °, 
Ame i Boe hart DY et 


Simplify : 

a—b at+b e — d? 
r y 

al ee nee 


A, 


me ieee 


x—2 


e 


“OTC is ao 

to the sign X Ke 
C—¢ Ores : 
a—-b a We ¢ 
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a x 
oe 1— te 
a, 9. oh BI a 
e y 
b x 
a+ 6 
P ob a—b—-e 
lake fe 
aoc i et | 
1+ 2 : 
i. 


aa | 1 
10. (- + —)+(b+ -—1}- 
(ead ( 
eB 
2 


11. : —x 
2a —-1 + a 
oe 
ay pee 
el 
7. 
poe 3 © 
ee ee 2 
Substitute : 


ee) fore inva + 22° — 2 — 10. 

2. (m—n) for y in y? + ny 4+ 2. 

3. n for p in nt + 2n3p + 2n%p? + Ap? + pt. 

4, (a + 1) for s, and (a — 1) fortin + ts? + &s + #, 


A wea Oo eg in 
abt ale gay dl 


oy 1 
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Perform the division indicated, restrict the quotient to five 
terms, and make the last term fractional. 


ee ee 4.1+0 -34 
me ee oe, o. 2 
oe ee 


Show that: 2? —ay +4 — 2y" asd < 
aor y v+y 
a7 ee at a a 
OF ate fa +e Oy ae : 
m— 2 m — 5m — 14 An? 2mn — 14n 


d that x » ~ 
He ‘is 2m — 14 2m? + 4m m—-4 m—5m—14 


that 


a 


2n 
Infinity. 


Dividing a by 6, we have for quotient . 
Now, if while the value of a remains fixed, the value of 


b constantly increases, the value of the fraction : constantly 


b 


diminishes. 


When the value of 4 becomes exceedingly great, the value 4 
of ; becomes exceedingly small. | 

When the value of 6 becomes greater than any assignable 
quantity, the value of becomes less than any assignable 


quantity ; that is, the value of the fraction is practically 0. 
Hence, 6 having become algebraically infinite, is represented — 


by the symbol « and we have = = 0. 
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If, on the contrary, while the value of a remains fixed the 
value of 6 constantly diminishes, the value of the fraction 
constantly increases. 

When the value of 6 becomes less than any assignable 
quantity, the value of the fraction becomes greater than any 
assignablé quantity, is said to be infinite, and is represented 


- by the symbol «. Hence we have : = a, 


The Symbol = 
When a factor is 0, the product is 0. Therefore, 


1.ax0=0. 
2«xX0=0. 
3. 0x 0=0. 
Dividing each of these equations by 0, we have, 

1. a= e 

0 
By & ee. 

0 
3. 0=—- 

) 


; 0 mae 
Hence the symbol 5 may represent a finite quantity, unfin- 
ity, or zero. 


ae OD oe 
Since a and a may have an infinite number of values, 


: is called the Symbol of Indetermination. 
The Value of a@°. 
Since a!=a, dividing by a we have 
weed, (Ax. 4’and Law of Exponents.) 
That is, a° =1. 
7 
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EQUATIONS. 


When two expressions are equal in value, the algebraic 
statement of their equality is called an Equation. 

The parts separated by the sign of equality are called the 
Members of the Equation. 

The expression on the left of the sign of equality is called 


the First Member of the equation ; the one on the right of | 


the sign of equality is called the Second Member. 
Equations are classified as : 


1. Numerical, the known quantities being numerals. 

2. Literal, the known quantities, or some of them, 
being letters. 

3. Identical, the members being equal for any values 
assigned the letters. 

4. Of the First Degree, Second Degree, Third Degree, 
ete., accordingly as the highest power of the 
unknown quantity is denoted by 1, 2, 3, ete. 


An equation of the First Degree is also called a Linear 
Equation ; more commonly, a Simple Equation. 

The value of the unknown quantity of an equation is called 
its Root. The root substituted for the unknown quantity 
renders the equation an identity. : 

The root of the equation, 3x -4=—2+6, is 5; for 5, 
substituted for 2, gives us the identity, 15 —4=—5 + 6, or 
11 =11. 

The production of identity verifies the root, and satisfies 
the equation. 

The solution of an equation consists in finding the value 
of the unknown quantity ; and the value of the unknown 
quantity is found by transforming or reducing the equation to 


i a i ag ‘ 
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an equivalent equation, or through a series of equivalent 
equations. 

Equivalent equations result from the application of one or 
more of the following principles : 


1. Any term (or all the terms) of an equation may be 
transposed from one member to the other. 


2. All the positive signs of an equation may be changed 
to negative signs, and all the negative signs to positive signs. 


[This is, in effect, transposing all the terms. | 


3. Both members of an equation may be multiplied or 
divided by the same quantity, except 0. 

4, When expedient, operations may be indicated, and 
indicated operations may be performed. 


Iustrations. 
1. Let the equation be 7 —a =8. 


Transposing, we have the equivalent equation, x = 8 + a, which exhibits 
the value sought. 


2. Let the equation be x + = = 3h. 


Explanation. 


The equivalent equations are: 
By principle third, 37 + 2% = 10. 
By principle fourth, Ga. = 10, 
By principle third, c= 2. 


An Equation of Simple Form. 


1, Solve 52 + 7 =11 + 4a. 
1. By transposing [Principle 1], we have 5a — 4x = 
ee ONE 
2. By performing operations indicated, w= 4, the root. 


‘- EE 
1 4 


Ly 


‘¢ clearing of ( fractions.” 


F olf 
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To test the accuracy of a result is to satisfy the equation, or 
to verify the root. 

Substituting 4 for 2 in the given equation, we have the identity 20 + 7 
= 11+ 16. 

Why isda — 4x = 11 — 7 an equivalent equation ? 

Substituting 4 for.z, we have the identity 20 — 16 = 11 ~ 7. 

The identities already produced verify the root. 


An Identical Equation. 


Stes 
Prove the identity a =a +att. 
Fone 


Or, 
my a—-l1)a—1(a@+at+1 
Tien 4 Pat 
5—1 aa 
125 — 1 ke 
and -<"-—_- = 25 +5 +1; a-- a 
5-1 ; 
1g wae 
That is a = 31. ast 
0 
A Fractional Equation. 
mete eo ke 
Sotve dv + $= 8e—-1. 
Explanation. 
The L. C. Dividend of the denominators is 8. 
Multiplying by 8, we have 4x +6 = 5x — 2. 
Transposing, we have 4x —d5x = — 6 — %. 
Performing operation indicated, we have — x = — 8. 


Changing all the signs (Principle 2), we have x = 8, the root. 


How is the equation satisfied ? 


Nore.—Multiplying by the L. C. Dd. of the denominators is called 
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An Equation containing Decimal Fractions. 
Bolve 4a — .0752 = 12 — .275z2. 


Explanation. 
The L. C. Dd. of the denominators is 1000. 
Multiplying by 1000, 4002 — 75x = 12000 — 2752. 


Transposing, 4002 — 75% + 2752 = 12000. 
Removing — and +, 600x = 12000. 
Dividing by 600, x = 20, the root. 


How is the root verified ? 


A Literal Equation. 


EY ae 
pee + - - = 0- 
x 6) Cc 
Explanation. 
The L. C. Dd. of the denominators is xc. 


Multiplying by xc, ac + br -axr=0. 


Transposing, bx — ax = —ac. 

Changing signs, ax—bx=ae. ° 

Factoring, x (a—b) =ace. 

Dividing by a—6, x = — the root. 
a ~~ 


How is the equation satisfied ? 


EXERCISES. 


1. Prove the following identities : 
Pe oe + 2)]@ + 1) —2 + 2. 
2. oy 
ary + 42° + y° 
mt 2) (¢—.«) (1 — a) (a — 1) = (0? +  — Baz) 


== 27 — y. 


ae 1Y, 

Bee Xa! Xb xb &K eK 0") abe = 1. 
2 0 

ee re Ft ae 


eP on-1 n+4. (2—1)-' 
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2. Solve: 
L, On 7 ede a 
Gye 1 2k + ew. 
a—x=0. 
Se + 22 — 2¢ = Sl. 
Ba + 20 = -— a 4, 
2—-1=47— 91. 
3a — 4a + 10a + 5a = 35. 
8. 15% — 2 (54 — 4) —39=0. 
9. 6 (23 —2) —~ Sze = 5 (4¢ — 27). 
10. « —[8+4+ {a —(3+2)}] =5. 
3. Solve: 
1, 2e-> $e + 1 = be 2. 


SS ee 


2.xe2+ 


Fes ea 
f 20°16 4 


A ope ee Pe 
ota Eo 


Bde 18 oe 


a 


9 27 3 
10. +2) +11 =7 4%. 


EQUATIONS. 
4, Solve: 


t. .o4 3.0 > Ga + 1.5. 

2. 4x — 0752 = 12 — .276e. 

3. .o15% — 1.875 = 122 + 1.185. 
621.62 = .2 -— .1oz, 

5. .1252 — .0625¢ = .378. 


5. Solve: | 
1. ay + 2b = 3by + 4a. 


2. ab — 3ca — 2az —c = 0. 

a. 2 2 = + 4a rt Ba. 

4. am— ax = — am + 2az. 

5. 5a — 2a — 386 +42=—2—4a+ 46 — 12a. 
6. am — dx = be — az. 

7. abe — aa = ar — a’b. 

8. 38acx — 6hed = 12cdz + abe. 

9. 2? —@=2—a. 

10. (4 + 2) (6 + 2) =2(2— 0). 


Some Special Cases. 
1. Solve (@ — 3)? — (5 — a2}? = — 42. 
Explanation. 


Squaring as indicated, 7? — 6z + 9 — 25+10% —2z? = = 4y, 
Transposing, x? — z* — 6x + 102 + 4% = + 25 — 9. 
Performing operations indicated, 8% = 16. 

Dividing by 8, x = 2, the root. 


EXERCISES. 
| Solve: 


noe a = (6 — zy. 

2. Ae +2) — (4 — 1 = 5 (2a + 3). 

Be 1y + (2 bf = oe + OY. 

4. a+ 4+ at*=(e+e’/. 

mee 1) + a + (e+ 1) = Se (2* — 1). 
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2, Solve 7x — a = 3a + 7, 


Explanation. 
Multiplying by 4, 28% — (1lz — 3) = 12% + 28. 
Removing parenthesis, 28x — llz + 3 = 12x + 28. 
Transposing, 282 — llz — 122% = 28 — 38. 
Performing operations indicated, 5x = 25. 
Dividing by 5, x = 5, the root. 
In clearing of fractions notice the treatment of the numerator of a negative 


fraction, 
So] EXERCISES. 
OlVe ¢ 


es 25) 7 — be, 


OA ke 
a. 223 —=2— =! _ 9, b 


a ; 
8. Solve Bt 3 +5; = 0. 


1. Multiplying by 21 (L. C. Dd.), 3a — 244+ 7a — 21+5=0. 
2. Transposing, 32 + 7% = 24 + 21 — 5. 

3. Performing operations indicated, 10a” = 40. 
4. Dividing by 10, x = 40, the root, 


EXERCISES. 
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Port fee) ee 


2. 12 Sa ; 6 0. 
ee ee ee 
o co CS Sees i, 
. Pee fete 

/ Cc a 


Po) t(@— 8) +4 (@— 6) = 0. 
oe tS of. 
aoe eek aed 


4. Solve 


Explanation. 
1. The L. C. Dd. of the denominators is x? — 1. 


z —1 “i ae | 
2. (w? —1) +{ 2.4 1})= x%—1 } multipliers of the numerators. 
x*— 1 1.4 


3. Clearing of fractions, (2 + 3) (x + 1) — (« — 4) (w-—1) = 2a x1. 
4. Removing parentheses, 2? + 4x + 3 — 2° + 54 — 4 = 22. 

5. Suppressing 2” and transposing, 4x + 54% — 2a = 4 — 8, 

6. Performing operation indicated, 77 = 1. 


7. Dividing by 7, x = ” the root. 


EXERCISES. 
Solve : 
3 2 ] 
i, —— — a ane () 
I1—-2x Ilt+e 1-2 


4 Ce ee 


2. ss), 
1l+e2 1l-a# I1-2# 
3 ae b oY 
peth 2b #' — Bh 
4. | 3 
e—-1 247-1 -#w+1 
ee alt Oe aaa 
1+ - ——— 


f 1 
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oe ie ee Bo 
5. Solve a ae 
Explanation. 
2. Suppressing ot in both members, we have a (or s ~ ote. = 0. 


2 +6 
32 — 9 
4. Clearing of fractions, 3x + 18 = 6x — 18. 
5. Transposing, 3x = + 36. | 

6. Dividing by 3, 2 = 12, the root. 


3. Transposing and changing signs, = = 


EXERCISES. 
Solve: 


Sob ae ee 
a 14 rea ae rf 
9x + 20 _ 4e—12 x 


a ag Ee yy 
62+ 7 je 13 fae 4 

is 9 a 3 

491 oe eee ts 


. fea dg 9 
Wot li er? bee 4 
oe oe llz—8 9 


5 


Explanation. 


1. Reducing each member to acommon denominator, and performing the 
ne : i Be 
(a—2) (z—4)  (e—8) (2-8) 
2. Since the fractions are equal, and the numerators are equal, the 
denominators are equal, and we have (7—2) (w—4) = (w—8) (~—5). 


subtraction indicated, we have 


EQUATIONS. 107 


3- Removing parentheses, 2?— 62 + 8=2?-- 8a + 15, 
4, Transposing and simplifying, 2x =7. 
5. Dividing by 2, x = 3%, the root. 


Sol EXERCISES. 

ve: 
nn x Cert 28 2 o 
_@-2 a«-—1 a Ne act 
9 Poe hoe 4 15 
"e+ 4 we? x—-5 «x—16 
3 eee ee 18 ge 1} 
-@—-9 w-—11 2-15 2x-I17 
4 eee 2h era et 8, 
“e@+6°2@+9 +rt+5 «+8 
ee oo 1 eee | ae 6 
mM x Oe ee hile <4 

7. Solve ee uta Der! 


Explanation. 


1. Transposing in order to have the second fraction in each member 
negative, we write aa - E— = ead — aa 
— x x x— 
2. Simplifying each member as in the previous example, we have, 
oe a 6 : 

(~—10) (wx-—7 (x-9) (x--6 
Hence, (x—10) (x—7) = (x—9 (2-6), 
and eo 17% + 70 = 27 — lde + 54, 

22 = 16. 


x = 8, the root. 


EXERCISES. 
Solve: 


1 fe th (Se 30. be 4 


Ay -17 
a ye ae 
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4. 
eee ie Da. eee ae 
oh eee a ae 
oe Pe Ae 
1 1 1 
8. Solv - = 
* a(b—2) bio+e) diene 
Explanation. - 


The L. C. Dd. of the denominators is ab (6 — x) (ec — 2}, 
Hence, we have 1. O(c — x) +a(b—2) =0(6-2). 
2. bc — bx + ab — ax = 6? — ba. 
3. — ax = 6? — ab — be. 


a 
. oe aie a—ec). 


5e = 9(a—b+e). 
a 


x—-a ax—b 
9. Solve — . 
b—x a-@Z 
Explanation. 
x—b 


, we have 


Changing the signs of both terms of C 


1 t+ 4 0-2 


2. (e ~ ay = (6 — a). 
8. 2? — Yar + a? = O? — 2bx + 2’. 


4. 9bx — 2ax = 6? — a’. 
5. % (2b — 2a) = 6? — a’. 

ce Oe hae ae 
sa 2(6—a) 2 ( a) 


10. Solve — cas 
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Explanation. 


Reducing each member to a mixed quantity, 


Suppressing the 1’s, and dividing by 2a, - = +e 
z 


/ e 
Clearing of fractions, 
ie E+a=a-—a. 
227=-a-—-a=0. 


Be 0, 
EXERCISES. 
Solve: 
.. (@-— 5) = 2? — 30. 
SG +1) @ —3)=2?-— 32+1. 
ime ae —(2 +1) +(@+ 3). 
a 1a + 2) (> + x) — (¢ —z) (d — 2x) = 0. 
5. ier 1 (2 oP — 2 (@ + bY. 
6. b (2% — a) — a? = 2a (a +6) — 36. 
7. aa—be=e+dz—m. 
8. (a —- b) (a — a) = (a —c) (x —B). 
9. 4 {4a (1 + x) —3(a+ az)} =0. 
oe a by —& — a) (2 — 6) + ab =0. 
eer ati te—-1 507. 
Jlg+5\ 15 30 30 
eee 8 8. 
x-4 2-5 2-6 a-T7 
13 mee Cee ee a OF 
c a b c a 
vty 2-4 
Se ae 
may eo 
15 ax +b 3b aa? + 6 
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: 2 
16. 2 (e—a) (75°) = (2—-§$} 


17. Pee ee Ail — Ge 
29 12 2 
seat eet Cee Boe. 
18. 4 pula i te Dhan ae 
19. 5 a ba hs < a 
20. az +b ae +b _ Zav +d 6 
c cx +b 2c ae 
REVIEW. 
Factor : | 
Ae or oe tO, G...a0 eg, 
a ee, 7. a’x* — 4a’a + 4a?*. 
SBA ade 8. 2° —yta—y 
4, 4a?” — 4ab” + 6. 9. 2° —- Sey toe 
5. at + ab? + Ot. 10, 3° +a eo | 
Simplify : 


1. 32 —[2y—-(@+y)-{-y-Y-2 ae 


9 ae ar Se (1-4, 
Ne ae a — 2 a 


al A 
Le ae 
ii \ete 
a b 


4. a—[5b — {a — (6c — 2c —b — 46) | eee 
5. «—[by—{x— (52— 22 — y) + 20 — (2 
Solve: 
e+e ge is. Je +3 1. oe 


+ ban a ; 
11 3 4 4 on 
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Qe+a Y—z_ Be re 
b a b 


2 
ie 
b 
4 as Ms hace 
4 9 2 
ee Oe ab ab 

6? a’b a 6? 
rei 2b) wie A 
a — 2b a — 2b x 


7. Oe 2 Seana ee kA Sc tl.) 
2 2 6 


+2 =(a+2)(6 + 2)—a(b +c). 


a+a aert+b 
4 pa 
a+b. ate 
eer oe) an ae 
me at ; 
a+b ax + bx x 


10. 


PROBLEMS. 


A problem in Algebra proposes a question for solution by 
an equation. 

The equation, being a statement of equality, can be written 
only after we have pondered the problem and discovered 
wherein the equality exists. 

The existing equality may be stated explicitiy ; as in the 
following question : 


1. What is the number whose one-half, one-third, and 
one-fourth, increased by 25, equals 220? 
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Explanation. 
1. Letting x represent the number, and expressing the problem in 
algebraic language, we have the equation, ; f : - ; + 25 = 220. 
2. Solving by equivalent equations, we have 
6x + 4x + 3x + 300 = 2640. 
13a = 2340. | 
x = 180, the number required. 
The existing equality may be stated implicitly, and must be 
found by deduction, as in the following question : 
2. Out of a cask of wine a third part having leaked 
away, 21 gallons were afterward drawn, and the cask was 
then half full. How much did the cask hold ?— 


Explanation. 


1. Letting x represent the number of gallons originally in the cask, 
and denoting algebraically the sum of what leaked away and was drawn, 


we have = + 21. 


Now, since the cask was half full, and still contained 5 Ballons, the plain 


implication is that the part that leaked away and was drawn also equals 


= Hence, we have the equation © + 21 = 7 
2. Solving by equivalent equations, we have 
24 + 126 = 3a 
ox — 2x = 126 


x = 126 gallons, the answer required. | 


PROBLEMS. 
1. What number is it whose third part exceeds its fourth 
part by 16? 


i x 
i See 1B. 
Sw 


2. B. and C. buy an automobile for $1000. If B. pays 
three times as much as C., how much does each pay ? 
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3. Carl and his brother have $24, and Carl has $8 more 
than his brother. How much money has each ? 

4. What is the number whose double exceeds its half by 
150? 

5. The half and fifth of a number equal 56. Find the 
number,, 

6. A father is three times as old as his son, and the differ- 
ence of their ages is 24 years. What is the age of each ? 

7. What number exceeds the sum of its third, tenth, and 
twelfth parts by 87? 


Ce (Z tt i) = 87. 
8. A man sold a horse for $35 and half as much as he 
gave for it, and gained thereby $10. How much did he give 
for the horse? 


9. $2000 is divided between A. and B.  B. receives $3 as 
often as A. receives $2. How much does each receive ? 


If 2x represents A.’s share, what will represent B.’s share ? 


10. My horse and saddle are worth $132, and the horse is 
_ worth ten times as much as the saddle. What is the value 
of the horse ? 

11. Divide the number 70 into two parts, such that three 
times the smaller shall be equal to twice the larger. 

12. Ross is now twice as old as Raymond, and eight years 
ago he was six times as old. What is the present age of 
each ? 


If the age of Raymond is x now, what is the age of Ross? If the age 
of Raymond was x — 8 eight years ago, what was the age of Ross then ? 

13. A man is now twice as old as his son; 15 years ago 
he was three times as old as his son. What is the age of 
each ? 
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14, Divide 42 into two parts so related that one-fifth of 
the one plus one-sixth of the other shall equal 8. 

15. If two men going into business invest $2600, and 
one invests four-ninths as much as the other, how much 
does each invest? 

16. The sum of three numbers is 72. The second is 
double the first, and the third equals the first plus the 
second, Find the three numbers. 


17. A. is 16 years older than B., and his age is as far | 


above 50 as B.’s age is below 40. Find their ages. ~ 

18. The width of a room is two-thirds of its length. 
Another room having 3 feet more of width and 3 feet less 
of length, is a square. Find the dimensions of each room. 

19. A father is 48 years old, and his son is 12 years old. 
In how many years will the father’s age be double the son’s 
age? 

20. A post is in the mud, } in the water, and 10 feet 
above the water. What is the whole length of the post ? 

21. The sum of two numbers is 20, and their difference 
is 6. Required the numbers. 


a2 and x + 6 are the numbers. 


22. The difference of the squares of two consecutive 
numbers is 41. Find the numbers. 


If x is one of the numbers, what is the other? 


23. Divide 150 dollars among 6 men, 10 women, and 40 


children, and give each man one dollar more than each 
woman, and each child half as much as each woman. 

24, A. can do a piece of work in 6 days and B. in 8 days. 
Working together, in how many days can they do the work? 


1 ys ck 
HE 
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25. Mary and Martha have the same amount of money. 
If Mary should give Martha $40, she would have one-third 
as much as Martha. How much money has each? 

96. A debtor owed $900: to A. a certain sum, to B. twice 
that sum, and to C. twice as much as to A. and B. How 
much did he owe to each ? 

27. Divide 410 into four parts, making the second one- 
half of the first, the third one-third of the second, and the 
fourth one-fourth of the third. 

28. Divide $1285 among A., B., and C., making <A.’s 
share $25 more than five-sixths of B.’s share, and making 
C.’s four-fifteenths as much as B.’s. 

29, A front wheel of a wagon las made 10 revolutions 
more than the corresponding hind wheel. The circumference 
of these wheels being respectively 2 and 5 yards, find how 
far the wagon has moved. : 

30. A fish was caught whose tail weighed 9 lbs., his head 
weighed as much as his tail and half his body; his body 
weighed as much as his head and tail together. What was 
“the weight of the fish? 


Suggestion.—Let x denote the weight of the body. 


31, A person engaged a workman for 48 days. For each 
day that he labored he received 24 cents; and for each day 
that he was idle he paid 12 cents for his board. At the end 
of the 48 days the account was settled, when the laborer 
received 504 cents. Find how many days he worked, and 
how many days he was idle. | 

32. A fox, pursued by a grayhound, has a start of 60 
leaps. He makes 9 leaps while the grayhound makes but 
6; but 3 leaps of the grayhound are equivalent to 7 leaps 
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of the fox. How many leaps must the grayhound make to 
overtake the fox ? 


Suggestion.—Let x denote the number of leaps the grayhound 
must make before overtaking the fox. In the same time the fox will make 
2x or 32 leaps. 


4a will denote the hound’s whole distance. 


6“ 66 66 


+ fora 


boleo 
8 


30. If we regard the minute hand of a clock as constantly 
pursuing and overtaking the hour hand, in what time does — 
the minute hand gain in pursuit one of the 12 spaces of the 
dial ? 

Explanation. 


Let 2 represent the time in minutes. Since in one hour, or 60 min., 
the minute hand gains 11 spaces, and 1 space in 2 min., we have the equation 


1lz = 60 min. 
and 2x = 5,5 min. 
34. If the hour and minute hands are now 6 spaces apart, 
how soon will they be together ? 
35. At what time between 9 and 10 o’clock will the 
minute and hour hands be together? 


Suggestion.—At 9 o’clock the minute hand has 9 spaces to gain. 


36. At what time between 7 and 8 o’clock will the hands 
of a clock point in exactly opposite directions ? 


Suggestion.—The required position holds the hands 6 spaces apart. 


37. An estate of 9000 acres is to be divided among three 
persons, L., M., and N., so that M.’s share will be 387 acres 
less than L.’s, and N.’s share 2223 acres more than M.’s. 
Find the share of each. 

38. An excursionist in going and returning has spent 8 
hours. How far did he go if he went at the rate of 9 miles 
an hour, and came at the rate of 3 miles an hour? 
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39. A cistern can be filled by two pipes in 3 hours and 5 
hours respectively. In what time can it be filled by the two 
pipes together ? 

40. The sum of 4+ and 4 of a number is 150. Find the 
number. 

41, Divide 49 into two such parts that, if the less be 
divided by 6 and the greater by 5, the sum of the quotients 
will be 9. 

42. If a rectangular area is 6 yards longer and 4 yards 
shorter than the side of an adjacent square court of equal 
area, find the area of the court. 

43. Find two numbers such that one may be n times as 
great as the other, and their sum equal to 0. 

44, A man agreed to work a days on the condition that 
for every day he worked he was to receive ¢ cents, and for 
every day he was idle he was to forfeit d cents. At the end 
of a days he received m cents. How many days was he 
idle ? | 

45, A man agreed to work 12 days on the condition that 
for every day he worked he was to receive 100 cents, and for 
every day he was idle he was to forfeit 50 cents. At the end 
of 12 days he received 900 cents. How many days was he 
idle ? | 


Norr.—Solve by the formula above, and also independently of the 
formula. 


46. The fore wheel of a carriage is a feet, and the hind 
wheel is 6 feet in circumference. What is the distance 
passed over when the fore wheel has made ¢ revolutions more 
than the hind wheel ? 

47. Two-thirds of A.’s money is equal to B.’s, and three« 
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fourths of B.’s money is equal to C.’s; together they have 
$650. What amount has each ? 

48, A man having a hours for an excursion, rides away in 
a coach at the rate of 6 miles per hour, and returns on foot 
at the rate of ¢ miles per hour. How far did he ride? 

49, A. can plow a field in a days and B. in 6 days. In 
how many days can they plow the field working together ? 

50. A broker has two kinds of money: it takes n pieces — 
of the first kind to make a dollar, and m pieces of the second 
kind ; how many pieces of each kind must he take so that p 
pieces shall make a dollar ? 


Simple Equations containing Two Unknown 
Quantities. 

The value of two unknown quantities cannot be obtained 
from a single equation, but from a system of equations. The 
equation w+ y = 12 is not solvable; but by uniting with it 
a second equation, containing the same unknown quantities, 
as x — y = 8, solution may be made. 

The process of solution combines the two equations so as 
to eliminate one of the two unknown quantities, and thus 
evolve a single equation containing but a single unknown 
quantity. 

Three methods of elimination are in common use; 

1. Elimination by Addition or Subtraction. 

2. Elimination by Substitution. : 

3. [limination by Comparison. 

No method of elimination is available, however, unless 
the equations to be solved are independent and consistent. 

«+y=12 and 27+ 2y =24 are not independent equa- 
tions, and a + y= 5 and ay =10 are not consistent ; there- 
fore neither system can be solved. 
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Two equations, independent and consistent, are called 
simultaneous equations for the reason that the values found 
by solution satisfy both equations. 


Blimination by Addition or Subtraction. 
Tx +2y~=31. (1). 


Solve the equations es —4y~= 23. (2). 


Explanation. 
Multiplying (1) by 2, 14a + 4y = 62. (8). 
Writing (2), Be i Ay =e 23.. (2), 
Becne (2) and (3), 17a = = 85. 
Hence, + cu a. 
Substituting this value in (2), 15 — 4y = 23. 
Hence, 4y = —8. 
yy =—2, 
EXERCISES. 
Solve : 
1 2x2 — 3y = 4. 6 4x — dy = 
"62 — y=28. abe Sy ot, 
w+ 38y = 22. 10% — 3y = 25. 
2. if 
ae ay 4. Bae Day ae 0. 
3 2e + 3y= 7. 3 22+ 9y¥=— 5. 
ba + Ty = 19. “de + ld5y= 7. 
4x + 3y 
; A ys 2 9. 9 +y=4, 
10x + 2y = 60. :— 
a oe 2y 74 ot 2y on 
5 8¢ + 10y=—1. 10. i . a 
(Oe + Ty =— 4. y . 


Qn -+ By = 35. 
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Elimination by Substitution. 


Qe —5y= 1. (1). 


Solve the equations 
ta + 3y= 24. (2). 


Explanation. 


Transposing — 5y in (1), and dividing by 2, we have x = 


Substituting this value in (2), we have 7 x 1 Pu +.3y = 24. 


Hence, 7 + 35y + 6y = 48. 


4ly = Al. 
y= 1. 
Substituting this value in (1), we have 2x — 5=1. 
Zr = 6. 
zt = 3S. 
EXERCISES. 
Solve 
1 a+ Qy = 13. 6g Tx + 8y = 19. 
Ba ty = 14.  b¢ + 6y = Te 
9 4x — y= 56. > 5a — 38y = 17. 
Qe + By = 20, 4g + 2y =e 
3 5a + 2y = 47. 3 Ty — 21 = de. 
22 eg. 8. ' Qa — 9y = 75. 
dy — 38¢=2. i. du + Ty = 80. 
y = 142. 5a — 2y = 16. 
By 
10. c——~ =6. 
5 5a + Ty = 438. ane 
/ Ala + Gg 69, Qa 


1 + by. 
2 


| 
! 
y 
a 
4 
b 
4 
a 


\ 
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Elimination by Comparison. 


62 + by=— 8. (1) 
Ive the equations | 
Solve the equations pee 5. (2) 


Explanation. 
Transposing 5y in (1) and dividing by 6, x = = Sau. (3) 
Pea socing By-in (2) and dividing by 4, 2 = =P SHU. 
Equating these values of x, we have Sar ee = = Se. 
Clearing of fractions, — 16 — 10y = — 15 — 9y. 
Changing signs, 16+ 10y = 15 + Sy. 
Whence, y=-1 = 
Substituting this value in (3), 2 = — Ss = =~}. 
EXERCISES. 
1 iz + 3y = 70. 6 242 — 3dly = 10 
' ba --4y = 7, "The — Shy = 55. 
LL @ + Sy = 17. 7a — 3y = 41 
2. 1 
Ta — 38y = 1. | 2e— y=12. 
es 
ge y= 5. 3 FG. 
" 10x + 2y = 16. ey 
ee 
4 me iy t+ 1 = 90. 9 14a — 3y= 39. 
| oe + Sy — 7 = 0. ' 62 +17y = 365. 
5 ba@ + Ty = 43. 10 ax + by =e. 
' 11a + 9y = 69. " ma — ny = d. 
MISCELLANEOUS EXERCISES. 
eo 5. 9 t= 3y. 
oy x 
Pe 8 Sas 
4 5 Py ie 
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10. 


12. - 


14. 


15. 


16. 


17. 
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ge t+ gy = 14 4, 30 _ 2 _ 35 
de +4y=11 ee 

2+ 2y = — 63 

244 — 32 —Ty—37=0 
aha AR semi ie baal. 
Pe a 
-~+¥=]] ——¥ = 21, 
a " 2 . 
po NN 3 lie Se 
5 24? Se 
nee et age 
=e on th, 
te nis 
at eae 
r+ tn, 
hae 
fe Oe Be ey, 
10 2 8 | 
xt Qy+1_ et | 
ee ee chy th. ‘ 
Roy ie a—y—-1° | 

a 2b). 
ay ae ee 13, 7tayt@e=o. . 
a ha «+ by +h =0. 
x” = Ay. q 
4 (Qe + Ty) —1 = 2 (2x — 6y + 1). | : 
lie Sn 1 
ee ee : : 
3x@ + dy = 17%. : 
(a+ b)a+ by=art+(bt+a)y=a a | 
x y 7 

= 2a. 

Dahow ok . 
OY sy 
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A Special Case. 


A 1 
The reciprocals of 2 and y are - and a 
v y 
In certain fractional simultaneous equations x and y may 


be readily found by first finding the values of their recipro- 


1 1 1 
eals. If —- =a, and - = 6, thenz ==) and y md 
miv y a b 
b 
ie =“, then x =~» and so on. 
8 cee 
i Yee 5: 
1. Solve the equations -+-=19. (1) 
oF 
% 3 
Here oe 7, C2) 
ee 
Explanation. 
Multiplying (1) by 3, 44, Oe aa’ OF. (3) 
¥ ¥ a? 
Multiplying (2) by 5, 22 — 12. —'35. . (4) ; 
x Y 
Adding (3) and (4), = 92. 
yas a 
Dividing by 61 -=—= 
ividing by 61, es 
Hence = aL 
: 92 
In like manner, or by substitution, we find y = a 
Explanation. 
b : 
2. Solve -+-=™m. (1) Adding (1) and (2), 0 =m + Nn. 
re 
cia 1. nen 
b Dividing by 2a,  -— = 
vga =n (2) ey 2a 
eed Hence x= 20, 
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EXERCISES. 
a4829 2 
se fe 
NE OG arene 
es a 
9 v Y 7. v Yy a 
Lo | ne 
a ay, oe 
a aS 
a ae 2 oe 
oe Se 
ee ay eee 
4 oe OY g re my 
ee eam +e 
Gz ** 10y ee 
2 2 
ee + mn (m+n). 
bw 10. © 
mee My 
x y ee 
Equations containing more than Two Unknown 
Quantities. 


When more than two equations, independent and con- 
sistent, are to be solved, they must be reduced by elimination 
step by step, until there is obtained a single equation con- 
taining but a single unknown quantity. The process is as 
follows : : 

Solve the equationsa+ y+ z= 538 (1) 

2 + 2y + 32-107 (2) 
w+ 3y +4z2=137 (3) 
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Explanation. 
Subtracting (1) from (2), y+ 22 = 54. (4) 
Subtracting (1) from (3), 2y + 3z = 84. (5) 
We have now but two equations containing but two unknown quantities, 
Multiplying (4) by 2, 2y + 4z = 108. (6) 


Writing (5), Qy +82 = 84. (8) 
Subtracting ‘5) from (6), z2= 24, 
By substituting the value of z in (4) ys 6. 


By substituting the values of y and 2 in (1) 2 = 23. 


Solve the equations 2x + 38z=21. (1) 
io ae 8.0 OB) 
da + 2z2=19. (8) 


Explanation. 
Multiplying (2) by 38, 12y— 3z2= 9, (A) 
Writing (1), tr 4. 32 = 21. (1) 
Adding (1) and (4), _2x + 12y = 0. (5) 
Multiplying (2) by 2, B8y— 2%z= 6. (6) 
Writing (3), 3a + 22 = 19. (3) 
Adding (3) and (6), 3a + 8y = 25. (7) 


We have now two equations, (5) and i ) containing but two unknown 
quantities, x and y. 


Multiplying (5) by 3, 6x + 36y = 90. 
Multiplying (7) by 2, 6x + 1l6y = 50. 
Subtracting (7) from (5), 20y = 40. 

Whence, ym %, 


Substituting the value of y in (7), 2% = 3. 
Substituting the value of vin (1), z= 


EXERCISES. 
22 + 3y + 42 = 20. 2+ eo eel. 
1. 3x + 4y + 52 = 26. 3. 8x + 38y—6z2=1. 
da + by + 6z= 31. os 4e— y=, 
oe y- Ye = 11. ety +2= 26. 
o ae fy + 2 = — 2. 4.2-—y = 4. 


62— yt3z2=——3. eo" = 6. 


126 ALGEBRA. 


10e— yt 3d32= 42. 
6, fat ays 2 Ol 
ae oy eee, 


Ore eS, 


7 | 10. 


[ pom SQ] eek SS] es 


4. 


bee 


Sire Slike Sie 
+ + 


~f- 
nile Ql eet Ole Oo 


a 
| 
is 


-l- 
| 


<< 


+ 
l 
9 


-s 


! 


a 
ie So Se tS 


Oh 182 SIS 


A Special Case. 


Solve e+ y +2.=36. 


ety+tu= 7. 
a Crete SO. 
ote ts 8. 
Explanation. 


Adding, 32 + 3y + 3z + 3u 
Whence, 2 t+ ot. & 

_ Subtracting (1) from (6), wu 
ee a ie 
Sa I a 

a6 (5) (<3 


(1) 
(2) 
(3) 
(4) 


= 30. 
= 10. 
= 4, 
= 3. 


(5) 
(6) 


= 2. 
(6), «=1. 
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EXAMPLES. 
Solve : 
yt2=2., aty = 26. 
a 4t 4 = — 1. Be at. 
uty =s. 4. 2+w = 34. 
i 2a + fax fo, wru= 16d, 
Bet ayt z= 9. yee 
er y+ 2z2= 3. —x2tytz+u=a. 
aty— 8=0, 5 coy tetas, 
3. ytz—28=0. EL ae a ca 
Bg 14 aty +tz—w=d. 
PROBLEMS. 


Solved by two or more Independent Equations. 
Problems, to be solved by means of simultaneous equa- 
tions, must supply as many independent conditions as there 
are quantities to be found. 
1. The sum of two numbers is 25, and their difference is 


7. Find the numbers. 


Explanation. 

Letting x and y represent the numbers, 

we have x+y =25. (1) by the first condition. 

and x—-y= 7. (2) by the second condition. 
Adding (1) and (2) 2% = 32. 

Whence, x = 16, the greater. 
Subtracting (2) from (1), 2y = 18. 

Whence, y = 9, the less. 


- 2. If the numerator of a certain fraction is increased by 
1, the value of the fraction becomes 1 ; but if the numerator 
is diminished by 1, the value of the fraction becomes 3. 


_ Find the fraction. 
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Explanation. 


Letting x and ¥ represent the numerator and denominator, 


we have a = 1. (1) by the first condition. 
and eas = 2, (2) by the second condition 
From (1), z~-~ y=-—1. (3) 
From (2), 4y—3y= 4. (4) 
Multiplying (3) by 3, 3x2 -—- 3y=-— 3. (5) 
Writing (4), a - tye & 4) 
Subtracting (5) from (4), z = 7, the numerator. 
Substituting in (3), 7-y=-1. 
Whence y = 8, the denominator. 


Hence, the fraction required is {. 


3. The middle digit of a number consisting of three 
Arabic figures is 0; the sum of the other digits is 10, and 
if their order be reversed, they then express a number greater 
than the original number by 396. Find the original number. 


Explanation. 


Letting 2 represent the right-hand digit, and y the left-hand digit, we 
have 100z + y to represent the units in the number. 

Reversing the position of 2 and y, we have 100y + x to represent the 
second number formed. 

Hence, we have the equation, 1007 + 2 — (100z + y) = 396. (1) 

Since the sum of the other digits is 10, we havex+y=10. (2) 

Whence x = 3, andy = 7. Hence the number sought is 307. 


1. One-nineteenth of the sum of two numbers is 14, and 
one-half their difference is 4; find the numbers. 

2. If 2 is subtracted from both numerator and denomi- 
nator of a certain fraction, its value is 3; and if 1 is added 
to both numerator and denominator, its value is 2. What is 
the fraction ? 

3. A. has £5 and B. has 10 shillings. How much must 


EQUATIONS. 129 


A. give to B. in order that he may have just four times as 
much as B.? 

4, Divide 50 into two parts, such that twice one part is 
equal to three times the other. 

5. A. has $5 less than B., C. has as much as A. and B. 
together, and A., B., and C. have $50 between them. How 
much has each ? 

6. One man is 70 and another is 45 years of age. When 
was the first twice as old as the second ? 

¢@. What fraction is that, to whose numerator if 1 be added, 
its value will be +; but if 1 be added to the denominator its 
value will be 1? 

8. Find two numbers whose sum is a, and whose differ- _ 
ence is 6. 

9. The sum of two digits of a number is 9, and if 27 is 
subtracted from the number, the digits will be reversed. 
Find the number. 

10. Eight years ago, A. was four times as old as B.; but 
in 12 years he will be only twice as old. Required their 
present ages. 

11. A. says to B., “Give me $100 of your money, and I 
shall have as much money as you.” B. replies, “Give me 
$100 of your money, and I shall have twice as much as you.” 
How many dollars has each ? 

12. A. and B. can do a piece of work in 12 days, B. and 
C. in 16 days, and A. and C. in 20 days. How long will it 
take each to do it? 

13. A man sells at one time 5 sheep and 10 calves for 
$90, and at another time, at the same rate, 10 sheep and 5 
calves for $75. What was the selling price of a sheep and 


of a calf? 
9 
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14. One girl said to another, “Give me 5 of your roses, 
and I shall have three times as many as you will have left. 
Said the other, “Give me 2 of your roses, and I shall have 
five times as many as you will have left.” How many roses 
had each girl ? 

15. A boatman rows 7 miles with the stream in 1 hour, 
and returns against the stream in 24 hours. At what rate 
would he row in still water, and at what rate does the stream 
flow? ; 

16. A trader allows $500 for expenses, and augments 
that part of his capital which is not so expended by 4 of it; 
at the end of three years his stock is doubled. What had he 
at first ? | 

17. A company of infantry are 1200 of their own paces : 
in advance of a troop of cavalry. The former take 5 paces 
to every 4 of the latter, but 3 paces of the latter equal in 
extent 4 paces of the former. How far in paces will the 
cavalry march before they overtake the infantry ? 

18, A rectangle has the same area as a second rectangle, 
but is 4 yards shorter and two yards wider ; it has also -the 
same area as a third rectangle, but is 3 yards shorter and 12 
yards wider. What are its dimensions ? 

19. A., B., and C. can do a piece of work in 10 days; 
B., C., and D., in 12 days; A., C., and D., in 15 days; and 
A., B., and D., in 18 days. How long will it take each to 
do it? : 

20. A person who possessed $100,000 placed the greater 
part of it out at 5% interest, and the other part at 4%. 
The whole income received was $4640. Required the two 
parts. 
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THREE UNKNOWN QUANTITIES. 
1. A., B., C., and D. have $270 among them; A. has 


three times as much as C., and B. five times as much as D.; 
also A. and B. together have $50 less than eight times what 
C. has. Find how much each has. 


Ae, A oe. 
Suggestion.—v+y+2+u = 270. 

r= 3% Yy = OU. 

x+y = 8z— 50. 


2. $1000 is divided among E., F., G., and H. F-. gets 
half as much as E.; G.’s share exceeds H.’s by as much as 
one-third of E.’s; and if F.’s were increased by $100, he 
would have as much as both G. and H. How much does 
each get ? 

$. A number consists of 3 digits whose sum is 10. The 

middle digit is equal to the sum of the other two; and the 
number will be increased by 99 if its digits be reversed. 
Find the number. 
4, A man has three ingots composed of three different 
metals in different proportions. A pound of the first consists 
of 7 ounces of silver, 3 of copper, 6 of tin; one pound of 
the second consists of 12 ounces of silver, 3 of copper, 1 of 
tin ; a pound of the third consists of 4 ounces of silver, 7 of 
copper, 5 of tin. How much of each of the ingots must be 
taken to form another of one pound weight consisting of 8 
ounces of silver, 32 of copper, 44 of tin? 

5. Three men, A., B., and C., had together a certain sum 
of money. Now, if A. gives to B. and C. as much as they 
already have, and then B. gives to A. and C. as much as 
they have after the first distribution, and again C. gives to 
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A. and B. as much as they have after the second distribution, 
they will each have $6. How much did each have at first ? 


Generalization. 


By generalization in algebra, formulee are obtainable, which, 
owing to their applicability to all problems of the same class, 
greatly facilitate the process of solution. 

1. The sum of two numbers is a, and their difference is b. 
Find the two numbers. 


Explanation. 


Letting x represent the larger number, and y the smaller number, we 
have the equations: 
te ee, 
... 4 Te Y eae b. 
Solving, we have x = oi, the greater number, 


SS , the smaller number. 


I 


and y 


These results are formule which may be used in the solu- 
tion of like problems. 


Given the sum = 10, the difference = 6, the numbers are 
10+ 6,10 
2 
Given the sum = 7, the difference = 6, the numbers are 
7+6 7— 6 
and 


2 2 


—_ ; that is, 8 and 2. 


; that is, 64 and 4. 


2. What is the interest of » dollars for y years at r per 


cent. ? 
Explanation. 


Letting x represent the interest, we have 


100 100 
Since months _ y, we write 7” = y, 
Ege cae ere 


Substituting this for y in (1), we have 
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2.2% = . ie the formula to be used when the time is expressed in 


months. 


Since ue = y, we write ae aa A, 


Substituting this for y in (1), we have 


wv = Bre the formula to be used when the time is expressed 


in days. 
To apply these formule: What is the interest of $600 for 
6 yr. 6 mos. 6 da. at 6%? 


Explanation. 
6y 6 6d = 68ty. 
6 
sy Poy WO 8 x Ot _- $034 60, 
100 199 


6y 6m 6d = 78.2m. 


“ prm _ 900 x 6 x 78.2 _ 469.2 _ go04¢ 
2. 2x eats 1200 - $234.60. 
2 


6y 6m 6d = 2346d. 


_ prd _ 990 x Bx 2346 _ 2346 _ 
S. < Pree 38000 10 $234.60. 


BY 
10 


: Specific Gravity. 
3. The specific gravity of a body is the ratio between the 
weight of the body and the weight of an equal volume of 


water. 
Explanation. 


If w is the weight of a solidin air and w! is its weight in water, then 
w — w' = the weight of an equal volume of water, and we have 


w 
on, Oe we ee 
re w— w 


A body in air weighs 181 ounces, and in water 15 ounces ;_ 
what is its specific gravity ? 
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Explanation. 


181 181 . 
Se at ae er cd se AE 
a et 18k 


Thermometers. 
4, Thermometers are of three principal kinds: The Fahr- 
enheit, the Centigrade, and the Réawmur. 
It is sometimes necessary to transform oa from one 


scale to another. 
Freezing- Boiling- Inter- 


point. point. space. 
Pehrennet ss a A ad 212°. tae 
LRN ea a Cy an 0° 100°. TOG 
Mea Ce a a ee 80° 80° 


Hence the number of degrees F. — 32° = 338 or 3 C. = 48° or 2 BR. 


From which we deduce the following formula: 


1 R80) we ee 0. 8.0.x 2 = Fae 
9. (F. — 32°) x 4 = RB. 4.R.x2= Fogo 
Change 70° F. to C. and R. 
Explanation. 
(F. — 32°) x 8 =C. and (F. — 32°) x €=R. 
(70° — 32°) x 2 = 38° x § = 190° — 911°, 
(70° — 32°) x 4 = 38° x 4 — 152 = 168° RB. 


1. Change 32° F. to C. and R. 
2. Changs 107 T. to C. and RK. 
Work. 


A. can do a piece of work in a days, B. in 6 days, and C. 
inc days. In what time can they all do the work together ? 


Explanation. 
Letting x represent the time required, we have 24 24 2 
a Cc 
: : Ms abe 
Solving, we have bcx + acx + abx = abc, and x = ——, 
be+ac+ ab 


the days required. 
This formula will solve any like numerical problem. 
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INVOLUTION. 


Involution treats of the production of powers ; and powers, 
as we have seen, result from the repetitions of a certain 
quantity as a factor, the number of repetitions being indicated 

by the’exponent of the power. 
: The 7th power of a=aXaxXaxXaxXaXaXa=d, the 
exponent 7 indicating the seven repetitions of a. 

(+ aP~=(t+a)X(+a)=+e@ 

(—a?=(—a) X(-a)=+@ 

(+ a? =(4+- a) X (+a) X(+a)=+e 

(— a} =(— 4) x (-@) x (- a) =a 


From which it is obvious that 


even powers. 


fodd powers. 


1, An even power of either a positive or a negative quantity 
is positive. 

2. An odd power of a positive quantity is positive. 

3. An odd power of a negative quantity is negative. 


Involution of Monomials. 
1. Involve (8a7b)* as indicated. 


. Explanation. 
(3a70)* = (3a7b) (8a7b) (3076) (8a7b) = 34(a?)tbt = 81a5d* 


2. Involve (— 5mn’) as indicated. 


Explanation. 
(— 5mn?)> = (— 5mn®) (— 5mn*) (— 5mn*) = (— 5)3mi(n?)3 = 
— 125m ?n8, 
Hence brief directions are: 


1. Give to each factor of the monomial the exponent of 
the required power. 
2. Involve each factor as this exponent indicates. 


ie ALGEBRA. 


4, Prefix —to the result when, at the same time, the 
monomial is negative and the power odd. 
1. Raise (2a°b*)’ to the power required. 
Pla (ory = a2aro".)) Axe, 
2. Raise (— 2a7b*)’ to the power required. 
— 2° (a?)5 (63)® = — 32aD, Ans. 


EXERCISES. 
Involve: 
tia y 6. (8a*b‘c)°. 
2. (3a7b*)*. i. (tog. 
a. (oor). 8. (38m"b°). 
4. (-- baby. 9. (+ 4ab’c)”. 


Dc ere, 10. (+ Oty 


Involution of Fractions. 


A fraction ‘is raised to any given power by raising both 
numerator and denominator to that power. 


8° 2 9q° 
& = oo 250° 


or 
° 


Sho 
bn! 


= 
ee 


si 


bo | Co 
QS 8 
to | Se 
—S 
¢ = 
25, 
tes 
Ze 


2 azbh® A 


- 


ed 
| qo | te : 
2 2 | &, 2 SS 
ey bs eee 
<y oo e 
co foe) 
2 |& 
ae 
sid 
bo 
—TF. 


aeb* 243 


a 
oP 


Net 
ed 


INVOLUTION. ; 137 


Involution of Binomials. 


e By actual multiplication we obtain the following results : 
Binomials. Factors. Expansion. 
(a +b) = (a + b) (a +b) =a? + Qab + 8, 
(a — b)? =(a— 6) (a— 6) =a? — 2ab + B. 
(a + 6) =(a + 6) (a + 6) (a + 6) = a + 8076 + 38ab? + B*. 
(a — by =(a — 6) (a — b) (a — 6) = a& — 30°) + 8ab? — 6°. 


In like manner 


(a + b)' =a‘ + 40°) + 6a*b? + 4ab> + +. 
_(a— bf =a — 4a°b + 6a°b? — 4a? + 6%. 
(a+ bP =@ + da‘b + 10a*b? + 10a7b® + 5ab* + B°. 
(a + 6) =a® + 6a°b + 1da*l? + 20a°b’ + 15a*b* + Gab? + BF. 
(a — bf =a’ — 6a*d + 1da*d? — 20a*b? + 15a7b* — 6ab® + B°. 


The obvious laws of expansion are : 


1. The exponent of the binomial + 1 = the number of 
terms. | 

2. When b is positive the signs of all the terms are posi- 
tive ; when b is negative the signs of the terms are alternately 
positive and negative. 

3. The exponents of a and 6 stand arranged, a starting in 
the first term with the exponent of the binomial, and b im the 
second term with the exponent 1. 

4, The coefficient of the first term is 1; that of the second 
term is the exponent of the binomial. 

5. Any term supplies the coefficient of the next term as 
follows : : 


1. Multiply the coefficient by the exponent of a. 
2. Divide the result by the ecponent of 6 plus 1. 


ie ALGEBRA. 


Expand the following without actual multiplication : 


Lae 6. (m+ nj’. 6 
a. te Ly, | 4, hay 
3: (ey). 8. Gea. 
Cb a 9. (3. ay 
Oia ~ ay. 10, (ar, 
Expand (2p — q’)’. 
Explanation. 


Letting x represent 2p, and y represent g?, we have (x — y)® = 2° — 
duty + 10a3y? — 10z%y? + Say* — y'. 

Substituting 2p for 2, and gq? for y, we have (2p) — 5 (2p)*q? + 
10 (2) (q*)? — 10 (2p)? (q7)8 + 5 (2p) (g?)* — (q?)?. 

Involving we have 32p° — 80p‘q? + 80p*q*t — 40p’q* + 10pq* — g™. 


Expand the following: 


ay 1 ee 4, (2m + 3n). 
2. (4a + 30). 5. (3p — 2q/. 
ae ary, 6. (100 Fe 


Involution of a Polynomial. 
Find the square of a + 6+. 


a+é fe 
ato +¢ 
a@+ab+ae 
ab + 6* + be a 
C6 hee ea aa 
a? + '2ab + 2ac + b+ 2b¢+ ¢ = 
=+?+ 2+ Qab + Qae + Qbhe. 
In like manner, we find i 
(at+b+e+dP=@4+B+E+0+ 2ab + Qae + | 
2ad + 2be + Qhd + Lcd. : 


Hence we have the 
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RULE. 


1. Find the square of each term. 

2. Find twice the product of each term and each of the 
following terms. 

3- Connect the results with their proper signs. 


Square 2a + b+ e~—d. 


(2Qa+6+ce¢—dP=47+06'?+ +d? + 4ab + 4ac — 4ad 
n 200-7 2bd. — Qed. 


Expand the following : 


a (¢ +6 + ey. O(a + be dy. 
a at y 2)’. 1G OS Or 
mea sc)’. See ee ey, 
4, (1 — m+ py. 9.4) we in ae 


te we. thea)’. 10, (le oa a a 


Cubemtn+o. (mtn+of~=(mtn+of= 
(m+n) + 3(m-+ nfot+ 3(m+n)o? + = 
m + 3m?n + 8mn? + n? + 3m’0 + 6mno + 3n70 + 3mo? 
+ 3no? + 03 
+n + 0° Bibi aie & Bato + Sat + 3mo? 


+ 3no? + 6mno. 


Hence the cube of a trinomial, whose terms are positive, 
consists of : 
1. The cube of each of the three terms, plus 
2. Three times the square of each term Vane by 
each of the other terms, plus 
3. Six times the product of the three terms. 
Expand (a + 6 — e/’. 
oe ke cy = a + O° — & + 30°) — Bare + 3ab* — 3670 
+ 3ac” + 3be* — babe. 
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Why are the 8d, 5th, 7th, and 10th terms negative ? 


Expand : 
+t or ey, 4. (2 — pe + aa 
a te a ep. 5. (ne a 
ee 6. (a? + 22 — ae 


EVOLUTION. 


Evolution treats of the extraction of roots ; and a root, as we 
have seen, is one of the equal factors of a quantity. Evolu- 
tion is the inverse of Involution. Since the square of «@ = 
aa = a’, the square root of a? =a; and since the cube of 
a = aaa = a’, the cube root of a? = a. 

V, the Radical Sign, prefixed to a quantity, indicates that 
a root is to be taken. 


V a indicates the square root of a. 
a indicates the cube root of a. 
V a indicates the fourth root of a. 


The figure written in the angle of the sign, as 3 or 4, is 
called the index of the root. A sign without an index 
denotes the square root. 


Evolution of Monomials. 
1. (a? = a’ (2 being multiplier). 
wierd (the index 2, understood, being divisor). 
2, (a =a” (3 being multiplier). 
-, Wa? = a (the index 3 being divisor). 


RULE. 


Divide the exponents of the monomial by the index of 
the required root. 


EVOLUTION, 141 


| EXERCISES. 


1, Find the cube root of zy’, and of — ay’, 
Process. 


9, Find the 3d root of — 27a*?. 


Process. 
Y= 27086 = = Sass = — 3a7b. 
3. Find the 4th root of 81m*'n'‘, and of — 81m'n‘. 
Process. 


V 8imint = V34mEn*® = + 38min. 
Vo 8imint = /—3'mint = an impossible root, 
since (— 3)* = + 81. 
*. The even root of a negative quantity is impossible. 
Since (+ a) X (4+ a) 
and (— a) X (—a) 
The 4th root of a* = + a. 


= a’, the square root of a? = + a or —a. 


V2 = x, but not — 2; why not ? 
/— # = —a, but not + 2; why not ? 


RULE. 
Give every even root of a positive quantity the sign +, 
and every odd root of a quantity the sign of the quantity. 


Find the required roots of the following : 


1. V 36a%te. 6. V 162%. 

2. Y — 8x82. 7. V 81m n%, 

8. V 81qr's 8. 1 — 32ambi™, 
4. V 49% min, 9. 64am yz? 

5. Y — 125m n'x”, 10, Fae tam # 


poe ee ke 
| ) me ve. 8 
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PRINCIPLE. 


The root of a fraction is a fraction composed of “ 
required roots of its terms. 


| 16m? ne 4 Ape. 
. aes 25m8 810%c4 
3/1250°°o : | 
2.a°b? oN 243y" 
15,,,12 sede Tee A PH IE 
3 a at 6. jas 
NV 9728 \ —e 


Square Root of Polynomials. 


Since (a + bf =a? + 2ab + 6’, the square root of a* + 2ab 
+b=a-+ od. 

It is important, however, to ascertain by what steps the 
root a + 6 may be found by evolution. 


Process. Explanation. 
a? + 2ab + ba +6 Vd = a, the first term of the 
a | root. Subtracting a*, we have 
2a+b| ab +0? ea al 
2ab + 2a =b, the second term 
2 ab +6" b* of the root. 
0 To complete the divisor we add 


6 to 2a, making 2a + 6, and this result multiplied by 6, and the product 
subtracted, leaves no remainder. 


Brief directions are: 


2 PCO i a a a a ae What ? 
OL UM EraOk WO. se ee ee ae Of what? 
3. Divide by twice the root. .... . . . Divide what? 
4. (1) Annex and (2) Multiply. 1. What? 2. By what? 


G. BubtreOhe a es aS What ? 
6. Repeat 3, 4, and 5 when necessary. 


EVOLUTION. 
EXERCISES. 


Extract the square root of : 
a. ow 40° + 8a 4+ 4. 
meee er + be" Oe + 1. 
e 40 > 12cy + Oy’. 
Ow 4c + 2c? + de t+ it 
B. 162° + 240° + 892? + 602 + 100. 
6. @—ab +407. 
fea + 4a — Ta"? — 4a + 4. 
S 1 + 47+ 102" + 120° + 9%. 
9, 42° + a? —te+ iz. 


10. 4m? + > — * —11 44m. 


nt m 


11. 1 +-2. 


Process. 
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SQUARE ROOT OF NUMBERS. 
Periods and Roots Compared. 
Separating the following squares into two-figure periods as 
far as possible, we have : 
a 10’ 1’00’00. 
3 ad 98’01 99’80/01. 
Using the radical sign we have : 
One period. Two periods. Three periods. 
Vii =1. V100-=10. V1/000G me 
V8l’=9. V98/01=99. 99/80/01 = 999. 
Obviously, one period in the square gives but one figure 
in the root ; two periods in the square, two figures in the 


root ; three periods in the square, three figures in the root. 


Hence the principle : 

The number of figures in the square root equals the num- 
ber of two-figure periods into which the square can be 
pointed off, beginning at units. 

Notrr.—The period on the extreme left may contain but a single figure. 


Letting ¢ represent the tens of a root and wu the units, we 


have the formula (+ uP? =? + 2tu + w?. 
By means of the above principle and formula the extraction 


of the square root of numbers is readily explained. 
Extract the square root of 3249. 


Explanation. 
Square. (; u Root. 
Pointing off we have 32/49. = ¢? + 2iu + ee 
Greatest square in 32 = 2. =f mat 
749 = 2tu + ul? 
Qiu + 2 = u = (2¢ + a)@ 


*.70 + 2 « Sor 10 = 7 units. 
(2+ uw) = 10 tens + 7 units = 107. 
(2¢é+u)u=107x7= 749 = (26+ wu) u. 


a 
- 
E 
% 
4 
= 
a 
a 
. 
= 
ie . 
4 
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Hence, brief directions are : 


1. Point off the number into two-figure periods. 

2, Find, in the first period, the greatest square and its 
root. | | 

8. Subtract, and annex the next period for a remainder. 
- 4. Divide the remainder by twice the root. 

5. Annex the quotient to both root and divisor. 

6. Multiply the complete divisor by the quotient. 

7. Apply (3), (4), (5), and (6) again, if necessary. 


To apply the rule : 
Find the square root of 103041. 


Explanation. 


root. 
quotient 
quotient. 


a 
Or 
— 


Pointing off _ 10/30741( 3 2 1 
Greatest square Bee 
Twice the root, 6 130 remainder 


With quotient annexed 62 124 product of common divisor and auotient 
_ Applying (3) (3) 644 
Applying (4) 64 = (6) 641 


Applying (5) 641 0 
EXERCISES. 
Find the square root of : 
Roe. 6. 170569. 
2. 53824. 7. 582169. 
3. 616225. 8. 12574116. 
4, 141376. 9. 29735209. 
5. 160801. 10. 3661097049. 


Square Root of Common and Decimal Fractions. 
1. What is the square root of 1? 


{8 pans 1 e for 1 a betwee 
10 
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2. What is the square root of 4? 


ii ee V Numerator 
=2; for2x2=4%. Hence, V Fraction = ar 
V Denominator 


V 


col> 


3. Find the square root OF. 25. 
Y 25 =.5; for .b x .6 = 2b. 


4. The 1/.4 = what? 
Not. .2, for .2 X .2 = .04. 
But V.4=V 40 = V 4000 = .632 +. 
In such cases annex ciphers and make periods from the 
decimal point toward the right. 


1. Find the square root of : 


1. i. 5. 81. 9. 2894, 13. 828704, 

2. vs «6. AE. 10. 3404.14. SHARE RRR. 

3. rhe 7. fy. 11. ARAM. 15. 1902004. 

4. hots. 8. #25. 12. THL456. 16. AnnTass,. 
2. Find the square root of : 

121,08. 6. .12345. 

re 7. .763876. 

3. .0144. _ 8. .80858025. 

4, 144. 9. .00009801. 

5. .0100. : 10. .00010201. 
Find the square root of : 

1. z. 

Process. 
Vei=VEq M0 280 812. Ans. 
3 3 
g., q, 4, oat 
3. 8. 5. ho. 


SQUARE ROOT OF NUMBERS. 147 


fi. ie 
t 12. 9, 3 
10. $+8+4. 


Cube Root of Polynomials. 


Since (a + 6)’ = a* + 3a°b + 3ab? + 6’, the cube root of 
a’ + 3a*b + 8ab? + B=a+tb. 


It is important, however, to ascertain by what steps the 
root a + 6 may be found by evolution. 


Process. 


a + 30°b + 8ab? + Bia +b 
a : 


3a? 30b + ab? + b= (Ba? + Bab + 0) b 
3a” + 3ab + 880% + 3ab? + BF 
0 


Explanation. 
V@ = a, the first term of the root. Subtracting a’, we have 3a7b + 
oan? + 0". 
3a°b + 3a? = 6, the second term of the root. The remainder factored 
= (3a? + 8ab + b%) b; hence, to complete the divisor 3a%, we must add 


to it 3ab + 67, making 3a? + 3ab + 6?; this result multiplied by 6 and 
the product subtracted leaves no remainder. 


Brief directions are: 


a ee a MO eet What ? 
I a a ae Of what ? 
3. Divide by $3 times the square of the root. Divide what ? 
eo emer and annex again... .. - «1.65 +. What ? 
ye ae eae os By what ? 
6 


ee de aie ey What ? 
7. Repeat 3, 4, 5, and 6 when necessary. 
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EXERCISES. 
Find the cube root of : 
Process. 
1, x° — 62° + 15a* — 202° + 152? — Ge + 1 (a ee 


li 


— 62° + 15a* — 202° + 1527 — 6a +1 
— 6a*° + 122+ — 82° 
3a* — 122° + 1527 — 62+1 
3a! — 12a? + 1527 — 624+ 1 
) 


Explanation. 


w, Took, 

3', divisor. 

32* — 6x3 + 4x7, complete divisor. 

3 (2? — 2x)? = 3a* — 122° + 122°, 2d divisor. 
Annex | 327 — 6x 
Annex + 4a 

3x* — 12x75 + 1527 — 62 + 1, 2d completed divisor. 


8a’ — 12a° — 54a‘ + 59a? + 1350? — 75a — 125. 


2.7 +30 + 3a + 1. 

3. 2° + 62" + 12¢ + &. 

4. 8m? — 12m? + 6m — 1. 

5. 64a? — 144075 + 108ab? — 276°. 

6. 2° + 62? — 402° + 9627 — 962 — 64. } 

7. y¥—1 + 5y? — 34° — 3y. 

8. 150° — Ga — 62° + 152? +142 = ee 1 

9. 92° — 21a? — 362° + 82° — 92 + 422* — 1. 7 
10. : 


Cube Root of Numbers. 


Separating the following numbers into three-figure periods 


as far as possible, we have: 
1’, 1/000. 1’000/000. 
120! 980/001. 998’000/001. 
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Using the radical sign, we have : 


One period. Two periods. Three periods. 


w 1’=1. ’ 1/000 = 10. ¥ 1/000’000 = 100. 


Y 729 =9. W 980/001 = 99. V 998/000/001 = 999. 
Obviously one figure in the cube gives but one figure in 


the root; two periods in the cube, two figures in the root; 
three periods in the cube, three figures in the root. 


Hence the principle : 

Tne number of figures in the cube root equals the num- 
ber of three-figure periods into which the number can be 
pointed off, beginning at units. 


Norrt.—The period on the extreme left may contain only one or two 
figures. 

Letting ¢ represent the tens of a root and wu the units, we 
have the formula (¢ + uf} =@ + 3?u + 3iw? + uw. 

By means of the above principle and formula, the extrac- 
tion of the cube root of numbers is readily explained. 

Extract the cube root of 46656. 


Explanation. Root. 
tu 
Pointing off, we have AG‘656 =F + Bu + Stu? + uw. (5 6. 
Greatest cube in 46 = 27 oe 
VE =V2O =3 19656 =  3fu + 3tu2 + ud = 
ou + OF = we. (37 + Btu. + wu?) a. 
.°. 196 + 323? or 27 Complete divisor. 


= 6 units. 
To complete the divisor 
we must annex to 3 
both 3tu and w?. 


moe OT 
Stu = 64 
y= _ 36 


3276 x 6 = 19656 
0 
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Brief directions are: 


1. Point off into periods of 3 figures each. . . . What? 
2, Rietract Soot. 6 Oe Of what? — 
B. SUDHACE. eo ee ee What? 
4. Divide by 3 times the square of the root. Divide what ? 
& Add, arid add Seain. . ook. ae eee What ? 
Gi DIMI i eee By what? 
ts OC OUPAOE Ss ee .. . Whee? 


8. Use again (4), (5), (6), and (7) when necessary. 


EXERCISES. 

1. Find the cube root of: 
1. 614125. 

Explanation. 
Pointing off the number, we have 614/125(85. 
Extracting root of greatest cube, SIRs, 
We have 8. ah 
Subtracting, we have 102 125 


Dividing by 3 times 8’, we have 102125 + 19200 = 5. 
Annexing 8 x 5 x 3 and 8’, 


we have 19200 
1200 
25 
20425, complete divisor. 
Multiplying 20425 by 5, we have 102 125 
Subtracting, we have 0 


The process, freed from explanation, stands thus : 


614125(85 
19200 512 
1200 102125 
25 102125 
20425 0 
2. 74,088. 4, 32,768. 


3. 15,625. 5. 103,823. 


\ 
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6. 592,704. 9, 145,531,576. 
7. 1,860,867. 10. 264,609,288. 
8. 34,328,125. 11. 1,879,080,904. 


Cube Root of Common and Decimal Fractions. 


1. What is the cube root of 4? 


27 
Woy = 45 ford X$X4=G% =x. 
FORMULA. 
eres are Vv Numerator. 
V Denominator 
2. What is the cube root of .8? 
Not .2, for .2 < .2 X .2 = .008. 
Y 8 = % .800000. 
By rule: .800’000 (.92 + 
729 
24300 71000 
540 49688 
4 21312, Rem. 


24844 

Hence W .8 = .92 +. 
In such cases annex ciphers, and make periods from the 

point toward the right. 


_ 8. Find the cube root of: 


1. 3. 4, 4. 7. 7ofse. 10. o8221. 

aes @ iaist 1h, aaa. 
8d 6 si «9. EEDA. 12, GEE 
4, Find the cube root of: 

44.008. So. 5 5. 25 


2. .08. 4, 125. 6; 2.197, 
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te Died. 10. 6. 13. 41.063625. 
GO. P8G195, | ORR, 14. .000001. 
ek 12. 34.965783. 15. .0000001. 


Suggestion: 1.08 = 1.080 = A, etc. Find two more places. 


5. Find the cube root of: 
3. 


3 3 2 17 
1. f. g 5. g. 1. Tes: 
5. 5S 1492 800 
2. 5. 4 G6. 8 8. i778 10. seb’eo 


Suggestion: 3 = .75; 1.750 = what? 

Or, f= 8; VE= 

We have found that an exponent and an index, as signs 
of operation, are diametrically opposite in effect. 


Since (2°? = 2°, 


we have tY B= B= 2 
In general, Va" =V a" =a. 
That is, 


The mnth root of a quantity is equal to the mth root of the 
nth root of that quantity. 


Va= Va; Vara; Va =A)NV a, and s0 on, 


Find the 4th roots of: 
1. Slat + 1082? + 54a? + 122 41. 
Z. 16a" 96ary + 2ibey? + 2ibay + ai 
3. 1— 4a + 102? — 162? + 192* — 162° + 102° — 427 + 28, 


Find the 6th root of: 
4, 1577+ 202° + 15at + 62° + 26 + 6a +1. 


Find the 8th root of: 
5. a — 8a’b + 28a°b? — 56a°b* + 70a*b* — 56a°b° + 


28a7b® — 8ab' + 6°. 
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EXPONENTS. 
Since Wa? = a’, Va =as ; and, in general, since j/a” = 


. x 
ee LD aay ne ry 
am,a*=am Hence, an exponent may take the fractional 
form, the numerator expressing a power, and the denominator 


a root. 


aa = § 
The sixth root of a fifth power may be written 1a° or a®. 


EXERCISES. 
Express with fractional exponents : 
eo) eo 4. Vn. 7. VV 2. 
2. Hp. 5. Mp. 8. Vy WA, 
aim... 6. Ve. 9. 80/5 Vor. 
Express with the radical sign : | 
8 ak, | 8,382, 4, oer 
B. at 6. nb ye t (5m)? n®. 8. abs cb dB 
Find the value of: 
1.4%, 2, of. 3.278, 4. 278. 5, 36%, 


z 2. 3 4. & 
wee. 7. ~— 1000", 8, 1007. 9. 1%, 10. — 125°. 


The Value of a and a“, ete. 


a? = aa (1) 
a’'= a (2) 
a= 1 (8) 


Dividing equation (1) by a, we have equation (2) ; dividing 
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equation (2) by a, we have equation (3). That is, Any 
quantity whose exponent is 0 is equal to 1. 


a’ =1 (8) 


Dividing equation (3) by a, we have equation (4); dividing 
equation (4) by a, we have equation (5). That is, in general, 
2 a ; 


==-—-- Hence, 
Ay aq” e 


PRINCIPLE. 


The transfer of a factor from one term of a fraction to 
the other requires the change of the sign of its exponent. 


2 2 
Thus - suse ebay? = : nit » ete, 


gy ab ys ” anne 


EXERCISES. 


Change the negative exponents to positive without chang- 


ing the value of : 
i —4} 


Lae, 6. 4a°b?e 
me. 1 Ot ae 

ay Or S. Gero, 
4. 5a’y- 3. 9. im a, 

es is ak 10. 2 iy- ee 


Any quantity whose exponent is 0 equals what? 


EXPONENTS. 155 


Transfer the literal factors of the denominators into the 
numerators in: 


b ay 
es 6. =“. 
m Zus 
2 3 
x 62 
9. =. % 
a Bape 
3 
x 
3. 2, 8. — 
lg Bath) 
0 
a 5a 
‘. sey 9, ee 
OvS 5m 15 
0.0 
m “nr 
5 4c. os 
De eh? oon 
a . mn 72? 


Transfer the literal factors of the numerators into the 
denominators in: 


oa oO g. Sty. 
3) 3 
“ig War DY 
4a m 
and 
3, 8. abcd 
4, 347" 9, Sab 
i) io 
5. oo 1. oe ea 
Since a? X a? = a? +? = a5, we have, for like reason, a* X 
@*=d, and a’ Xa ot - 
a 


a 
In general, a” X a" = — =a". 
a” 
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Find the value of: 
Pe a) A ie 6. ba KO. 
2 4 ea 7, Ta-biab-. 
5 2, $ 
Sad. | 8. 9a*y” + Xx ton 
Abe aT 9. 11Va xX 4V a. 
1 ues) . l3xy y 
§. 302 Xe 7, 10. ath x abt 
Multiply m + 3m3 — 4m? by 3— bn ee renee 
Process. 
m+ 3ms es 


3m + 9m? —12mi 
—hmt —15m~* + 20 
—\ Jane 01 Ogee 
3m + dont 18k Ln 28m — 1. 
3m +4%m—19 Wn — 16 Vi + 28 ee 
Multiply : : 


1. m? + n* by m* — ni’. 


ms + nt by m* + nb, 

i L L i 
mi DY a ne 
eee ae bye > Bae . 
Pt gly + or by a ae) ee 
gt — iy? + y* by xt + yf, 

a hi et 


gt eet i by ae 
a’ + atbt + b? by a? — atbt + 2. 


Oo ND TAA oO 


EXPONENTS. 


eolbs 


9. vty * + It — By8 by 2y~* — 4a-* — 6a 
10. 4a%b~ * + a? — 2a *b by [ee a a 


3a *. 
ty a’ ; 
Since — = a> = a’, and — = a** =a, for like reason we 
a a 
ee 3-7 oth. nae Hat = 4-4 
ave ~=a' *=a'*,and% =a” =a 
as xe) 
q”™ m mn—m a, m _m m—mn 
In general, — =a" »=a@ , ,and7-=a" =a, . 
a; 
EXERCISES. 
Divide : 
Ae Dy a. 6. m® by m=. 
1 
4 ede 
em by 2". 7. at by Waa 
3. 2! by x8, 8. 16x by 4a Vy. 
a2? by a8, 9. Tax? by 3hax—, 
oe 1 
5. 5d by Wie. ae” by as 


Process. 


1 1 2 Sage 
m? —n* ym — atm? + min® + ni, 
ae 
nm — men? 
oe 
+ InP? ——- 7 


2 4 12 
an min 


is 

mnt —n 
Ds 

mint ne ae 


0 
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i 
2 


y’. 
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12.a+bbya +o 

13. a—b by at — BF. 

14, «— 3a? + 82? —1 by a? —1. 

15. Qle+a%+a%4+1 by 808 +1. 

16. «7? —4e* +1 + 6x~* by gt — 2. 

17. 9¢ — 12a? —2+ 4274+ 2 by 321-9 ge 
18. a? + a3b? + 03 by at — ath? + b3. 

19. 21a + 20 — 27a" — 26a” by 3a — 5. 

20. 5b% -- 6b — 4b~ * — 46-3 — 5 by 6? — 267 *, 


Write the value of : 


Square : Cube : 
1. a3,+ 8? 1 ote 
2a Fb} 2. 20 — Bar? 
3. aby? + ae by 4. 3. at — Qa?, | 
ala 4. jo} — 208 | 
5. 5 : 5. veoee 
| 


1. (02 — de)’, 

Be Bee oe 

3, (ai + 32) + (x" + 2), 

4, (Qxt +4482 4) (Qu? +4—827 4), 
5. (8at 2—27 *) 
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MISCELLANEOUS EXERCISES. 


Whether m and n are integral or fractional, positive or 
negative, the following are true : 
aa xX a ant, 
Q, 2 = gn—n, 
a” 
3. (ab)” = ab”. 
4, (a")y"=a™. 


5. Va"b" = abe, 


€ 


It is also to be remembered that a® = 1 and a~”" = 


a” 
Transfer literal factors into the numerators: 
2a*m? : Baty V (cd) : 1 ‘ men*pt 
5BeVm ty Wd” Y (eyed?) an pt 
Transfer literal factors into the denominators : 
4 WY xype! bra | ee I ee 6pq. 
TV abe? Vd OO? 36% Vy Tmn 
Simplify by performing the operations indicated : 
qa” ee bh?” : ' 
fae’ B. (ab) 
aa 7 
4 | . 
2. 3, (2x3) 6. (e438) a 
: V(a ae) 
3. oe nae 
a+b ,a-—b,~¢ — 2a i 5. 
4% ae i. YP en » (a2)5, y?. 
x 4 


Pe at 
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9. (— (2h). 
10. [{(@*y*} 7] +o. 
11. (ab 4c8)-?, 


i 
12. [ aa*—ab aod one . 


1. Cy ale 
14. [(a + b)* — (a — yf 


Extract the square root of : 


1 emo 
si Jay? + 12y1 + 4a Sey + Ba, 
SL es 
Gaby! + Qe 41994 + 4a 
12y* + aa 
0 


16. 2 —4y~ *y? + 10y — 12e%y? + 9a’, 


17. 9a — 30a~ 4b + 18a-2b? + 20a~ 283 + 40184, 
Extract the cube root of : 


18. a” * — 3a7b + 80% 


col 


a Or 


19. «— 32? + 92? — 13+ 18a—* — 120 # + Be, 
Resolve into binomial factors : 


20. a—b. 

21. c'—d". 
22. mé — ni, 
ao. pg, 
24. m*—n-. 


o 
ih mre i sa 
PN ME Ts ESS TST ae ee ee a I er ee ee a ce are eee 2 eee m 


Resolve into trinomial factors : 


25. m+ mn? +n. 
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26. a*+a7b? + b4. 
27. V@+ab4+ 5%. 

28. 2° — 82, 

29. a® + abd} + BS, 


/ 


RADICALS. ! 
A Radical is a quantity directly affected by the radical 


sign ; as Vm. 

- Quantities thus affected are rational or irrational : rational 
when the root can be exactly obtained, as 27 and 
V a? + 2ab + b?; irrational or surd when the root indicated 


cannot be exactly obtained, as Y2 and Va+ 6. 


The degree of a radical is denoted by the index of its 
radical sign, or by the denominator of its fractional expo- 


nent ; as V ab, or (ab)’, a radical of the fifth degree. 


Similar radicals have the same degree and the same quan- 


tities under the radical sign; as Wa+6 and 5P¥a+ 8. 
The factor 5, before the sign, is called the coefficient of the 
radical. 


Since V.a"b" = abz, it is plain that a radical may be 
simplified when it contains a factor of which the given root 
may be taken. 


1. Simplify, or reduce, V 8a°bc. 


Process. 


V 8e2b0 = V 402.2bc = 2a V 2be. 
11 
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2. Reduce 3 #189. 


Process. 
3189-30 27.7 -3xX307 Sore 
3. Simplify V airypn +5, 


Process. 


es hee ege ar de ene ear a. Le AT 
V ara a oo + Saas | io seed A V ee +e 


EXERCISES. 
L288, 9. VW a2mnyen, 
av 147, 10. 1728 (= 12%). 
3. 256. 11. 1 2502%27, 
4, ¥ 432. 12. V(@ — 8) (a+ d). 
5. 3/150. 18. 20a? + 60a + 45. 
6. V 274°. 14, Vat + Py, 
7. Y— 108x'ty’. 16. 7%. 
8. Vad + 20% + ab’. 
Vi=VeeVi x 6-3 

7 es aa 
16. 4. 19. #77. , ee 
17. i. 20. Nps 23. "Ve Pi 
18. 15. 21, \He- 24, 2124 


Since /a"b" = ab”, the factors a and b» can be returned ] 


beneath the sign}” —_ by involving them to the mth power. 
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1. Introduce the coefficient of 2 5 under the radical 
sign. 2 Poe S51 8.5 =P 40. 
2, Introduce the coefficient of 5a Y 2x? under the radical 


sign. 


40 and 1” 250ax* may be called entire radicals. 


EXERCISES. 


Render the following radicals or surds entire : 


1 7K 2. g & pe 
2.13V5. ae 
= 2x *'97a4 
ars 9. = 
. 3a N a? 
4.95 on *[y 
522 as 5 
Chee vom 
Qary |10c# : ap 
6. int Me 
a Voy 1 eg po 
5a. (xb? 
4. 2 y, 
7 sie 44. (e+ y) cans 


Addition and Subtraction of Radicals. 


The addition or subtraction of radicals requires that, when 
they are not similar, they be made similar. 


1. Find the value of 345 + 20. 


BY 45 =3V9X5=3X8V5= 9V5 
V20= V4X5 2b 
11 V5, sum required. 
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2, Find the value of V 98a — V50a. 
V 98a = V49 X 2a =7 V 2a 
50a = V25 X 2a =5 Va 
2 V 2a, difference required. 


EXERCISES. 
Find the value of : 


1.3V45+7V5. 
7V5—V 20.: 
4V63+5V7. 

4V 63 —8V 28. 
V4442V 99. 
V44—5V176 +2799. 
2 V 363 —5 V 243 + V 192. 
3875 — 2 7189. 
3875 —7 156. 
5V24—-2V54+ V6. 
.V3-V ee. 
-AVE+12V3, 


7 Ff SS Se SS CLS 


oo 
= 


ps 
bo 


Multiplication of Radicals. 


Since (ab)” = ab”, we may write 
VAT val, 
1. Multiply 36 by 2V3. 


38V6X2V38=6V18=6/Y9 X2=6X3V9= Ieee 
Ans. 
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2. Multiply a + b by Va—b. 
VYatbxPa-b=Vae—l. Ans. 
3. Multiply a V0* X 8 Va. 
(aVE XP Va = abl? Vab?=ab?V ab. Ans. 


EXERCISES. 
Find the value of: 


ies re Oe ae 
Kas, 6. Bye x S$ *. 
Ba 8VI2X3V24 7 BBX 52. 
8.Vat2XVe—-2 8 3x Pax PI. 
4, 7168-< 147. 9. VixVv?xvV3. 
Br 12697432. 10.271 V4. 

V mn XV mn=V mn? = mn: hence, to multiply a radical 
quantity of the second degree by itself, it is simply necessary 
to remove the radical sign : (Va “+ 6) (Va +b6)=a-+t 6. 

1. Multiply 3x —5 by 22. 

Process. 
3Va—5 
2V x 
6a —10 Vx. 
2. Multiply 2V5+3 Vx by V5— V2. 
Process. 
2V5+3V« 
Vb—-— Va 
10+3V 52 
—2V 5a — 8a 


10+ V5ea—3a. 
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EXERCISES. 
Find the value of: 

1. (Vety—1)XVat+y. 
2. (V7+5V 3) (2V7—4V 38). 
8.(Va+1—2 V2) (2Ve+14+V2). 
4.(Vet1+V2e—1)(V2+1—V2—1). 
5. (a—-Vatae+Va)(Vat+e2—-Vat2). 


Division of Radicals. 
1. Divide 6/14 by 2V21. 
Sy 3Vvi =8V2.=8X4V6= V6. Ans, 


2V21 
8V 11 5 
S Live by 
2V 98 74 ¥ 22 
BVIL LV 22 _ a. ae =V GH 21.42 
2798 + 4 10 
= 3335. Ans. 
EXERCISES. 
Find the value of : 
1 Vie vs 6. V4+7V 6 
2. V 6B - Vd. 7.V +e 
3. V18a° + V 6a. & Vee ae 
4.V¥12+V6. 9. 1 6a2b + VY 120362, 
67 38+ 12. 10. 1 24a0B?6 + W 4a, 


Involution and Evolution of Radicals. 
1. Raise &m to the 6th power. 
(Pm) = (m*)* =m! = m?, 


4 
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2. Raise (y<) to the 3d power. 


3 


Wi} =(5)) -(0) Wig -$ 48 sv 38 


/ EXERCISES. 
Find the value of: 
1. (6). B Ga vay. 
2. (19) gees 
3. (27a). . (ee y) 
4. (1/36): EG ee eg 
5. (Viet yy. 10. (V'10 + 7). 


Extract the cube root of 8 V 27. 
2.3 iL i 1 “or 
(8 27)! — 8" xa7** *# =x 38 =213. 
Find the 5th root of 32a” Va’, 


(32a)? (abt * * = 2a? (a°b)* = 2a? Wed. 


EXERCISES. 
Find the value of : oS. 
pU Te eE N f 2 

11, (le 256)". Ne 
12, 7 195%, 17. 4/270 4) 

\ ea ic 

V 993 cee 
al 18. V 81,8 
14. Vy) 274%, 19. V 8a%x W (a — 2 


15. yar. 20. W821 (2 — 
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Rationalization. 

To rationalize a surd is to free it from its irrational 
elements. 2 may be rationalized by multiplying it by 
04; for ¥2< ¥W4=08 =2; and Vm X Vm" =V mm" 
=m. 

The denominator of a fraction may be rationalized by 


multiplying both terms of the fraction by the appropriate 
rationalizing factor. 


xvi. ve 1 Ve ove 
on eo and ee 
V2XV2 2 Ve Vee @ 
Rationalize the denominator of : 
1 as 6 6 3 
V3 — ¥ 10d8 
3 S 
2. — 1 
Vb V 9e8 
3 5 8 5ab 
AW4 1” 3205 
, 2 9 Via 
Ve Vil ae 
+b | 
toatl 10. 
bVm V 2 — BP 


The denominator nay be a binomial composed of radicals 
of the second degree. 


$8 t-V¥38 3 
V7+V38 V7I+V38 VI~V3 Uae. 
§(V7—V3)=2(V7—V 8). 
The rationalizing factor for V7 + V3 differs therefrom 
only in change of the connecting sign. 
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EXERCISES. 
Rationalize the denominator of : 
1 3 a €. Pet, 
84+V2 V7+1 
Se 7 VetVy. 
V3—1 Vays 
3 84+V3 8 Vn—nt+Vn 
3-138 Vn—n—-Vn 
, Vi-v3 Vie=i+Ve4l 
.— 9, -————— ———— 
V54+V3 V%w—1—-Ve2r+1 
5 2V2+2 PA Cee See oa 
272-2 Vente +i 


Approximate Values. 


e @ i. yA 
Find the approximate value of = 
a 2--V2 
2 2(22+V2) 2(2+V2) a 
—=* = =9+V2=241.414 
Soyo... 4-2 2 | 
== 3.414, | 


The work is diminished by rationalizing the denominator. 


EXERCISES. 
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3-—V2 3+2V7 
5. a :. 

Sewn a AVG es 
a vee. 3 ve 
V38+V2— V2.5+V6 


Imaginary Quantities. 


Radical quantities are classified, not only as rational and 
irrational, but as real and imaginary. 


8 is arational quantity because its root can be exactly 
obtained ; V 2 is an irrational quantity, because its root can- 
not be exactly obtained. 

But 8 and V2 are both real quantities, because they 
both have real roots: #8 =2;V2=1.414.... 

V—4=neither + 2 nor — 2, for both (+ 2) and te 
=+4. Hence, for the reason that V — 4=no root, exact or 
approximate, it is called an imaginary quantity. 

Y —8 isa real quantity, for its root is — 2. 

An Imaginary Quantity is, therefore, an indicated even 
root of a negative quantity. 


An imaginary quantity, as V—a?, may be expressed in 
two factors, thus: Va?(— 1). But Va? (— 1)=aV-1. 
Hence, the general formula for the root of an imaginary 
quantity is @ V—1,in which n is any even positive whole 
number, and a is the coefficient of the imaginary factor. 


Addition and Subtraction of Imaginaries. 


1. Find the sum of V -- 9 and V — 25. 
V—- 9=¥ 9(-1)=38V-1),- 

= So} 
V— 2% V25(-1)=5V—-15 ve 
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2, Subtract V — 4 from V — 9. 


4 
V—4=V4(—-1)=2V-1 
Vv~1 , difference. 
EXERCISES. 
Find the sum of: 


1 
2. V — 36 and V — 121. 
3. V—49 and V— 144, 

4. V—2x and V— 9. 

5. V —(a + bY and V—(a— by. 
. Subtract : | : 

6. V— 16 from V— 36. 

7. V — 252? from V — 492°. 

8. V — 98 from V — 128. 

9. V— 75m? from V — 243m, 

10. V — a+ 2ab — B from V — a? — 2ab — B. 


Multiplication of Imaginaries. 
1, —4X (—9) =+4 36, but V— 4X V— 9 = V36 (— 1? 
| = 6 X(—1)=— 6. 
aes Ale is Ones Multiplying 
and V-—9=3V—1) 
we have 6(V— 1)? =6(—1)=—6. 
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2. Multiply V — a? by V — B, and V—5 by V—3. 


Process. Process. 
V—-@= aV—1 V—5=VExKVee 
V—-8= bV-1 V-38=V8XV—-1 

ab (V —1)?=ab(—1) V15 X(V —1) 
=—ab. =V15XC 
—V 15. 
Multiply EXERCISES. 

1.5V—2by 3V—2. 

2.V—B by V—¥. 

3. —4V—2 by 5V—y. 

4.V—-7XV—Tby V—7. 

5. V—a XV —-B by Ve. 

6. V—4xXV—5 by V—6. 

7.2-83V—-2by4+V—2. 

8.5+V—8 by 9—3V—8. 

9, 2V—4—-4V—3 by 5V—44+7V—@, 


10. V—1xV—4 by V—%5 x V—49. 
Expand : 

1. (2V — 2) (3V—8). . 

21 bV Bho ©, | | 

8. (4V—34+7V—2) (4V—8-7V—2). 

4 

5 


.(V—-2-38V—3y, 
. (2V8-V—5)(4V¥3—-2V—5). 
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Division of Imaginaries. 


1 36 Paes 
28 = 9, and ppairarvas| co ae ile 
4 ) ak 4 9 3 
F Pees 8 V1 gs 
oA. oY 1 
In general, “= = ‘ 


Divide (28 — V— 10) by (—V— 2). 
Process. 


a a ae a 2 aes 
21 a ey 44/6 =V5 —4V 1. Ans. 


EXERCISES. 
er ae 
1. V—36 by V—9. 


V—9 by V— 24, 

5V—35 by 2V'7. 

V3 by 4V—5. 
1-V-2+4by1 +V¥—2. 
V—108 by V—3. 


ee 


QUADRATIC SURDS. 


An irrational quantity of the second degree is called a 
Quadratic Surd; as V 6, Va + y. 


1. A Quadratic Surd cannot be equated with a quadratic 
_surd plus a rational quantity. 
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Assume Va=V6+ ce. 
Squaring, = 6 + 2cVb + c’. 
Thatis,s 20V6=a —b — ce’. 


Pye pe 
Whence, Vb = @ 2: ee, making a surd equal to a rational quantity, 


which is impossible. 


2. if Vat+6=Ve-+d, then Va=Ve, and b=d. 
Assume, not 6 = d, butb = d + 2. 

Substituting, we have Va+d+2=Ved+d. 

Whence, Wa + x = Ve, which is impossible by 1 above. 


Wherefore, 6 = d, and, in consequence, Va = Ve. 
38. If (1)Vaty,=Ver V y, then 
(2) Va—-Vp=Va-Vy. 
Squaring (1), @a+Vb=x2+2Va2y+y. 
Whence by 2,a@=a2+y, A. 
and V6 = 2 ay, B, 


Subtracting B from A, a-Vb=2-2V2ayt+y. 
Extracting square root, Va — 7B = Vaz — Vy. 


Simplify V22 — 3 32. 


Explanation. 
Assume 1993 1/392=Va-—Vy (1) : : 
By 3, 994+31/32-V2+ VY (2) | 
Multiplying (1) by (2), 484-288 =2-y 
or x—y=14 (3) 
Squaring (1), 22-3 V32=x7-2Vayt+y 
By 2, Z+y=22 (4) 
Adding (3) and (4), 2x7=36 
x=18 


Substituting in (3), y= 4 
Substituting in (1), V99_ 3 1732=V18-V4=3V2-2. Ans. 
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Simplify : EXERCISES. 
1.V9+9/8. 9. Vi9 +83. 
2.V3429V2. a ea 
31V 7+ 1/48. Mev 99/14, 
4.Vi0 +4V6. 12, 54 41, 
5. V16 +607. 13. V33 + 202. 
Oia Vii. 14. Vom + 2 Vm? — n2. 
7. V'96 +430, 15. Vm —2 Vm? — 2x2. 


8.V75 +120 21. 


EQUATIONS. 


Equations containing the unknown quantity as a radical, 
or as a part of a radical, may be solved by Involution. 


1. Solve V 2? —3—2=— 2. 


1. Transposing, Wx?-38=27—-2. 

« By Involution, z’?-—3=2?—47 +4. 
Rejecting v7, -—3 =-—42r+ 4. 

. Transposing, 4y=4+4+ 3=7. 


or He ge bo 


Dividing, x=i=13. Ans. 


9, Solve Vx — 32=16 —Vx. 


1. By Involution, % — 32 = 256-32 Vx + a: 
9, Rejecting 7, —32=256-32V 2. 

3. Dividing, ~ jac §— Ie. 

4. Transposing, Vr%= 9 

5. By Involution, v=) 81, Ans. 


176 


3. Sol 
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1. Clearing of fractions, (V%—38) (V%+1) =(Vx—4) (Vx+7). 
2. Performing operation indicated, x—2 Vx—8=%+ 38Vx- 28. 


3. Simplifying, 5VE=25. 

4, Dividing, Ve= 5. 

5. By Involution, 2=25. Ans. 
EXERCISES. 

Solve : 

1.4V2—8=8. 

2.V2—3+2=8. 

8. Vet+5—-V2e—1=2. 

4.V2—9=V2-1. 

5. W 42 +3=3. 

6. Ve + Vat — ot Se +1, 

7 V2e—327+6=2-—2. 

8. V2%e+5=V%et+1. 

9,24+Ve2t+3=V2e—24+38. 

10. Tre 

11. 2-4LVae=V2?—xz. | 

12. Vx —32=16—-Vz. 

13. Y34+2= ” r 
ote 

14, Y22?—5¢@ +10=2—1. 
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Ve-8 Va-4 

Vo. 6 va48 

16. Vb+24+Vb—2=ce. 

17. V8e@ +17 -V2e=V I+ 9. 

ee 4 
V2—A 

19. /{9+2Ve2—3}=2—-3. 

20.a+@=VetaeVbt ot 


a0. 


QUADRATIC EQUATIONS. 


A Quadratic Equation contains the second power of the 
unknown quantity, or both the second and the first powers 
of the unknown quantity, but no higher powers. 

A Pure Quadratic Equation contains only the second 
power of the unknown quantity ; as, az* =m. 

A Complete Quadratic Equation contains both the second 
and first powers of the unknown quantity ; as, az? + ba + m 
= 0. 


The Solution of Pure Quadratic Equations. 
1. Solve.32? — 2=727 + 6. 


1. Transposing, ae? — zi = 6 +2 


2, Simplifying, 227 = 8 
3. Dividing, gi= 4 
4, Extracting root, x = +2. (Two roots: + 27=4; —2?=4.) 
2 2 
2. Solve ie see 
1 6 

1. Clearing, 18 — 6x7 + 1127 + 55 = 198. 
2. Transposing, — 6x? + 11x? = 198 — 55 — 18. 
3. Simplifying, Sx? = 1235. 

* 4, Dividing, x = 25. 
5. Extracting root, x = +5. 


ey 
vw 
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EXERCISES. 


x? —18 = 18. 

4a* — 8 = 28. 

Ta? + 5 = 5a? + 50. 
(8a — 4) (8a + 4) = 60. 


Q 4 
x Linen 
5 


2 
‘ Pee Beck oes 


pie Le 1) ae ee 
me ge a Bee 


2 4 7 


~eV6G+e=14+ 27. 


~aVate=b 4+ 2%. 


: : ae 
op te +1 2? — Boe = 6, 


0. 
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Solution of Complete Quadratic Equations. 
a. Solve 2 + Zaz + a’? = 4a’. 


Notr.—The first member is a perfect square, and the @? is the square 
of one-half the coefficient 2a. 
1. Extracting the square root, x + a = + 2a. 
2. Simplifying, x= +2a—a=+ aor—3a. Ans. 


2. Solve z? — 2ax = a’. 


1. Adding the square of 
one-half 2a, ~2ax + a?=2a?. 


2, Extracting square root, x—-a= +avV2. 
3. Simplifying, z=atavV2=-a(1+V2). Ans. 


Hence, brief, directions for solution are : 


1. Reduce the equation to the form 2? + 2px = q. 

2. Add to both members the square of one-half the co< 
efficient of x. 

3. Extract the square root of both members. 

4. Simplify the result. 


EXERCISES. 
1. Solve 2? — 77 = 8. 


1. Completing square, —7x + (4)?=8 + (4)%. 
2. Extracting square root, ae + V8F (FZ). 


3. Simplifying, got eie eae = 
pet psp or —1, 


Ans. 


2. Solve 3a? — 102 = 82. 


1. Reducing, a? —10y = 32, 
2. Completing square, a?— 10g + ($)?= 824 ($)2, 


3. Extracting square root, x —3= + 32 + (8)? 


4. Simplifying, r= 
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1. Solve a? + 4a = 12. 


1. Completing the square, x? + 4% + 4=16. 
2. Extracting square root, 7 + 2= +4. 
3. Simplifying, x =—2+4=2and—6. Ans, 


4, x? — 8a = 20. 
5. 2? — 32 = 28. 
6. 2? + 22a = 48. 
7. 2 + 12¢ = 18. 
8. (x + 10)? = 28. 
9 


10. « — ae = 
11. ba? — 7 = 102 + 68 
] v4 : 
12. — a 
eee ee BGs 


14. 2+ 22 — Go? = 0, 
16, 16 lie ar. 

LG, 20a" = 12 = 2. 

Li. tbr 2an = a. 

18. 122? — ex — 20c? = 0. 
ie 


19. = 3a + 2. 
1 Ser ae 
gn 1 3 
20. drat 
3 a nee 
21. eo A eae ree 


x 32 —1 
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The Factorial Method. 


Assume (@ — n) (vw —n’) = 0. 
The roots of the equation are nm and n’, for when 2 = n, the factor 
x-—n=0, and the assumed equation becomes 0 x (x — n’)=0; when 


x=n/’ the factor r—n’=0, and the assumed equation becomes (2 —7) 
x 0=0. 


1. Solve 2? — 7x +10=0. 


1. Factoring, (x—2) (x—5) =0. 
» 2. Equating to 0, 7—5=0, and x—-2=0. 
3. Whence we have x=5, and x=2. | 


2. Solve 6z?-— 5a —6 = 0. 


1. Factoring, (32 + 2) (2~%—3) =0. 
2. Equating to 0, 2x—3=0, andx= 3. 
| 34+2=0, and x= — 4. 


3. Solve 27+ Zax =2. 


1. Clearing, 3x7+-7~—6=0. 

2. Factoring, (37—2) (v+3) =0. 

3. Equating to 0, 7+3=0, and 81—2=0. 
4, Transposing, x= —3, and r=4. 


4. Solve z’? + 2? — 477 +4=0. 


1. Factoring, x’ (x +1) -4 (z?-1)=0. 

2. Factoring, (2 +1) (v?— 42 + 4) =0. 

3. Factoring, (x + 1) (x—2) (x—2)=0. 

4, Equating to 0, 7+ 1=0, r—2=0, r—2=0. 
5. Hence, the roots—1, + 2, and + 2. 


5. Solve — 2? + x = o&. 


1. Transposing, x?—a + 8 =0. 

2. Factoring, (x—%) (x— 2). 

3. Equating to 0, x-2=0, and x—2=0. 
4. Hence, the roots= +$ and + 2. 
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6. Solve adzx — acz* = bex -- bd. 


1. Transposing, acz?—adzx + bcx-bd=0. 


2. Dividing by ae, x? - ae ae a =0. 
C a as 
Vowau . fe i Ola ee 
3. Factoring, x (: =) x sar 0. 
4. Factoring, (~~2) (ee?) 0. 
C a 
5. Hence, the roots are ad and — is 
Cc a 
EXERCISES. 
Solve 
ae 
1. oe — 62 +8 =0. 6. (+2 §, 
tee 
S 7 
2. =0. 1..2°—1, cg 
2+60 38x—5 he hi 
So. 28 er eee. 8. 927 — 992 — 190 = @. 
. —3 2 — -+1 
ee, Bee te : aed Le ee 
6 xe+1l a«-1 
8 2) 
i ces EE EN ad 10. 2? — 2mx —1=0. 
e+ Su 


Solution by Formula. 
Assume az? + bx +c=0O. 


—h+VB — 4ae — b-V 0b? — 4ae. 
Bolving, 2 A and 
2a 2a 
By this formula an equation of the assumed form may be 
readily solved. 
1. Solve 22? + 52 —3 = 0. 


l. a=2, 6=5, c= —8. 


2. Substituting, —-—2 =i + 24. 
3. Simplifying, 2 = a a rere ee ate - 


ee nae eres 


gies salle ap alle dee 


ee ee ee 
Pod EO 


fond 


ay 
for) 


eS eee eS 
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EXERCISES. 
eo eS, Bae is 6. 
me + 47 = 4, 1. 4" — 9a = 28. 
be +223. S. Oe + ia = 12. 
we 16a +4 == 0, v. Oe — in = 6. 
5a® — 3 = 142. 10. 11a? — 9x = — 1,0, 


MISCELLANEOUS EXERCISES. 
Bae = 6a" 21. 
82? + x = 30. 
oe 2/2927 — 14. 
19¢ = 15 — 82°. 
5027 — 15a = 27. 
5a? = 82 + 21. 
aie = 2ar' + 3a’. 
127° + 23ke + 10k = 0. 
Pe iy (ox + 8) — (22 +6f = 0. 
5 et 1. 


» 94a? — 90La + 195 = 0. 
ton, ~~ 302 = 9 (a — 12). 
_ £(?-3)=4 (3). 
waa oe = (a? + OF + 2)’, 


Pe. tee 


1, 


x—e xt+e 


/ Sr +1 +e ~1=V9r +4. 
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oe. 
cy goes eg ea Vie 
a+3 x 
x x— 
18. = ae, 
21 x 
+2 4-2 
ra pepe eae By 
a Og ee 
—§ «a«-—12 
20. = — = &. 
xa—-12 2x«-—-6 i 
PROBLEMS. 


1. Divide the number 30 into two such parts that the 
product of the two parts may be equal to 125. 


Solution by Factors. 


Let x= one part, 

then 30—a= the other part. 
and x (80—z) =125. 
1, B02 ao" = 195. 
2. a? —307+125=0. 
S$. (#—25) (2-5) —0. 
4. x= 265 or 5. 
5. 30—x=5 or 25. 


That is, when either number is the first part, the other is the second 
part. 


Solution by Formula. 


a=1,60= —30, c= 125. 


x 


_ 30+ V900—500 _ 302050 10_ 


re) 25 or 5. 
2 2 2 2 


2. Divide a number m into two such parts that the 
product of the two parts may be equal to n. : 


2 ese agian ae 
as 
ee 
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8. Divide the number 112 into two such parts that the 
product of the smaller part and their difference will be 768. 


Let x =the smaller part, 
then 112—z=the larger part, 
and 112—2x=their difference. 
Whence, 2 (112—2x) =768 
1. 11227 — 2277 = 768. 
2. 2x?—112% = — 768, 
Be x? — 56x + 384=0. 
. 2 @=1.b=— —56,.¢= 384, 
va = 00 #3136 — 1536 _ 56+ 40_ 96 16 
2 2 2 2 
= 48 or 8, lesser part. 
- 112—48 or 8=64 or 104, larger part. 


4, What are the two parts of 20 whose product is equal . 
to 24 times their difference ? 


5. Find a number whose square diminished by 119 is 


_ equal to ten times the excess of the number over 8. 


6. A man is five times as old as his son, and the sum of 
the squares of their ages is equal to 2106. What are their 
ages ? 

7, The sum of a number and its square is nine times the 
next highest number. Find the number. 

8. The sum of the reciprocals of two consecutive numbers 
is =24;. Find the two numbers. 

9, The perimeter of a rectangular field is 360 rods, and 
its area is 7200 square rods. Find the length of the sides. 

10. A man sold a horse for $171, gaining as many per 
cent. as the horse cost him dollars. Find the cost of the 
horse. 

11. If 12 be subtracted from a certain number, the differ- 
ence between the remainder and the square of the remainder 


will be 30. Find the number. 
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12. One number is ? of another, and their difference plus 
their product is 196. Find the numbers. 

13. A man bought a horse which he sold for $24, and lost 
by the sale as much per cent. as the horse cost him. How 
much did he pay for the horse ? 

14, Find a number such that if you subtract it from 10, 


and multiply the remainder by the number itself, the product 


will be 21. 

15. A man bought a number of yards of cloth for 240 
cents. If he had received 3 yards less for the same sum, it 
would have cost him 4 cents more per yard. How many 
yards did he purchase? 

16. A man sold a number of yards of cloth for 240 cents. 
If he had recewed the same sum for 3 yards more, it would 
have brought him 4 cents less per yard. How many yards 
did he sell ? | 

Notr.—The above changes in the statement of the problem (see prob- 


lem 15) were necessarily made in order to obtain + 12 as the value of 2. 
—15 refers us to problem 15, as that in which + 15 is the value of 2. 


17. Find three consecutive numbers such that twice the 
product of the first and third is equal to the square of the 
second plus 62. 

18. A man being asked how much money he had in his 
purse, replied, “ The square root of the number of dollars 
taken from half the number gives a remainder of 180.” 
How much money had he ? 

19. From A two persons start at the same time; one 
going due north, the other due east, at the rate of 6 and 8 
miles per hour respectively. In how many hours will they 
be 100 miles apart? 

20. A merchant bought a number of yards of cloth for 


io. ‘ 


¢ 


QUADRATIC EQUATIONS. 187 


$100 ; he kept 5 yards and sold the rest at $2 per yard more 
than he gave, and received $20 more than he originally spent. 
How many yards did he buy ? 

21. A person rows 20 miles down a river and back again 
in 10 hours, and he finds that he can row 2 miles against the 
stream in the same time that he can row 3 miles with it. 
Required the rate of the stream, and the times of his going 
and returning. 

22. The area of a rectangle is 1200 square feet ; if one of 
its dimensions is increased 3 feet and the other is decreased 
14 feet, the area will be increased 60 square feet. Find the 
dimensions of the rectangle. 

Write the problem suggested by the negative result. 

23. The difference of two numbers is 3; the difference 
of their cubes is 513. Find the numbers. 


Equations in Quadratic Form. 


An equation is said to be in the Quadratic Form when it 
is like a quadratic equation ; namely, in having 


1. Three terms. 

2. The unknown quantity in two of the terms. 

3. The exponent of the unknown quantity in one of 
the terms twice as great as in the other. 


1. 2° + 2x = 80 is an equation of the quadratic form, and 
may be solved as if quadratic. 


1. Completing square, a + 22? + 1» 81. 

2. Extracting square root, 7? + 1 =+49. 

3. Transposing, zy = +9—-1=8 or—10. 
4. Extracting cube root, x =2 or ”—10. 
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2. Solve 82 + 3 Vx = 36. 
1. Dividing, + Vane le 
2. Using fractional exponent, a + az =12. 
3- Completing square, a+ v2 + 4=12+ 4=42, 
4. Extracting square root, Va +4= +7. 
&. Transposing, Va =—t+4=8 or—$=8 or—€ 
6. Squaring, x =9 or 16. 


B Rolve Be 2 = lie Fee 


Solution by Formula. 
1. a=8, 6=—11, c= —8. 


¢ lle Vigi—~96 1145 


2. Fe 16 we =1 or 4, 

3. Extracting cube root, 7~ 4=1or (8)3. 

4. Involving, gt a) oF (2)3. 

5. Inverting, e = 1 pF (8)3 =18 or 54. Ans. 


4, Solve (* + 16) — 3 (a + 16)* = — 
solution by Formula. 
de a1, b= — 3, c= — 2. 
4_ 84+ V9—8 3841 44 


oy (a 10) 


2 2 
3. Cubing, ao + 16 = 6 of 1, 
4. Transposing, x= —8 or —15. 


5. Extracting cube root, x = — 2 or Voi. Ae 
3 
5, Solve (x — 5)? — 3(@ — 5)? = 40. 
Solution by Formula. 


1. a=1,6=~—3, e= 4. 
$ 84195 160 8418, 0 


1 io 
3. Extracting cube root, (v—5)* =2 or — V5. 
4, Squaring, 2-5 =4orV. 
5. Transposing, 2=9or5 +125. Ans. 


QUADRATIC EQUATIONS. 189 


6. Solve 2? + 5a —V2?+4+ 5a +14 = 42, 


noe 


1, Adding 14, (a? + 5” + 14) — (a + 5x + 14)? = 56, 
: py a GUNA 
Be a Bar + in te eee A 1b =8 or —7. 


2 2 

3. Squaring, 2? + 52 + 14=64 or 49. 

‘4 Transposing, 2? + 5a = 50 or 35. 

& By formula, 7=— oMiveit ; aut da = or - 


—10; also, x= — : ae 


=65or 


9, Solve at + 22°—2522 — 26a + 120 =0. 
1. Adding + 2 and — x”, x* + 223 + a? ~ 262? — 26x” = — 120. 
2. Factoring, (2? + x)?—26(a? + x) = —120. 


26 + 1267-480 26-14 40 12 


&- Hence, 2? + ¢= : oe or = altar 6. 
fede ote 1 t A a ON —5; 
2 2 Z 
Also, tll fe Saw Pn 8 
2 2 2 


Extra. 
Boones +a°—2—1=0. 


ay vactoring, 2° (x + 1)—(x% 4+ 1)=9, 
m. eactoring, (z+ 1) (27~—1) =0. 
3. Equating to 0, x= —1, and x= +1. 


EXERCISES. 
o> 212? “ 100. 
me 8a" = 9, 
3. a — a? = 56. 


4, 2° — 652° = — 64. 


190 


10. 


a i 
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5Va+4+(e + 4) = 24. 
(152? + «) 40 =3 V lie? +a. 


pays une 
Sx % — (a2 * = 6. 


11. ae? —2 = 232 

12 av’ +22" = 0 

13. 22~?—927-?#=—4 

14. 2? — 64+ 27/2? —5e +38=12. 


15. 
16. 


17. 
18. 


vt — 82° + 10277 4+ 242 +5=0. 
ee ae 

; qEe ear ; 
gi OF, 


at — 144° + 612? — 84a + 20 =0. 


Simultaneous Equations Involving Quadratics. 


No rule applicable in all cases can be given for the solu- 
tion of simultaneous equations involving quadraties ; but the 
intelligent use of the principles and rules already established 
clears away the difficulties that arise. 

1; Goive eg = 1, 41) 


beak 
s 


Co bo 
s s 


ee me 


plsviee 


xy =12. (2) 

From (1), y=2-—1. (8) 
From (2) (3), x (a—1)=12. 
Hence, 2 = 12, 


- or —§=4 or —3. 


From (3), y=4~—1=-3, or —3—1= —4, 
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2. Solver +y=5. (1) 
ve +y=13. (2) 
1. From (1), a + Sry + af = 25. (3) 
@-from (2) (3), 2ry =12."' (4) 


3- From (4), xy=6. (8) 

4, From (5), ge”. (6) 
x 

5. From (6) (1), 2+ %=5. 
x 


6. Multiplying by 2, 2? + 6=5a. 


@. Transposing, xv? —5xe= —6. 

8. Solving, a=? ete rl 2=1 =8or2 
6 

9. From (6), <3 972 or 3 


3. Solve 27+ y7=185. (1) 
ety = 17. (2) 


1. From (2), 2? + 2xy + y? = 289. (8) 


2. From (3) (1), 2ay = 104. (4) 

3. And Se se GP. (5) 

ey veom (2) (5),. & = 18 0r 4. 
“And oe ae Be ae, 


#, Bolve 2° —7°=19. (1) 
ey =. 1. (2) 


Berar (i) (2),2° + zy 4 yt = 19. (8) 
2. From (2), wa Dry + afi 1 18) 
3. From (3) (4), Say oe 18. 
And eye 06. (5) 
4, From (2) (5). es = Sor — 2. 
y = 2or — 3. 
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5. Solve a? — ay = 3. (1) 
e+ 2y=7. (2) 
1. From (2), 2 =7— 2y. (3) 
2. From (3) (1), (7 — 2y)? — y (7 — 2y) = 8. 
3. Expanding and reducing, 6y? — 35y = — 46, 


OR? So TaAhA 
4, y — 3 VF — 1104 
12 


= 23 or 2. 


§, From (3), « = 8 or — 2. 


6. Solve 2 + 2ay= 24. (1) 
2aey + 4y =120. (2) 


1. Lety = vx 
2. From (1),° at Qo = Be) 
3. From (2), 2ua? + 4v?z? = 120. (4) 


4. From (3), 2? = : a 

5. From (4), 2? = aeons 

Be eon) 1 o ~ Qu or 
7. Or ; 5 


l+2v 2+ 4? 


8. 2v + 4v? = 5 + 10v. 
9. Ay? are 8v — OL 


_ 8+V64+80_ 8+1 ; 


2 
ii, F 5 oe 2 ee 
ih meee Bree 
And: 2 =e 2, 


12. From (1), y = 2~(+2) =4o0r—4. 


The other values of x and y are readily found. 
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7. Solve a + y*= 82. (1) 
a—y = 2 (2) 
lv=ut+vandy=u-v. (8) 
2. From (2), v = 1. 
3. From (1), (#+1)* + (wu —1)* = 82. 


4... 2(ut + Gu? + 1) = 82. 
De ut + 6u? — 40 = 0. 

6. w= 4or — 10. 
oe. ee ee, of SY 10. 


Beeutv+4-1, 14V-10. 
9y=u—v=1,-—3, -1+V—-10. 


8. Solve 2 Ne = 2. (1) 
aw 
e+ry—2, (2) 

1. From (2),y =2-— 2. (3) 


2. From (2) (1), Be xy os 
of 2 


3. Clearing, 2— 2+ x = 4x — 22”. 

4, 247 — 4x = — 2. 7 (« —1) (#—-1) = 0. 

5. vw’ — 2=—- 1. S. © = 1. 

6. 2? — 2+1=0. eee em eee 

EXERCISES. 
Solve: 

oe + y = 5. 4, 2a — xy = by. 
2, = 1. we +Qy=7. 

ae2+y= 9. 5. wat y=2. 
xy = 20. xy = — 15. 

fy. 2. 6. a’ + y? = J, 
xy =165., e—-y= 8. 


13 
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were = 133. 16. 2x — 4y = 2. 
os ey tates Tt, 2a?—xy—3y’=112. 
8.2 + y= 10, 1%. 2h y= & 
a + of = 58. x" + y? = 28. 
Le ry o, 18. 2.—-y = 4 
a + of = 36. e— y= 19 
1.2 ye 8 19. zy =a’. 
a — > = 728. a—y=0 
11. 22*— xy =6. 20. cy +2? = 14, 
Qy? + 38ay = 8. y? + vy = 36. 
12, 22 y = 1 21.27+y= 206. 
a? + Qo? = 29. te 
1S. 2 ay = 6. a4, 2 Ye 
xe + vy = 66. oe 
23. 2 +y = 10. 
ei aa 4 ee 
Ne 24. © +y=13. 
ae 8 Vxt+ Yy=5. 
Va 25. 2 —y* =m, 
4 a—y=n 
i eae ee 26. 32? + day = 20. 
a+y=6. 2y? + day = 12. 
27. 2+ 4y=14. 
Ax —2y +4? = 11. 
28. 6x -- dy = 9. 


a + Dy =12 + 2y/2° + 2y + 8. 
29.% +2y = 9. 
3y *— 52? = 43. 
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30. 2-3 = y. 
10 — 22? = ay. 


31. 32? + 165 = 16zy. 
tay + 3y? = 132. 


oe or tay +e = 18. 
Slay — 3a? — 5y? = 46. 


33. 2 +y—9 =3dzxy. 
Qa? —G +y?= 12, 


34, z* + y* = 706. 
ery = 8. 


PROBLEMS. 


1. Find two numbers whose product is 54, and 5 times 
the first plus ten times the second equals 105. 

2. Find two numbers waere 9 sum is 20, and whose prod- 
uct is p. 

$. The sum of two numbers equals 9, and the sum of 
their cubes is 189. Find the numbers. 

4, The sum of two numbers is a, and the sum of their 
cubes is c. Find the numbers. 

5. What two numbers are those whose sum oaniletplieal by 
the greater is equal to 77; and whose difference, multiplied 
by the less, is equal to 12? 

6. Divide 100 into two parts, such that the sum of their 
square roots is 14. 

7. It is required to divide 24 into two such parts that 
their product shall be equal to 35 times their difference. 

8. Find two numbers whose product is 255, and the sum 
of whose squares is 514. 
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9. A. is 4 years older than B. ; and the sum of the squares 
of their ages is 976. What are their ages ? 

10. Ten hundred sixty-six men are arranged in two 
squares, one of which has four men more on a side than the 
other. Find the number of men on a side of each of the 
squares. : 

11. The area of a rectangular field whose perimeter is 88 
rods is 363 square rods. ind the length and breadth. 

12. The numerator of a fraction + its denominator = 8. 
Increase each of the terms by 1, and the product of the 
resulting fraction and original fraction is 2. Find the 
original fraction. 

13. The crew of a ship were 2, of the number of the 
passengers, and there were 425 more passengers than mem- 
bers of the crew. Find the number of the crew. 

14. Some boatmen row down a river 34 miles and back 
again in 12 hours. If the river has a current of 2 miles an 
hour, find the rate at which the crew would row in still 
water. , 

15. In running a mile the forewheel of a carriage makes 
132 more turns than the hind wheel; but it would make 
only 88 more turns if the circumference of each wheel were 
increased 2 feet. Find the circumferences of the wheels. 

16. Five times the square of a number + 100 equals 10 
times the number + 500. 7 

17%. Two men can do a piece of work in 6 days ; but if it 
takes one 5 days longer than the other to do the work alone, 
how long will it take each to do the work alone? 

18. The sum of two fractions is equal to their product, 
and the difference of their squares is 2 of their product. 
Find the fractions. | 
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19. Find three numbers such that their sum shall be 14, 
the sum of their squares 84, and the product of the first and 
third equal to the square of the second. 

20. A farmer paid 2 dollars apiece for some horses, and 
sold them at $75 each, and realized a gain of x per cent. on 
the money expended. Jind the value of x. 

21. The sum of the ages of a father and his son is 100 
years ; also ;/, the product of their ages exceeds the father’s 
age by 180. How old are they? 


When the father is 30, can the son be 70? 


22. Form the sum of the squares of the two digits that 
compose a number, and you have 58. From the number 
subtract 12 times the right-hand digit, and you have the 
digits reversed. Find the number. 

23. The difference of the contents of two cubical boxes is 
342 cubic inches, and the difference of their edges is 6 inches. 
Find the length of each box. 

24, A. and B. sold the same kind of cloth, and together 
received $35, but A. sold 3 yards less than B. Had A. 
sold B.’s cloth, he would have received $24 for it. Had B. 
sold A.’s cloth, he would have received $124 for it. How 
many yards did each sell ? 


Discussion of Quadratic Equations. 


As we have already seen, every complete (affected) quad- 
- ratic equation can be reduced to the form aa’? + bz +e=0, 
Oa 0 x Aa | 

2a 
The character of the two roots depends on the quality and 
value of 6? — 4ae. 


of which the roots are 
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1. Assume 6? — 4ac = 0. 
Then V 6? — 4ac = 0. 


2 
The roots oe a ee become — ~, and both 
a 


are real and equal. 


2. Assume 6’ -- 4ac = a positive quantity. 


Then V6? — 4ac = a positive quantity. 
b? — 4ac may be, or may not be, a perfect square. 


—~—b+ 2 
Hence, : ae cae become rational or surd 
a 


roots, unequal and real. 


3. Assume b? — 4ac =a negative quantity. 
Then cee 4ac is an imaginary quantity, and 


VR 4e 4ac 
a 2a 
imaginary part, are conjugate imaginary roots 


, having both a real and an 


of unequal value. 
Therefore, without solving an equation, we may determine 
the quality and value of its roots by determining the quality 
and value of 6° — 4ace. 


1. Take 22? — 6a = — 41. 
Then 6? — dace = 36 — 36 = 0, 
Hence, the roots are real and equal. 


2. Take 2a — 10x = 12. 
Then 5? — 4ac = 100 + 96 = 196. 
Hence, the roots are rational, real, and unequal. 


3. Take 62? + 14% = 2. 
Then 6? — 4ac = 196 + 48 = 244, 
Hence, the roots are surd, real, and unequal. 


QUADRATIC EQUATIONS. 199 


4. Take 42° — 64 = — 8. 
Then 6? — 4ac = 36 — 128 = — 92. 
Hence, the roots are conjugate imaginaries and 
unequal. 
By assigning values to the letters in 6? — 4ac, an equation 
may be formed having roots of any prescribed character. 


1, In an equation having real equal roots, 6? = 4ae, 
numerically. | 
If 6? = 144, 6 = + 12, and if — 4ac = — 144, 
then — ac = — 36. 
Hence, a= 4, and —c=— 9. 
Whence the equation, 42? + 127 = — 9. 


2. In an equation having roots rational, real, and 
unequal, 6? or < 4ac, numerically. 
If 6? =144,6=+12. 
If 4ac = 140, ac = 35. 
Hence, a = 5, and ec = 7. 
Whence the equation, 52? + 122 = 7. 


3. In an equation having roots surd, real, and unequal, 
6? > or < 4ac, numerically. 
If & =36,b6=+6. 
If 4ac = 100, ac = 25. 
Hence, a = 5, and b = 5. 
Whence the equation, 5a? + 12x = 5. 


4. In an equation whose roots are unequal, conjugate 
imaginaries — 4ac > 67, numerically. 
If — 4ac = — 600, — ac = — 1850. 
If ? =49,b=+7. 
Hence, a = 3, and —c = — 80. 
Whence the equation, 32? + Tx = — 50. 
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Find the character of the roots of the following equations : 


A ey te oe, 6. 62" + jase a 

2 ae 4c 4 6, 1. 8e —@ =4¢, 

3. 8v? + 2a =—14. 8. 4o° = 62 = 3 

4, 2a" -- 42 = 30. 9. 212 a ee 
5. da? — ba = 3. 10. y — 12% — 1427 = 0, 


Roots in Their Relation to Coefficients. 
The typical quadratic equation az? + br + e=0 becomes 


Oe sis: 
a a 
ae 
yo - ry > 4ac - : 
Its roots, ____, added, = — 2 a 
a 6 ae Ve — 4ae . “ 
2a 2a 


multiplied, they =“. 
a 
Now, — ' is the coefficient of 2 with its sign changed, and 
a 


© is the second member with its sign changed. — 
a 


Hence, the principles : 
1. The coefficient of x, with its sign changed, = the 
sum of the roots. 
2. The second member, with its sign changed, = the 
product of the two roots. 


These principles established, quadratic equations of the 
typical form may readily be produced from given roots. 
1. Produce the equation whose roots are 2 and 3. 


1. Roots, 2 and 3. 

2. Sum of roots, 5; coefficient of x, — 5. 

3. Product of roots, 6; second member, — 6. 
4. Equation, 2?—5x= —6, or 2?—5z + 6=0. 
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EXERCISES. 
me, <4. ers, 4 
3. Ce pce eee 
a. 2, Fs 8. — 13,0 
4: 6, — 42. a+ 2b o — 6. 
5. 4, 3: 10. 2 oe £ —— 


Solution by Factoring. 


1. Solve 2? — 52 +6=0. 


Factoring, we have (2—8) (2—2)=0. 

Hence, we see that factoring reverses the previous process and provides 
a method of solution; for, placing z—3=0, we have z=3, and placing 
x—2=0, we have x=2. 


2. Solve 62? + 2—15=0. 


Factoring, (22—3) (3% + 5)= 0. 
Hence, 2x—3=0, 2a =3, and 2=3. 
3% + 5=0, 2x= 3, and x= — 3. 
Roots of the equation, 3, — 3. 


3. Solve 2? — 4a? — 127 = 0. 


1. Factoring, v (v?—4x%—12)=0. 

2. Factoring, 7 (x + 2) (x—6)=0. 

8. Hence, 2=0; 4 + 2=0, and xv=-—2; x—6=0, and a=6. 
4. Roots, 0,—2, 6. 


4, Solve 2? —1=0. 


1. Factoring, (x—1) (2? + 4+ 1)=0. 
2. Hence, x—1=0, and x=1; 27+ 2+1=0, and z= 


3. Roots, 1,-1+V—3 
2 
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5. Solve a* —1=0. 
Factoring, (27 + 1) (@*--1) = 0, 
Factoring, (27. +4) (2 +1)(2— 1) =@ 


Hence the roots x= +UV—1,x=—1,r7= +1. 
EXERCISES. 

Solve : , 

Loe ie + 12 = 8. 

a. eo Br 10. = 0: 

3. 27 — a — 20=0. 

4, 2? +162 + 24 = 0. 

og She oe eo, 

6. 2° — 142*— 5lz = 0. 

1, oe Bae 

5. 2 eG, 

9. te ad ee Oo, 


a 
Le 


. Loe + Sor: Sie 18 = 0, 


Ratio and Proportion. 


The relation which the numerator of a fraction bears to 
the denominator of the fraction is called Ratio. 
The fraction 3 expresses the ratio of 3 to 4. 


The ratio of a to 6 is therefore expressed by the fraction : ; 
also, the form a@:6is common. a is called the antecedent 


of the ratio, and 6, the consequent. 
Obviously, ratio cannot exist between two quantities of 


different kinds. 
A proportion is an equation expressing the equality of 


two ratios. If we assume : BS : the expression of equality ] 


is called a proportion, and the terms a, b, ¢, d, are called : 
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proportionals. The proportion may be written thus: 
a:b6=c:d; or,a:6::e:d, and is thus read: “The ratio 
of a to b equals the ratio of ¢ to d; or, a is to b as cis 
ee 

The first and last terms of a proportion are called extremes ; 
the second and third terms are called means. 


The proportion a:b =c:d is also : a : Reducing these 
ad be 


actons to a common denominator, we have — = 

bd bd’ 
Since the two fractions are equal, and the denominators are 
equal, the numerators are equal—that is, ad=bc. But 
a and d are the extremes, and 6 and ¢ are the means. 


Hence, we have the fundamental principle of proportion : 


The product of the extremes equals the product of the 
Means. 


No four terms are proportional unless, when arranged as 
means and extremes, they conform to the foregoing principle. 
If any one of the terms of a proportion is wanting, it may 
readily be found as follows : 
If 6, 8, and 9 are the first, second, and third terms of a 
proportion, what is the fourth term ? 


1. Making x the fourth term, 6:8=9: 2. 


2. Using principle, 6x =72. 
3. Dividing, x =12, the fourth term. 
If the second term be wanting, as in 6:2=3:7, we have 
3x = 42 
x =14, the second term. 
In general, if a:b = €:2, Again, if a@:x = e:d, 
then ax = be, then ad = ca, 
and t= ca and t= ad. 


a Cc 
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Hence the formule : 


Product of Means 
Given Extreme 


(A) Required extreme = 


a Product of Extremes 


(B) Required mean Guat, Mean 


When the means are equal, either mean is called a Mean 
Proportional between the first and last terms, and the last 


term is called a Third Proportional to the first and second — 


terms. 
In the proportion a:b=6:c,6is a mean proportional 
and c is a third proportional. ; 
In the proportion a:6=c¢:d,d isa fourth proportional. 
Assuming, @:h = bigc. 
Using principle, b? = ac. 
Extracting square root, b =V ac. Hence, a sec- 
ond principle : 
A mean proportional between two quantities is equal to 
the square root of their product. 


Assuming, ad = be. 
oa ad __ be 
Dividing by 6d, ce > 
ae peat 
Cancelling d and 5, ta 
Changing form, a:b=c:d. Hence,a third prin- 


ciple : 

If two pairs of factors give equal products, either pair 
may be made the extremes of a proportion, and the other 
pair the means. 

A proportion, as a:b=c:d, is subject to six important 
transformations : | 
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I. Alternation, by which the means exchange places ; as, 


gee =): d. : 
Proof. 
Assume 1. a@:0=c:d. . 
then 2. ad = be. 
and ‘/38. a:c = b:d. 
Il. Inversion, by which each antecedent and its conse- 


quent exchange places; as, b:a=d:e. 


Proof. 


Assume 1. a:6 = ec:d. 
then 2. ad = bc. 
anu 6 &. Oot) = dd: c. 


‘hie Composition, by which a:a+6=c:¢e+d,ora+b:6 


=e+d:d. 
Proof. 
Assume 1. a:6=ce:d. 


then 2. ad = be. 
and 3.act+ad=ac+ be. By adding to ac. 


also 4. a(e+d)=c(a+ bd). 
& @:4¢+60=—0:c+'d, 
That a+b:6=e¢+d:d, may be proved similarly. 


TV. Dwision, by which a—b:a=e—d:c, ora—b:} 
=—e-—d:d. 
Proof. 


Assume 1. a:0=e:d. 


then 3. ad = be. 
and 3. ac— ad =ac-— be. By subtracting from ae, 


also 4. a(c — d) =c(a— Dd). 
and & a- b:a=c-—d:¢. 
That (a — b):6 = (e — d):d, may be proved similarly. 


V. Composition and Division, by which a+ b:a—6= 
oo aso —.d. 
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Proof. 
Assume lo a:0=e:d. 


Ceo. oe ee 


a c 
me 6 ee By division. 
a Cc 


then 2. By composition. 


also 4. si : = “ Dividing (2) by (8). 


and §&at+6b:a—-b=ct+d:ce-—d. 


VI. Summation, by which, if a:b =c:d=e:f, ete., then 
a:b=a+ct+eete.:b+d+/f, ete.—that is, any antecedent 
is to its consequent as the sum of all the antecedents is to 


the sum of all the consequents. : 
Proof. 
Assume (1) a:b=c:d=e:f, ete. 
then (2) ad= be. 
af = be. 
ab =ba. 
and (8)a(b+d+f)=b(at+ct e), 


Wherefore (4)a:b=a+ct+e:b+aif. 


QUESTIONS. 


1. What is the fundamental principle of Proportion ? 

2. What is the second principle of Proportion ? 

3. The third principle ? 

4. On what two principles does the proof of Alternation a 7 

5. On what two the proof of Inversion ? 

9. What axiom is used in proving Composition? What law? 

7. What in proving Division ? 

8. In Summation state the principles for (2) and (4) ; the law for (3). 


9. Give the Axioms; also the Principles and rules of Common Frac- 


tions applicable in Proportion. 
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As the ratios of a proportion find original expression in 
the fractional form, the general principles governing frac- 
tions are applicable to ratios. 


Observe carefully the following propositions and the proof 
pertaining to each. 
; Proposition I. 
Ifa:b=c:d, andc: f=g:h, then ae: bf=cg: dh. 
Proof. 


a _¢, (9) &_9, 
ee es 


ae _ cg, ae : 
(3) Ae ae by multiplying (1) and (2) 
Wherefore (4) ae: bf=cg: dh. 
Proposition II. 
é : 
If a:6 =c:d, then a": b* = c": d” and 
Va:V b=Ve:Vd. 


Proof. 


Wherefore (8) a”: b"%=c": d". 
That (4) VYa:Vb: =Ve:Va may be proved similarly. 


Proposition III. 


If a:b =e: 4d, then ma: mb = ne: nd. 


Proof. 
S.,2. me Oe. 
ee oe nd 
Wherefore (3) ma:mb=nc: nd. 


That Ay Sk a may be proved similarly. 
m n 


n 
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Proposition IV. 


If a:b =e:d, then ma: nb = me : nd. 


Proof. 
OY a he pid gM ae 
(1) b a (3) nb nd 
Wherefore (8) ma:nb=me: nd. 
That (4) 2: Se may be proved similarly. 
mmm n 


Proposition V. 
Ifa:6=6:¢, then a:¢ =a’: &. 


Proof. 
a 6 ao oe oe 
oo (eV eo ee ee 
Vota Se 
tae - By cancelling, 
eC : 
Wherefore (4) a:c = a’: BD (duplicate ratio). 


Proposition VI. 
If a:6=6:¢=¢:4, thn a:d=-aie: 


2 ¢ 
a 
cae Gog 
(9) 9x0 6 ela a 
be Ee Ce ee 
3 
ge 


Wherefore (4) a: d = a?®: 6 (triplicate ratio). 


EXERCISES. 
1. In the following proportions find the value of 2: 


Le et se 168, 4.a—1l:a=2:2". 
2. 2:3 Peie. 5. 3y: 6y = 6y 3a. 
3. whee = a + ab. 6. l:a=—are 
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2. Find a fourth proportional to : 
a ey ey, Dory. 
3, 5, and 42. 
18, 14, 1. 
45, 68, 90. 
Ba Oo, 0c — d, a. 
me }) ta 9), 07 + abt 6, a — 6. 


3. Find a third proportional to : 


a al ins 


1. wy, ry: 3. a, a + 6, 

a. De. Maughan 
4, Find a mean proportional between : 

Loe, y", 3. 1267’, 36%. 

m, 20°, 8a. | 4, 2727y', 3y. 


5. Write the factors in the following equations as pro- 
portionals : 


by ab = cd. VB. i eo. 
2. vy = yy’. 4. ab? = a'd. 
Solve : 


1. 7+e:12+e=5:6. 


Process. 


get? + oe) = 6 12 + 2): 
9. 42 + 62 = 60+ 52. 
Se Lt = 18. Ans. 


moe 4 4-13: 5. 

eee soe + 2 =e — 1:72 + 1, 
4, 0? —4:a?@—9+3=24+2:2%4+3, 
5. £4+Va:4—-a=2:Va-—2a. 
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6. pet ge or 
S y= oe — yt G 
7. @—12:y¥+3= 22 —19:5y—138 =5:14. 
g @ unre ae | 
ota = oh (a* +6") 
eed daha 
e+e ie —y = 14:18. 
Vetl+Vea—1_4e—1- 
Vetl—Ve-1 2 


Suggestion.—Use Composition and Divisions. : 


10. 


PROBLEMS. 


If a:b =c:d, prove hate 
Bot 
If a:6 =c:d, prove that a? :¢ = ab: cd. 
If a:b =c:d, prove thata+c:b6+d=a'd: b’e. 
If a:b =c:d, prove that b—a:b=d—e:d. 
If a:b =c:d, prove that 7:0 =@+¢:0+a@. 
6. Find two numbers of which the greater is to the less 


SS 


as their sum is to 42, and as their difference is to 6. 

a. Solve e?—2-2:2—-2 = 427+ bc —- 61 bee 

8. Find two numbers whose sum is 14, and whose prod- 
uct is to the sum of their squares as 10 to 29. 

9, Find a mean proportional between 3,5 and 3. 

10. The product of two numbers is 96, and the difference 
of their cubes is to the cube of their difference as 19 to 1. 
Find the numbers. 

11. The older of two boys is twice the age of the younger ; 
if the age of each be increased by 20 years, their ages will 
be as 4 to 3. Find their ages. 
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Arithmetical Progression. 


An Arithmetical Progression is a series of numbers that 
increase or decrease by a common difference, as 7, 10, 13, 16, 
29) 22; or, 12, 104, 9, 74, 6. 

The common difference in the first series is 3; in the 
second it is 14. The numbers constituting a series are 
called its terms. 

Two principal cases arise: (1) To find any term of a 
series ; (2) To find the sum of the terms of a series. 


1. To Find any Term. 
1. Find the 6th term of the series 7, 10, 13, ete. 


‘The common difference is plainly 3. 
The Ist term = 7 
Poo 2d wre = 746 X 1 or 2 — 1, 
The 3d term =7+3X2o0r3—1. 
The 4th term =7+3X3o0r4—1. 
The 5th term =7+3X4or5—1. 
| The 6th term = 7+ 3 X 5 or 6—1. 
That is, each term = the first term + common difference 
X by the number of the term less one. 
2. Find the last term of the progression a, a + d, a + 2d, 
a ae d, the number of terms being n. 


1. The common difference is d. 
2. The coefficient of d in any term is one less than the number 


of the term. 
3. Hence l = a+d(n-—1). 
EXERCISES. 
1. Find the 50th term of the progression 1, 4, 7,10,13... 
1. a = 1, d = 3, n = 50. 
2. Formula, / = a+d(n-—1). 
3. Substituting, 50th term = 1+ 3 (50-1) =14+3 x 49=148, 
Ans. 
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2, Find the 20th term of the progression 60, 57,54, 51... 


1. Formula, /=a+d(n-— 1). 
25 a = 00, @= + 3, nm = 20. 
3. Substituting, 20th term = 60 — 3 (20 — 1) = 60 - 57 = 3. 


Ans. 


3. Find / in each of the following series : 


Ro ee a { being the 27th term. 
BO Rr gs eas [8 
We Se ee tL & “76. 
me ee ee ea Oe L & 6 Joo 
i ey ae A a { € & 2 


To Find the Sum of the Terms. 

1. Find the sum of the series 1, 3, 5, 7, 9. 
1. The series is lL, 8 6 ae 
. Reversed is 1, 4, 0 ee 


. Twice the sum is 10+10+10+10+ 10 =10X6. 


4 
3 
4. Once the sum is ee 
5 


. 10 is the sum of 1 and 9, the first and last terms ; 
5 is the number of terms. 
That is, the sum = one-half the sum of the first and last 
terms < by the number of terms. | 


2. Kind the sum of n terms of the series a, a+d, 
AT. : : 
1. The sum of the series a+a+d+a-c4t 2ad + 


aE a 1. 
9. Reversed is?! +1—d +1— 2d +1—8d a. 4 
8. 28S=ar+liat+liatliacl...... ath © 


=(a+l)n. 
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4. $=" "xn, (Formula), 


EXERCISES. 
1. find the sum of the series when the first term is 5, 
the last term 50, and the number of terms 10. 


1. gins 5, 2 = 50, n = 10. 
Lett. 8s S 
; 2 


“x 10 = 274 « 10 = 275, Ans. 


@. ©2ne the last term and sum of 9,5,1...... to 100 
terms. 


1. The formula, /=a+d (n — 1). 
S.4a—9,d=—4,n=100. 
3. The 100th term = 9 — 4 (100 —1) = 9— 896= 


— 387. Ans. 
©. formula, S= aa <n. 
Se inline, 83" ae x 100 = ee x 100 


= — 18900. Ans. 


3. Find the last term and sum in the following series : 


ee ee ieee a 20 terme, 
Eee a buy a a ee ee ee 
Me ae fee, 
a a vO 8 ee, 
eee a te Se cere, 
Mee 1G 25, ee eS le 100 rer: 
Bee, ea BOD terms, 
Bee eee, ee ee ee ters. 
ee AO a ee be, 
Re Oe a Se @ borin. 
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From the two fundamental formule, / = a+d(n—1) 


an nd S=22* xn, formule for finding a, d, and n are 


readily found. 
Since l=a+d(n—1), ; 
By transposing, 1. a=i—d(n— 


By transposing and dividing, 2.n—-1l= : . = 
By multiplying and dividing, 3. d= ba - 
i 


By this last formula we can insert any required number 
of means between a and J. 
Insert a mean between a and J. 


1k tee 
n—1 
on = 8. 
fe he 
a= 
. 44 Oe 


l-—a atl 


4. Hence, a+ , OF is the mean. 


5. And a, oes ¢ is the series. 


That is, the arithmetical mean between any two terms equals 
one-half their sum. 


Since S = a7. x 


. e e oe 28S 
By dividing, Los 7a - 
; ° ° . a sigs L 
By multiplying, transp. and dividing, 2. a= = ve 
e e J 2 vo 
By multiplying, transp. and dividing, 3. (= os 


ut) 
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Hence, we see that when any three of the five terms, a, /, 
d,n,S, are given, a formula is producible for finding the 
remaining two terms. 

The different cases that may arise are shown in the fol- 


lowing 
/ 
TABLE. 
No. | Given. paksova, Values of the Unknown Quantities, 
lia,d,ni tl, Sl=at+(n—1)d; S = in (2a + (n — 1) a]. 
2la,d,un, 8 Bee Cig ee ete) 
9 7. ? ? 2d 
3 a,d,S| n, lin= oa a = Ve — 2a)" + dS. l=a+(n—1)d. 
Pea SadiWsintath:;:  d=-'=2 
n—1 
Saas d, 7 ig 28a). PAe og, 
n(n—1 n 
Oe 28. (1 +a) (t—a) 
6 ja, l, Sin, d ln = ——; d= 
: ares (38 ad 
7 \d,n, a, S ja=l—(n—1)d; S= in[— (n-1)d]. 
ae ee on 2n 
9 |d, Si n,ain = Mts ViN+ dy 8d8. 7 _ (n-1) 4. 
3 3 od ? 
10 |n, 7, S| a, a aunt: ae fod adored @ 
n n(n —1) 
J 


In the above table there are four different formule for 
finding the value of each of the quantities, a, d, /, n, S, and 
the pupil should have little difficulty in reproducing any one 
of them. In fact, he should not be allowed to use a formula 
in the solution of an exercise or a problem until he has first 
explained the derivation of the formula. 
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EXERCISES. 

1. Given d, /, and 7 to find a and S, with 
G=216 7 w= 
No. 7 in the table applies. 

1. G=6-%- Hd. 

2. a = 76 — (20 —1)3, 

oe &@= 76 — 57,= 19. 

1. S = In [2l — iy a). 

2. S = 42[152 — (19) 3]. 

8. 8 = 10 [152 — 57] = 950. 


2. Given J, d, n to find a and S, with 1=67,d=.— 
n=17%7, 

3. Given a,d,n to find / and S, with a=68; d=« 
n= 12, 

4, Given d, l, 8 to find @ and n, with d=2,1/=21, 
S = 120. 

5. Given a, n, S to find d and J, with a = 3,n = 15, S=90. 

6. Given a, /, 8 to find dand n, with a = 74, 1=— 3, S= 
— 24, 

PROBLEMS. 


1. The greatest term is 70, the common difference 3, and 
the number of terms 21. What is the least term and the 
sum of the terms ? 

2. Insert 9 arithmetical means between 2 and 5. 

3. Find the expression for the sum of the natural numbers 
1, 2, 3, . << . Trom1 to n, meciusively. 

4, A laborer agreed to make an excavation on the condi- 
tion that he was to receive $2 for the first yard, $2.50 for the 
second, $3.00 for the third, and so on. If he received $42.50 
for his labor, what was the extent of the excavation ? 


GEOMETRICAL PROGRESSION. ot] 


5. Four numbers are in arithmetical progression ; the 
sum of the least and greatest is 46, and the sum of the 
squares of the other two is 1060. Find the four numbers. 


Suggestion.—Let x — 3y represent the least number. 


6. Oné hundred stones being placed on the ground, in a 
_ straight line, at the distance of two yards from each other, 
how far will a person travel who shall bring them one by 
one to a basket placed at two yards from the first stone ? 


Geometrical Progression. 


A Geometrical Progression is a series of terms in which 
any term is equal to the product of the preceding term and a 
factor which is constant throughout the series, as 4, 8, 16, etc., 
whose constant factor is 2. The constant factor is called its 
common ratio. 

Two principal cases arise: (1) To find any term of a 
series ; (2) To find the sum of the terms of @ series. 


1. To Find any Term. 


1. Find the 6th term of the series 2, 4, 8, 16, ete. 
The common ratio is 2. 


The 1st term = 2 « 2°, 
ao term = 2° 2. 
ma term = 2 x 2. 
4th term = 2K 2°, 
pen term = 2 x 2. 
Ot term == 2 oP = 2 x 28 = G4, 


_ That is, each term = the first term < by the common 
ratio raised to a power whose index is one less than the 
_ number of the term. 
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Find the last term of the progression @, ar, ar? ar’, . . . 5 
the number of terms being n. 
1. The common ratio is 7. 

2. The exponent of 7 in any'term is one less than the number 


of the term. 
3. Hence, ? = ar*—|, 


EXERCISES. 
1. Find the 9th term of the series 1, 2,4, ...-.- 


1. Formula, 7 = ar’. 
2.a= 7 = 2,2 = 9. 
B.4 = 1 x Pt = 1 KO ee 1 x O58 & oa 


2. Find the 7th term of the series 3, 2,4,..... 


1. Formula, 2 = ar™—. 
2a=-3,r=32,n=7. 
B. 1 = 3x (J = 8x (P= 8 x fy = HE = A 
Norr.—The common ratio may be found by dividing the second term 
by the first. 


Find / in each of the following series : 


1.3,6,12. ........ .,¢beme tie ge 
2. 256,128,64.. ....,4 “nn 
8. 64,32,16. ...60...,0 ©) 3 
4. 2,0 ,0° , 00. ch re 
B 44,3 ....... .,6) % oer 


To Find the Sum of the Terms. 


1. Find the sum of the series 2, 6, 18, 54, 162. 
1. The ratio is 3. 
2. Once the sum is 2+ 6+ 18 + 54 + 162, 


8. Three times the sum is 6 + 18 + 54 + 162 + 486. 
486 — 2 


4. Twice the sum is Obtained by subtracting once the 


sum from 3 times the sum. 
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That is, the sum of a geometrical series is found by multi- 
plying the last term by the ratio, subtracting the first term from 
the product, and dividing the remainder by the ratio less one. 


2. Find the sum of » terms of the series a, ar, av?... 
may. 
1. Once the sum of the series is@+ar....+ ar + ar, 
2. 7 times the sum is ar + ar? + ar?.... + ar™! 4+ ar. 


3. (7 — 1) times the sum is av” — a. Obtained by subtracting 
once the sum from 7 times the sum, 


ri 


4. Once the sum, or S = iat 
Ti 
EXERCISES. 

Find the last term and sum in the following series : 
ees 8 ee. eB terms. 
ef ee ee. S010 terms. 
Me te ey ee. te 6 terms. 
ee er.) eto. 7 tem. 
ee ky ec Ab Od) fetes: 
Ge ks. tO: 8 tent 
ee ey ew. So tO 6 berms, 
ee eee ey ee soon term 
ee he a tO 10 terms: 

10. oe 3. oo ee 


From the two fundamental formule, 7 = ar™' and 


S= . ae formulee for finding a and r are readily found. 
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3.7 = ne 


By this last formula, we may insert any required number > 


of means between a and l. 


Insert a mean between a and J. 


n—1[7 
lLr= £. 
a 

2, nr oe 3, 
mG 
3 f= ye 


va ~— . 
4. Hence, a x NE or 1 or Val is the mean. 


5. And a, Wal, 7 is the series. 


That is, the geometrical mean between any two terms equals the square 
root of their product. 


lr—a@ 
pee: 
1. Sr -S=& — a. 
2. Sr —r¥=S— a. 
3. r(S—l)=S—a. 


Since S = 


S—a 
Ue le . 
(oy 
In like manner, 7 = Sr —S+ a 
r 


Hence we see that when any three of the five terms, a, J, — 
r,m, S, are given, a formula is producible for finding the ‘ 
remaining two terms. ; 

The different cases that may arise are shown in the fol- ; 
lowing 
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TABLE. 
No. | Given |Unknown. Values of the Unknown Quantities. 
Pia7,n\ 4. 8 l= ar; s- 2 —4 
r—l 
at i en — 
i ay ee A) ee 
3 ir, n, S| a Pee eg i te 
: rr — 1 ge 7 
ca n—1 {7 Gree n—l 
£10a,7, tr, S \r= wae VF— Var 
a n—l n—1 
Vi- Va 
5 |a,n, S| 4, Pie 8, 2 O78. Te ae aint 
: a a 
8 é r—. r— 
8, or, @ oc ar eile ary a(S —a)*!=1(8 — fy. 
7 a,7, | Sn eee yee eee Ly 
r—1 log. 7 
ae — log. a 
8 ja, 2, 8 eae o. log. f S: 
ae rT; POET ad bas log. (i a) log. (sg 7) 
9la,7,S\ 4 n y= 2+ (r — 1) S. pe log. [a+(r—1)S]—log. a 
, log. 7 
10/7, 7, Si a, n |a=r—(r-1) 8S; n= log. — “8 i Nahr i 
0g 


Norre.—Nos. 7, 8, 9, and 10 require a knowledge of logarithms to obtain 
the value of n. 


EXERCISES. 
1. Given a, n, / to find 7, S, putting a=1, n= 4, 1 = 64, 
No. 4 in the table applies. 
n—1 
3, r= ye 
a fs 


8r=V/84 = 4 =4, 
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Vi- va 
g.'g_ VOB a VE | 6-1 
va Pl ae 


2. Given a, 7, n, to find / and S, with a =4, r = 2, n=7. 

3. Given /, r, n, to find a and 8S, with 1=128, r=2, 
n=7, 3 
4, Given a, 7, 1, to find n and 8, with a=1,7=3, 
{= 81. 

5. Given a, r, n, to find J and S, with a=1,r=8, 
=p. a 

G6. Given a, n, S, to find 7 and r, with @=10@ =o 
8 = 1300. 

7. Given a, 7, n, to find J and S, with a=1, r=4,n=8. 

la=1,r=34,n = 8. 


8. Given 3, — 2, 4, to find J and S, with n=6. 
9. Given — 4, 4, — 4, to find / and S, with n=7. 
10. Given a, r, n, to find 7 and S, with » = Infinity. 


4, L — ar’, 

2. r being less than 1, and 7 being infinitely great, 7"—' becomes 
infinitely small, or equal to 0. 

3. ar™ =axo=0, 


Hence 4. / = arv”-! = 0, 


es 7% 
1. S= e a ‘ (formula for decreasing series. ) 


2. S= ' ‘ = mie the formula for finding the sum of an 


infinite series. 
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11. Find the sum to infinity of : 


Process. 


2. 60, 15, 
P44. 

4. .9, .03, .001, 
Pe 4. 

6. .407 or .407407 


Process. 
Be ei407 . = tou t+ zystbo0 ++ +, and r= qyyq- 


a 
ee an food — 407 1,000 == 407 
2. S 1 1 ee ot ad Ny ~~ 999° AnS. 
r T000 


PROBLEMS. 


1. Find the geometrical mean between 3 and 48. 
2 = Vad = V3 x 4 = V14 =.12. 
2. The series is 3, 12, 48. 


Find the mean between 5 and 405. 
. Find the mean between 14 and 3S. 
4, Insert three means between 1 aid 81. 


ak 


n—l I 
1. Formula 4, r = 


3. Means, 1 x 8 or 3, 3 x 3 or 9, 9 X 3 or 27. 
4. Series, 1, 3, 9, 27, 81. 
5. Insert four means between 160 and 5. 


n—l], 
1. Formula 4, r = V- 


5 5—- 
oe ae es i 
2. r= Vag = Ver = t- 
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3- Means, 160 x 4 = 80, 80 x 4 = 40, 40 x 4 = 20,20 x 4 = 10. 
4. Series, 160, 80, 40, 20, 10, 5. 


6. Insert three means between 486 and 6. 

7. Insert six means between 56 and — 7%. 

8. Insert two means between x’ and y’. 

9. Find the series in which the sixth term is 20, and the 
tenth term is 320. | 

10. The fifth term of a series is 48, and the eighth term 
is — 384. What is the first term ? 


11. If 6 is the fourth term of a series, and 1536 the 
twelfth term, what is the sum of the first eleven terms ? 


12. Find three numbers in geometrical progression whose 
sum is 14 and the sum of whose squares is 84. 


13. Find the sum of 3,4..... to infinity. 


14. The sum of an infinite series is 2, and the sum of the 
first two terms is 34. ind the series. 


15. Find the geometrical mean between ¥ a’x and Vaz. 


16. Find the geometrical series whose sum to infinity is 
41, and whose second term is — 2. 


17. What debt may be discharged in twelve months by 
paying $1 the first month, $2 the second month, $4 the third 
month, and so on, each succeeding payment being double the 
last ; and what will be the last payment ? 


18. A man bought 10 bushels of wheat on condition that 
he should pay 1 cent for the first bushel, 3 for the second, 9 
for the third, and so on to the last: what did he pay for the ~ 
last bushel, and for the ten bushels? j 


= ei a ga 
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Binomial Theorem. 


The following identical equations are easily obtainable by 
actual multiplication : 


(a + 2)? =a? + 2ax + 2’. 

(a + ey = a® + 3a*%x + 8az* + a. 

(a + x)= at + 4a%e + 6a72? + 4aa? + at. 

The law of formation of exponents and coefficients is very 
obvious, and may be expressed thus : 


(a+) = 4 Sate + 28 artes +5 == at 34. 
ce. a 


Letting 7 represent any positive integer, and substituting it for exponent 
4, we have 
(a+ 2)*=a" + na™— x + nin=1 ) qr—g2 + 2 (n—1) (n—2) ore. . 

z. 2.2.8 

If we now multiply this last equation by (@ + x), we shall find that 
nm +1 will have taken throughout the place of n. Hence, we conclude by 
induction that if the theorem be true for any value of n, it is true for the 
next higher value of n. Now, since the theorem is true when n = 4, it is 


true when n = 5, and so on continuously. 


If we examine attentively the expansion 
| a4 
ay =a" + nee + - ao ) a ‘ 


we shall find four distinct oy ae in every term : 


1. The sum of the exponents is n. 

2. The exponent of is one less than the number of 
the term. 

3. The numerator and denominator of the coefficient 
have the same number of factors, the factors 


of the numerator beginning with n and dimin- 
15 : 
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ishing by 1; the factors of the denominator 
beginning with 1 and increasing by 1. 

4. The last factor of the denominator is the same as 
the exponent of a. 


EXERCISES. 
Expand : | 
4. {a+ 6 6 ( 1 
. (a Des 
Ks 
a. te + Oy , fe Coa 
ee 
3, (a oy. 8. (24 + A 
4. (a + 4). 9. (20 — By) 
a 9 
5. (« ae 2), 10. (vy a 7 


Assuming (xy + A = (m+n), we have (m + n)® = m® + 9m8n + 
36min? + 84m'n> + 126mion* + 126m4*n® + 84m n® + 36m2n™ + Imn8 
+ 0, . 

Restoring, we have 297° + 9a8y8, @ + 36z'y/7. ae etc. = xy? + 9aby'a 
+ 362'y'a?, ete. i 

Write and reduce : 


1. The fifth term of (a + y)” 


1. Literal part, a®y*. 

2. Last factor of denominator, 4. 

3. Denominator, 1.2.3. 4. 

4. Numerator, 12.11.10. 9. 
12511 .10.8 , 


e ifth te = & SoA, 
5. Fifth term, , ea eee 95a8y 


2. The sixth term of (a — 3y)*. 


bo 
bo 
~I 
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ll 
3. The eighth term of (1 — A : 


a 


4. The seventh term of (3 — 6)’. 


10 
5. The fourth term of (4 + ‘| . 


. 


12 
6. The ninth term of (22 — 4 . 


Ho 


Why is the ninth term the only one independent of a ? 


General Review. 
1. Simplify : 


1 . . GC 
‘(2a +b one Fs 2ab 


eo Re 
ae ae 2 2 
2 y RE. 
eae | eae) 

y 64 


3. a — [5b — {a — (5c — 2c — b — 4b) + 2a}}. 
4. a—{2b+1—(c+ 2a)+3—[b+4—(3a—b+0)]}. 


a—b— 205 
x a+b 


eam a AO) ab 
ee ay 
Bee | 2) + 3a — (96 — 24 — a +b + 2a) 6 — Sa}. 


oe x tg 
a )+ — } 
ot, 2 fie x 


9 ea 


at — x? a? — x? 
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10. 


fe a 


12. 


13. 


14. 


15. 


16. 


Ei. 


18. 


19. 


20. 


Factor: 
oh. 


22. 
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eee 
b 2 aN 
ee e+e 
ee 


oe by ~ o-oo ee a0 ee 


ey gt __a-Vayty 
v+Vayty a 


xv 


a — {— 2a —[— 3a —(— 46 -- 6a = ee 


sa +b” 8a:— 6 
2a —b 2a + 6 
me 
4a? — 6? 
a l|y—2(e—y — 22) + or oe 


Cee eo ae 
aba a+b 
a? — b 
4a7b? 
3a — {5a — [4a — (6—a)|— 6} —( ee 


Le i 1 ae 
e: Cak aes C2: @€e 


ae ab i ae 
afa+b)  * (a+b 
b (a — b) ee OF 
a+ y—{—Qy + 3e+ By -2+ ye 


8a? — b3, at + a®b? + bt, 6m? + Smn — 6n’, 


92? —4, ab + be — b? — ae. 


23. 


24, 


25. 


26. 


27, 
28. 
99. 


30. 


Solve: 


31. 


32. 


33. 


34. 


35. 
36. 


37. 
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Qac — 3bd — 6be + ad, n®? + 2n — 80, a® — 64, 
7 soo ee. 

Be 1005 ae tae, ae ee a, 
ae ed, 

mae +e ie Ola Oe, ee 
ary —- ay. 

ee oe oy, oa 0G + 28, oe 
Be ae > oe". 

Be Oe 0G, 1 to 7 ee, 64 88 or" — 0", 
ae oy Sy : 

oe ee, be a 1, ot det dot 0, 
Sr amy ay at, 

55a? — a — 2, 256 — a8, at — 8a? + 1, 2° + 9’, 
m — m? —m +1. 

ee a Go" + 10a, a > Se 1 yo? 88, 
oe att 2b: 


e+6 2% —18 2%+3 3a +4 
uae she. == Hl + —-____. 

11 3 4 . 12 

1 2a _ 36 + 4a? Roy Or ee 

e.g 6ab a 6ab 

Peo. oes 

ey 7 2 

ee | + nee | i aaa 

Pee a Oe b, ——i==@€ 

ey a o. e 


cx + by = 8be, 2bx + ey = 2 (6? +c’). 
abz + cdy=m, ay —cr=n. 
aes 


per oF ae 
ee = y 
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38. 
39. 


40. 


41. 
42. 


43. 
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: Mie ” ape 

oe ay 2a — 3 (x — 2y) = 
Zeta 2a—2_3e—b 

6 a b 

ee iG 

oe a =(a+a2)(6+2z)—a(b+e). 
bbe ts ee 
ey Ca a8 
Sabe ae 

by oe 


Find the G. C. D. of: 


44. 
45. 
46. x 
47. 
48. 
49, 
50. 
51. 


a” — 4¢ + 3 and 4a° — 9a" — lio + ee 

a’ — 5a + 6 and a? + 3a — 18. 

5+ 5a’? + Ta + 3 and 22° + 120° + Zoe 
GL ande 1, 

Az* + 2a + 4a7 + 39a —9 and 8a + 2002+ Bla +9, 
5x* + Qa? — 15a — 6 and — 72° + 427 + 21z — 12. 
1+a-+a— a’ and 1 —a*—a’+a’.. 

ta + La*b? — 4b and ta — 3a%b?+16, 


Simplify : 


52. 


53. 


54, V 502%, Y 54a7b4, o 2) 
wv 


V75+V48 
V 27 
(V ab?) (% «2b*), \ Be -~+aV12b— V 36%. 


V ab — 2ab? + b3, 3 V2 —2 VL, 


az 
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"12805? [1 6a%y? 
55. ical 
N ois 8124 “1 327 
56. a, 5 V 40% + 4ab? + 8, 2V 1602bte i ee 
Vax Wa. 


57. Va — Qa’y + xy’, 5 V 3, V 8a°b*, V ab — , 
(16a‘b® — 8a°b*)?. 
ee by (“ ths i) 
(ato | V by’ Vena 
( W(x—y)' } 
Ver tay+y? 


62” n 
59. Vb, Vv int n®, ane = le 


60. Ne 4 J 5 (V2+1) (V2—1). 
Solve : 

61. 2? + 38ay = 28, vy + 4y =8. 

62. 150° +22 =8. | 

63. 2? + xy =12 and zy — 7’ = 2. 

64. 32? — 1lx = 70. 

oO. 2+7=—91,2 —ayt+y= 13. 


4. ae 


67. 227 + 38ay = 32, 3y? — 4ry = 16. 
68. 8a? + 6ax = 5a’. 

69. 2? + ay = 15, vy —y’ =2. 

70, 627-122-108. 

71. 2? — 9? = 83, cy +y =F. 
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72. 2? + 8xy = 27, 3y? + Qry = 24. 

73. 2xy — 2° = 16, day— y’? = 5. 

14. c—y =38, xy — vy’ = 80. 

15. aba? — (a? + &)a + ab = 0. 

76. 2+ y= 8ay, 2+ 7 = 342’y’. 

TT. 32? — Sav = 112d’. 

16.07 - op ty = Ot, oh ee 
Multiply : 

19. om + 09h" + 6” by a® +a 70 4 ae 

BO. a" +2") by (aa = ae). 

Sl. (a + ate a) by (20° ae 

8Z. (a — a®a* + a’a™ — a") by (Sa" Fee 


Divide : 
ge ca 
83. eA +1} 


es: ea a 
84, 90-1207 +44 4a? +7 by 3a" 2a se 
85. @(yt2z)—yY(e@i2zgteety+emne 
So. ey by wt + yf. 

Solve : 

87. V2e +3 -V 2e —2=V 8x — 23. 
88. Va +a+Ve+V2e—a=0. 


89. ¢V2e—2M res. 


90. 7 4.%4 4/22 4/42 _ 2a, 


91. V2r7 —-14+V2%r+1=8. 
99. W/r—V4e—11=—1, 
93. VP +2—Ve—x=a—b. 
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Mo Vet live 2S oe +8. 
95. xt — a? = (a — b)*. 


Find the square root of: 
Be. ih — oer + 240" — Ba" + 2". 


2 
97. a? +0? + + 2ab ———— =. 


98. 4—12¢ + 5a? + 262? — 292* — 102° + 252°. 
4 


2 


2 
Oe..g'— a + + 40-2 + 
4 a 


1 


Va 
100. a ae + da tof 
Abi 1G 


101. 4a? — 4a? + a? — 1203 + 6a! + 9a~*. 
Expand by the binomial theorem : 


LNT 
102. (20 — : to 4 terms. 
b? 6 

(20 — A to 5 terms. 


8 
104. (o _ a to 5 terms. 


v a 
105. (a? — Be to 4 terms. 


5 
106. (20 — “a to 6 terms. 


107. (2a? — 6°) to 4 terms. 


xv 


7 
108. (5 a 2) to 5 terms. 


Write and reduce: 
109. The third term of (x — 3y)". 
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110. The fifth term of (82 — 4)”. 
111. The twenty-first term of (2 — a)”. 
112. The middle term of (1 + 2)’. 


PROBLEMS. 


1. The per cent. of gain made by selling a horse for $144 
equals the number of dollars which the horse cost. Find 
the cost of the horse. 

2. The area of a certain rectangle is 2400 square feet ; 
if its length is decreased 10 feet and its breadth increased 
10 feet, its area will be increased 100 square feet. Find its 
length and breadth. 

3. Given a number of three digits such that the first digit 
is one-third the last and the second twice the first. If 396 is 
added to the number, the order of the digits is inverted. 
Find the number. 

4, A number is expressed by two digits whose sum is 12; 
if the digits are interchanged, the resulting number is less 
than the original number by 36. Find the number. 

5. The difference of two numbers is 2 and the sum of 
their squares 100. Find the numbers. 

6. The perimeter of a rectangular lot is 220 fone and its 
area is 2925 square feet. Find its length and breadth. 

7. The sum of two numbers is 17, and the difference of 
their squares is 119. Find the numbers. 3 

8. The perimeter of a rectangular lot is 140 feet, and its 
area is 1200 square feet. Find its length and breadth. 

9. A sum of money at simple interest amounted in 8 ~ 
months to $496, and in 15 months to $510. Find the sum q 


and the rate of interest. 
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10. The difference of two numbers is 3; the difference 
of their cubes is 513. Find the numbers. 3 
11. A father being asked the age of himself and of his 
son, replied: “ Five years ago my age was two years more 
than six times that of my son, and five years hence my age 
will be twenty years less than four times that of my son.” 


_ Find the age of each. 


12. Find four roots of the following equation : 
2a* + 5a? = 207. 


13. Express the interest on p dollars at r per cent. for n 
years. 

14. The sum of two numbers is 10, and the sum of their 
squares is 58. Find the numbers. 

15. A boy is 5 years older than his sister and one-sixth 
as old as his father; the sum of the ages of all three is 51. 
Find the age of the father. 

16. Find two consecutive numbers whose product is 306. 

17. Find the cube root of xz° + 62° — 402? + 96a — 64. 

18. The denominator of a certain fraction exceeds the 
numerator by 5, and the numerator plus one-third the 
denominator is equal to 15. Find the fraction. 


19. Find the Least Common Dividend (L. C. Dd.) of 
2x23 — 3a7—a+1 and at —a°+ 2a? — 38x — 38. 


20. A sum of money at simple interest amounts in three 
years to $460 ; had the principal been one-fourth greater and 
the rate 1 per cent. higher, it would have amounted to $770. 
Find the principal and the rate. 

21. A number is composed of two digits whose sum is 


equal to four times the tens digit; if the digits are inter- 


eet 
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changed, the resulting number exceeds the original number 
by 36. Find the number. 

22. The distance between two opposite corners of a 
rectanguiar field is 17 rods, and its perimeter is 46 rods. 
Find the length and breadth of the field. 


23. Extract the square root of 75 —12V 21. 

24. Prove that if four quantities are in proportion, they 
will be in proportion by division, and also by inversion. 

25. Find the sum of the series 3, -6,12,—24.... 
to 9 terms. Derive the formula for obtaining this sum. 


2 1 
26. Solve wx —- dun + 6 =0. 
7 mivas uae 
27. Interpret the forms Fame 
28. Extract the square root of 7 —V 48. 
29. Prove that any quantity with a negative exponent is 


equal to the reciprocal of that quantity with an equal positive 


exponent. 
30. Find a third proportional to 34 and 6. 
31. Reduce to an equivalent fraction with a 


Vatb 
rational denominator. 
32. Derive the formula for the sum of the terms in 
arithmetic progression. 
Cie 8) 
6.4 (a 48) 
before the dividing line will be +. 


$3. Change the fraction — so that the sign a 


34. Simplify — : 


ati 


Cs 
3 
ae 
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39. If arise of 25 per cent. in the price of eggs makes a 
difference of 40 in the number that can be bought for 20 
shillings, how much do they cost per score ? 

36. A. can do a piece of work in 20 days that B. can do 
in 12 days. A. begins the work, but after a time B. takes 
his place, and the whole work is finished in 14 days from the 
beginning. How long did A. work ? 

37. A piece of work can be done by A. and B. in 4 days, 
by A. and C. in 6 days, and by B. and C. in 12 days. In 
what time can it be done by A., B., and C.? 

38. Divide 243 into three parts such that one-half the 
first, one-third the second, and one-fourth the third part shall 
all be equal to one another. 

39. Find two numbers, one of which is three-fifths of the 
other, so that the difference of their squares may be equal 
to 16. 

40. Two towns, C. and S., are 27 miles apart. Two 
bicyclers start at 12 M., one from C. to 8. and back, the other 
from S. to C. and back. They meet for the second time at 
3 P. M., and they were then 9 miles from C. Find when and 
where they met the first time. , 

41. The plate of a mirror is 40 by 25 inches. The area 
of the frame equals that of the mirror. Find the width of 
the frame. 

42, Find the four consecutive numbers whose product is 
840. 

43. Find the real root of 2°" — a” = 20. 

44, Form the equation whose roots are 2, — 2, 3, and 0. 

1 


Bs ll 
45, Find the eighth term of (20° + a ‘ 
a 


46. Solve 3a? + 15a —2V2?+ 5e¢+1=2. 
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47, Show that in the equation x2? + px +q=0, the sum 
of the roots is —p, and their product gq. 


48. Insert three geometrical means between 32 and 18. 
1 
: | (~ym—n\m +n tary +p . 
49, Simplify i poe a . 
; (a") | 


50. What are the roots of the equation 2° — 627+ 32 = 18?. 


51. Solve 9x + 8y = 483zy. 


8a + Dy = 42ay. 
Oe shag! Mem) Dame.) q 
52. Simplify dy? — Qy — 60 an 
2 
(ety 
x x 

i 
i 6 — —e 
a 


53. Walking 44 miles an hour, A. starts 14 hours after 
B., whose rate is 3 miles per hour. Find when A. will over- 
take B, 


5 
9) 
5 


ree 


a4, Solve 


| 
8 


6 — 


55. A well is 400 feet deep. The cost of boring was 27 
cents for the first foot, and an additional cent for each suc- 
ceeding foot. Find (1) the cost of boring the last foot, and 
(2) the cost of boring the well. 

i 210 1b ake Ve 

56. Simplif vie Sot Ah mes 

') 3Yal. (4V18 oie 
57. Solve (a? — 5a + 2)? =a? — 5x + 22. 


MISCELLANEOUS PROBLEMS AND 
EXERCISES. 


To add interest to the following problems and exercises, 
the sources whence they were taken are indicated. 


NEW YORK STATE. 
Examination for State Certificate. 


1. (a) Define algebra. (6) Give rule for algebraic sub- 
traction. (c) Multiplication. 

2. (a) Define coefficient, exponent, term, reciprocal, and 
surd, Give illustrations of each. (6) Why do you change 
the signs of the subtrahend in subtraction of polynomials ? 

3. (a) Explain why the term difference does not always 
denote a number less than the minuend. (6) Why does mul- 
tiplying a negative by a positive quantity produce a negative 
result ? : 

4, Extract the cube root of a® — 6a° + 15a* — 20a* + 15a? 
ee 1. 

§. Divide the number 100 into two such parts that the 
sum of their square roots may be equal to 14. 

6. At a certain election 36,000 votes were polled, and the 
candidate chosen wanted but 3000 of having twice as many 
votes as his opponent. How many voted for each ? 

7. A young man, who had just come into possession of a 


fortune, spent 3 of it the first year, and 4 of the remainder 
239 


240 MISCELLANEOUS PROBLEMS AND EXERCISES. 


the next year, when he had $1420 left. What was his 
fortune? 

8. What fraction is that whose numerator being doubied 
and its denominator increased by 7 the value becomes 2 ; but 
the denominator being doubled and the numerator being 
increased by 2, the value becomes 3 ? 

9. A person purchased a dade of horses for $240. If 
he had obtained three more for the same money, each horse 
would have cost him $4 less ; required the number of horses. 

10. Find two numbers such that the sums of their squares 
may be 89, and their sum multiplied by the greater may 
produce 104. 

11. Define (a) mathematics ; (6) like quantities; (c) an 
equation ; (d) a ratio; (e) a prcporlne ; (f) a series. 

12. Divide 6a* — 3a7b — 2a + b by 38a? — 1. 

13. Simplify the expression 2m? + (7m? + 2be — [3m — be 
muah | Be). 


(2 Addai 
a At 
15. Multiply - <a x a x = = 3 
16. Find x and y (1) Fe +25 }. 
(2) (e=y + 4). 
17. Solve (1) aes 8 = 


yr ee = 4a’. 


18. (a) A teacher said that her school consisted of 64 5 
scholars, and that there were three times as many in arith- 


metic as in algebra, and four times as many in grammar as in 
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arithmetic; how many were they in each study? (6) A. 
said to B., “Give me $100 of your money, and I shall have 
_ twice as much as you.” B. replied, “ Give me $100 of your 
money, and I shall have twice as much as you” ; how many 
dollars had each ? 

19. (a) A market-woman bought eggs to the amount of 
65 cents, some at the rate of 2 for a cent, and some at the 
rate of 3 for two cents. She afterward sold them all for 120 
_ cents, thereby gaining a half cent on each egy. How many 
of each kind did she buy? (6) The sum of three numbers 
is 59 ; one-half the difference of the first and second is 5, and 
one-half the difference of the first and third is 9; required 


the numbers. 
ao 
3 


20. Multiply 3a? , 5, ce by 2a', 
result by (— 2a?b'c)*. 
21. Write the eens. 


6’, c, and divide the 


6n? | 

Multiply “—= a 

= alkiply ~ 3nv CAE 
20. Given He 8% DE @te—«, to find x. 


24. Divide a into two parts, such that the second part 
shall equal m times the first a plus n. 

20. A. can paper a room in $ of a day, B. in } of a day, 
and C. in 4 of a day ; in what eae will all do it working 
together ? 

26. If two numbers differ by unity, prove that the differ- 
ence of their squares equals the sum of the numbers. 


27. Value of 1/(a°e"2*2”). 


2a? 
V @ +2’) 


28. Given « + V (a? + 2”) = » to find x. 


16 
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29, Find two numbers in the ratio of 3 to 4, such that 
their sum has to the sum of their squares the ratio of 7 to 50, 


College Examination. 


30, Reduce anne to a simple fraction. 


31, Given az — bac + dx —m to find a. 

32. Divide 100 into two such parts that one divided by 
the other may give 2 as a quotient and 19 as a remainder. 

30. Three persons divided a sum of money among them 
in such a manner that the shares of A. and B. together 
amounted to $900, the shares of A. and C. together to $800, 
and the shares of B. and C. to $700; what was the share of 
each ? 

34. Two men, A. and B., commenced trade at the same 
time; A. had three times as much money as B., and con- 
tinued in trade; A. gained $200 and B. $150; A. then had 
twice as much money as B.; how much did each have at 
first ? 

$5. The sum of two numbers is 72, and the sum of their 
cube roots is 6 ; what are the numbers? 

36. Express the following in the simplest form : 

Bao (bh oo in (Oh 2) Pek 1 

(a —b—6)}}. 

37. Prove the Law of Signs for multiplication—that is, 
show that like signs give plus and unlike signs minus. 

38. A certain fraction becomes 4 if 6 is added to its 
denominator, and it becomes + if 5 is subtracted from its 
numerator. Find the fraction. 
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$9. actor and give principle involved : 
(a) 4a? — 20aa + 252? ; 
(b) ab? —1; 
for ae + Be + LD. 

40. Kind the number whose double diminished by 24 
exceeds 80 by as much as the number itself is less than 100. 
41, Find the square root of 4a* + 5a? — 2a — 4z° + 1. 

42, A man can row a skiff 6 miles an hour with the cur- 
rent and 3 miles an hour against it; how far can he pass 
down the stream and yet return to the point from which he 
set out in 8 hours? 

43. The sum of two numbers added to the sum of their 
squares gives 18, and 10 times their product is 60 ; what are 
the numbers ? 

44, Given av — bx =c + de—mto find x. 

45, Find the value in the following: #*— 34a? = — 225. 

46. Separate into prime factors : 

(a) a&—y; Oe tig he, 
ay as oy 16; fh a aa — 06. 
(ey a* + 20°? + 6°; 

47%. A grocer bought a certain number of eggs, part at 2 
for 5 cents and the rest at 3 for 8 cents, and paid for the 
whole $1.71. He sold them at 36 cents a dozen and made 
27 cents. How many of each kind did he sell? : 

48, The sum of the digits of a number of three figures is 
13. If the number be decreased by 8 and then be divided 
by the sum of its second and third digits, the quotient is 25 ; 
and if 99 be added to the number the digits will be reversed. 
Find the number. 

49, When after 9 o’clock will the hands of a clock be 
together ? 
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50. lt+a2V22+12—1+2. Find the value of z. 

51. A man bought a field whose length was to its breadth 
as 5 to 4; the price per acre was equal to the number of 
rods in the length of the field, and 5 times the distance 
around the field equalled the number of dollars it cost. 
Find the length and breadth of the field. 

52. A man bought a quantity of meat for $2.16. If 
meat were to rise 1 cent a pound, he would get 3 pounds 
less for the same money. How many pounds did he get? 

53. A ea ar is To find the values of x and y. 

cy t+a+y=19 

54, A. set out from C. toward D. at the rate of 3 miles 
an hour. After he had gone 28 miles, B. set out from D. 
toward C., and went every hour 7, of the entire distance ; 
and after he had travelled as many hoursas he went miles in 
an hour, he met A. Find the distance from C. to D. 

55. Three numbers are in arithmetical progression, their 
sum is 18 and the sum of their squares is 158. What are 
the numbers ? 


UNIVERSITY OF THE STATE OF NEW YORK. 


Regents’ Examination. 


56. Define numeric equation, homogeneous equation, pure 
equation, quadratic equation, surd. , q 

57. The area of a certain rectangle is 2400 square feet ; 
if its length is decreased 10 feet and its breadth increased 10 
feet, its area will be increased 100 square feet. Find its 
length and breadth. 

58. Given a number of three digits such that the first 
digit is 4 the last and the second twice the first. If 396 is © 
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added to the number, the order of the digits is inverted. 
Find the number. 
89. Define factor, index, reciprocal, binomial, evolution. 


5 
60. Expand (30° - i by the binomial theorem and give 


all the work of finding the coefficients. 

61. The per cent. of gain made by selling a horse for 
$144 equals the number of dollars which the horse cost ; find 
the cost of the horse. 

62. Define geometric progression, identical equation, 
binomial surd, ratio. , 


63. Extract the square root of 7 — V 48. 

64. Prove that any quantity with a negative exponent is 
equal to the reciprocal of that quantity with an equal posi- 
tive exponent. | 

65. Show by a general method that if four numbers are 
in proportion they will be in proportion by alternation. 


_ Find a third proportional to 34 and 6. 


66. The three digits of a number are in arithmetic pro- 
gression ; the sum of the hundreds and tens digits is equal 
to the units digit, and if 396 is added to the number the 
order of the digits is reversed. Find the number. , 

67. A man sold goods for $16 and lost as much per cent. 
as the goods cost; what was the cost? Show how each 
result satisfies the conditions of the problem. 


68. a aes “ ee a 
ed mee 
69. Solve 52?— 122 =108, and prove correctness of the 
result. 
70. Solve 2x — 1 ge ed Peau! 


2 5 4 
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71. Define axiom, terms of expression, transposition, pure 
quadratic equation, positive integer. 


¢2, Simplify 3¢ — [2y — (a + y)— {-y- &@ —2—y)}]. 


1G ke ee 
73. Simplify (%. a luce ee . (1 aa 


74. Solve abu + cdy =m. 
ay — ca =n, 
715. Solve 827 + 6az = 5a’. 


<6, Factor 22° zy — 10y7, of —y*, 1 we Aa — dam 
6”, at + afb? + bt. 


: = 2b 
f ® 54a2b3ct 
77, Simplify a +6 2 Nae dV 54a7b%e¢ 


3X | a 
2a zt 


78. Find the square root of 4—12a + 5a? + 262° — 292* 
7 gr A he, 


4a? + 3@ — 
Ag? +- Ta? — Se ae 

80. The sum of two numbers is 17, and the difference of 
their squares is 119; find the numbers. 


49. Reduce to lowest terms 


81. Define polynomial, similar terms, homogeneous quantity. 
radical, surd. 
82. Simplify a — [2b + 38a —(8b —2a—a+6+ 2a)— 6 @ 
mene : 


: Lee x L-ae 
lity ( = - #4 
del gia seahk La x fee x } 
84, Solve cx + by = 3be. 
2ba + cy = 2 (6? + c’) 
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Me Silve 4 = 
a 


a 


Meo) Hactor 16 + 427+ 2, 27a*— bd, at — b+, e™ +4, 
mee ay — 27/. 


ie 1 A Ri 
87. Simplify 5 > V 4a% + 4ab? + 8, 2 7 16a*bte, 
ee 
3VaXx Wa. 
ee a ac 
88, Find the square root of 4 a ate y + ab es 


: 5 
89. Expand by the binomial theorem E -- i . 


627 —xax—1 
32° + 4a7 + 42 +1 


91. The difference of two numbers is 2 and the sum of 
their squares is 100 ; find the numbers. 


92. Solve Va +1 + V2—2 =V 22 +3. 


93. Solve 2a? + 8xy = 32. 
3y” — dary = 16. 
94. The perimeter of a rectangular lot is 220 feet and its 
area is 2925 square feet ; find its length and breadth. 
ee cunpity 2 — | by — {a — (62 — 22 — y) + Qe — (a — Dy 
—2)}]. 
4 


2 
96. Extract the square root of a*—a? + : +4Aa—2 4 
a 


90. Reduce to its lowest terms 


97. A sum of money at simple interest amounted in eight 
months to $496 and in fifteen months to $510; find the sum 
and the rate of interest. 
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98. Write out by the binomial theorem the first fiwe 
terms of é ae 2) 


99. Solve x —a+V 2? —2ax = b. 


3 


Mer: leat 
100. Solve : oe 
Hs. a Emel 


101. Simplify V23— 22°y +ay*, 5V 3, V8a°d*, V 0% —a¥, 
(16a'b* — 8a°b?)®. | 

102. Divide x —y by a? + y4. 

103. The difference of two numbers is 3; the difference 


of their cubes is 513; find the numbers. 
104. Define literal equation, surd, binomial, similar terms, 


power. 


Commissioners’ Certificate. 


105. (a) What is the product of m used as a factor c 
times? (6) What is the per cent. loss on an article bought 
for fifty cents and sold for n cents? (c) How many tile n 
inches long and w inches wide will be required to cover a 
plot o feet long and e feet wide ? | 

106, Multiply a? —2ab + 6? + ¢ by a? + 2ab FO eo 

107. Find the prime factors of 

(a) xy — 2my + 2mn — nx 
(6) a°.+ 108 -— 56. 
(c) 28ab? — 28ab + 7a. 


108. (a) Reduce to the form of a whole or mixed number 


a + am — 5 
Ber 


La ths at) 
A hs ee 
(0) implify eee pane” 
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109. (a) What is the reciprocal of a number? Express 
the reciprocal of ; in its simplest form. (6) State an axiom 


which justifies the transposition of a term from one member 
of an equation to the other. 


110. (a) — - ae : +10= = Solve. 


(6) os i A c Solved by substitution. 
x y=1, 


111. A farmer puts sheep in four pens; in the first he _ 
places 4 less than one-third; in the second, 2 more than 
one-fourth ; in the third, 3 more than one-fifth ; and in 
the fourth pen he puts 25 sheep. How many sheep has he? 

112. An army corps of 12,850 men was formed into two 
squares, one of which had 10 men on a side more than the 


other. How many men were there in each square? 
113. Find the square root of 81 — 18m +m? + 18n — 2mn 


+ n’. 
114. Simplify (a) V 24a°%'e™. (6) V2. (0c) V754.V 12. 
(d) Express without negative exponents mr 


115. A man works a weeks at 6 dollars a week, and his 
son works ¢ weeks at d dollars a week. With the money 
they pay for m tons of coal at p dollars a ton, and have s 
dollars left. Write the equation expressing this condition. 

246, Multiply 2* + 2a°y + 4277? + 827 + 16y, by x -— 2y. 

117. Find the prime factors of (a) 2? —10x% +9; (6) 2ac 
fee + 2ad + bd; (c) a’b’c — ab’c’ + abe’. 
ee OL Pi a 
Oo Ge oy 


118. Multiply zt by 
a 
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Rd he 
119. jet : 
bz —ay =0 


Solve for the values of x and y. 


120. A father gives to his five sons $1000, which they are 
to divide so that each elder son shall receive $20 more than 
his next younger brother. What is the share of the 
youngest ? (Give algebraic statement and solution.) | 


121. A. worked 10 days, B. 4 days, C. 3 days, and their 
wages amounted to $29 ; at another time, A. worked 9 days, 
B. 8 days, and C. 6 days, and their wages amounted to $36 ; 
a third time, A. worked 7 days, B.6 days, and C., 4 days, 
and their wages amounted to $27. How much did each earn 
in one day? (Give algebraic statement and solution.) 


122. The product of two numbers is 126, and the quo- 
tient of the greater divided by the less is 34. What are the 
numbers? (Give algebraic statement and solution.) 


123. Find the square root of 4a* + 5a” — 2a — 44° + 1. 
124. (a) Reduce to simplest form (i. e., with an integer 
under the radical) V3. (6) Express without negative or 
fractional exponents 5a—z°. (c) Expand (— 3026), 
126. Find the prime factors of 
(a) Ta’ + 85a. 
(b) 16y* — Ba? + 1. 
(io) ae = o. 
GI) a? Det ae 
126. Find two consecutive numbers such that a fifth of 


the larger shall equal the difference between a third and — 
an eighth of the smaller. : 
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fi t (8a — 2y) + 4 (4a — 8y) = 2. 
fee. 


Varma eet ot “+ a, 


Solve for the values of 2 and y. , 
128, A. is 4 years older than B., and the sum of the 


_ squares of their ages is 976 ; what are their ages ? 
129. (a) Multiply Va by Wa. 
(6) Reduce 7/54am’ to its simplest form. 
(c) Divide (a?— 8°)! by (a — by. 
(d) What is the fourth power of — 


UNIVERSITY OF PENNSYLVANIA. 


Entrance Examination. 


180. Factor each of the following expressions : 
ia et de 4. 
ib) a — 2ab? — 6* + 2a. 
131. Find the H. C. F. of the following expressions : 
a ae, Oa Gr + 9, 
ee ioe Oe Oa det 1 9, 
132. Simplify the following expression : 
a ee A a a 
1-2 1 Lei x 
ae ay 
a Le (2a GF 
134, Solve the following pas 
[AEE ee ee) 
g156 7 
2 ome eo eee 


+ 
Bee | 6 


133. Solve the equation : 


= 2u—y. 
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135. The circumference of the front and hind wheels of a 
wagon are 2 and 3 yards respectively. What distance has 
the wagon moved when the front wheel has made 10 revolu- 
tions more than the hind wheel ? 

136. (a) Simplify (1-2) X Y(—1). 

aA, Zale 
(6) Express 353 2 
having a rational denominator. 


as an equivalent fraction 


cot 
137. (a) Simplify (a) and 
(d) (a ue (ai —*),.and write the results in terms 
of positive integral powers and roots. 
138. Solve the following equations : 
(a) (Qe +1) (@ + 2) = 32? — 4, 
boy eer rae + 6ab = 0. 
yeu 
°) y, meaty Higa 2 
139. (a) If r, and r, are the roots of the equation aa? + 
bz +c=0, find r, +7, in terms of the coeffi- 
cients. 


(6) Form the equation whose roots are 7, — 3. 
(c) The equation whose roots are 1 + 7/7, 1—y 7. 
140. Solve the simultaneous equations 


a + y? = 74, 

Gy = 2 : | 
5 ; 
141. Write the expansion of {2 el and simplify the 
result. j 
7 26 3 7 q 

142. Find the cube root of 1 — x — — a + — 2° 4+—at*- 
Sa a 6 : o7° 12 a 


4 8 
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143. Multiply ya gee Ps aly Ee ag by ee ae 


OE ie Vo to te ae 


Ve+tV2 
nA 
145. Reduce oi a a 1 
+ _. : 1 
x be 4. - 
ze+1 


~<A “—< 
146, Simplify =i Se i “ee 
by * b’y 2 
47. A number of two digits is equal to seven times the 
sum of the digits; show that if the digits be reversed, the 


number will be equal to four times the sum of the digits. 


148. Solve 


ce 

ful ae 

pis a: 
a 


149. Find four numbers in arithmetical progression such 
that the sum of their squares shall be 120, and that the 
product of the first and last shall be less than the product 
of the other two by 8. 

150. Simplify the following expression : 

moo + oy — (a + 6) (6 + ¢) (0 + a). 

151. Factor the following expressions : 

(a) 10(a +b) + 7e(a + 6) —6e. 
ae OF yt Oia tb 2). 
152. Find the H. C. F. of the following expressions : 
ee ed de, + 40", 2° Gar + ae: 
Bee or a Sa a" 9. 


254 MISCELLANEOUS PROBLEMS AND EXERCISES. 


153. Add the following fractions : 
1 1 1 


ee ee 
154. Simplify the following expression : 
1 1 


x iso 
x—-1l a#+1 


1— 


155. Solve the following system of equations : 
Ba + 25y—' 6z= 86, ) 
Ge —10y + Zie= 49, f 
Sa + lby—ide = 4o 
156. Fifteen coins, dollars and quarter-dollars, amount to 
$7.50. How many coins of each kind are there? 
157. Show that, in the limit, when a becomes zero, one 
root of the equation az’? + bx + ¢ = 0 is infinite. 
158. Solve the equations : 
(a) a(@e’+1)=2(a? +1). 
as ee, 
0) gio eof 


159. Express without fractional or negative exponents: 


2 3 
2 a 2 
a’, a ng 


1 
6 


’ ( et ays 
160. Solve the equations: ee A, oy Le 24. 
eo 3 Se 
161. Rationalize the denominator of the fraction 
] 
V2+V3+75 


162. Expand (2a — 3a’)*. | 
163. Find the sum of the following series to five terms ¢ : 
12+ 9 + 62 + ete. 
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164. Find the value of (V—2 Hf V —3) (V—2 ae V—8). 
165. Factor a* — b* — a (a? — b?) + b (a — bY. 
166. Find lowest common multiple of 
a‘ — a — 8a + 8 and at — 8a? + 9a — 2. 
167. Simplify m? +n? _ ee 


n m — x 
fob new 
mn Mm 


168, At what time between 12 and 1 o’clock are the 
hands of a clock at right angles? 


169. Solve the equations 
a =4y and 4 (2x + Ty) —1=2 (2a —6y + 1). 


170. The sum of two numbers is 254 and their geometric 


. Oo 
mean is ;, what are the numbers ? 


i 


: ta Be aoe 
171, Simplify eat ee) al 


172. Simplify V c~ ty! x Way? x Vy? 
173. Prove that a°=1. 


174, Expand (Qa — ba)‘ and simplify each term. 


175. The third term of an arithmetical progression is 1 
and the fifth term: is — 3, what is the first? What is sum 
of five terms? 


ee i the L,. ©. Dd. of 2° — 2/7, a — loa + 36, 
me or —27 + 6. 
(er re die aS) 

(6 Sar) (dar ed 


_ 177%, Reduce to lowest terms 
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2a7e M 2uc" 


178. Simplify ae ae 


ate | 

: : 6 c+ Db 
179. Simplify « — 4+ —— 1 — 
ay ee ak os, v—1 

6 * eD (ce 


x—l 


CP je seocy 


, Simplify 4-1-4 
aes eT Yoo ee 
3 ea EO, x 


; f oo , 
181. Solve ee ye 


182, A number of troops being formed into a solid square, 
it was found that there were 60 over ; but when formed into 
column with 5 men more in front and 3 less in depth than 
before, there was just one man wanting to complete it; find 
the number of men. : 


183. Solve for x and y 


os 

a 

3 +. 2 + 1 con ae é 
Cy he 

a 

ee Re 

ne 1 1 
184. Simplify a and 


(a—b)— ween (a+ b)+(at+b)za 


SNe aT sia aan eel = 

ea co aa i ee 

185. Factor 

(ay af + ah +> abt 6%, 

(6) (p +.q)2* + (p—q)x* — (p + ge —(p — 9). 
(c) & sy edt pre: Walliocoe 3 
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186. Solve the simultaneous equations : 


is 2-2-3 (b) ax + by =0. 
y 
ee (a — b)w + (a+ b)y = 2e. 
ay 


Oe dale, re ein a 
Pa Gl ee 

pee. bimplify « — [x — 22 —(e— 3x) — @ —\4z)]. In 
removing parentheses preceded by the sign —, why are the 


187%. Solve for z 


signs of the terms reversed from + to —, and from — to +? 
189. Verify the following identity : 
(a—b) (a +b—c)+(b—c) EN (cta—b)=0. 
Also check by substituting a =4, b =— 2, ¢=2. 
190. Simplify the product : 
ee aye a) (a + a) (2° + a*) (2? + a). 
191. Factor the following expressions : 
me oy dey; af ab be 1; 
me tile te 3) (ae 1) (ae 2) — (ed), 
192. Factor the following expressions and write their L. 
eee. a 0”, at + ab’ +f, a? — 0’. 
193. Simplify : 


hes onl eee 
1—a2 Il1t+2 1—z 
an ioe he 

°) Je eE . } 


7a Ae Ys 2 
194. Reduce to lowest terms (a* — 4) (w' — 3a + 2) 


(a? — 4a + 4) (w? + a — 2) 
195. Simplify 


b+e¢ c+a 4 OTs aa, 
ie —p) oy igs 0) (6 4)... (¢-2) (e— 0) 


Rg 


ge 
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etl. Zeb leo ae 
4 5 10 3 


197. Separate a into two parts such that one divided by 
the other may give b as a quotient and c as a remainder. 


i or ee er 
iegaae EE co x (y—2)—y(@#—5)= 


Solve for # and y. 


196. Solve 


us 6 | 
199. Find the expansion of (20! —< and reduce each 


a 
term to its simplest form. 


qztye av \eny 
200. Simplify (— +( os 


a 


201. Reduce to a fraction having a rational denominator 
Vaer—1—V2?+1 
Var?—1+V2?+1 


a 


202. Simplify 7V27 —V75 — 24 Via NES 
mete Bai oS 2 
. Sol “ = 0. 
2038. Solve Be ie ge 0 
204, Solve 22? — vy =15, 2 —y’ = 8. 
205. Simplify 
1 
a 1— x) a 
(a) ts =+V ‘via 


(b) Vi + .257 25 4 + 2% 1257 
Or iat 
54° 


206. Reduce to lowest terms = nt a 


=P 
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; ie 5 
207. Find the expansion of ( Va- oe and reduce each 


a 
term to its simplest form. 


208. Simplify 
2Vi—4V2—V4h4+ 3h V8—8V44 6V2. 


209. Reduce to a fraction having a rational denominator 


1 
Pe 97/3—)V5: 
iio. Solve 224 


a+Vae woe 
211. Solve for 2 and y 
a + y? = 5, 
ety = sry. 
212. Find the value of m which will make a? — (8m —1) a 
+ 2m exactly divisible by x — 1. 
213. Solve the equations : 


13 ae 3 ; 
2+2y+3 4x — 5y + 6 
Ps 19 


6e—5yt+4 8a+2y+1 
214. A person has a certain sum, half of which he loans 
at 5 per cent. interest, and half at 44 per cent. interest. 
The half which he loans at 5 per cent. yields him $60 more 
interest than the other. What is the amount of his capital? 


215. Solve the equations 
wee or) 
at+1l 2-2’ 

_ 216. Form the equation whose roots are 1+ 2 V—3, 

e-2V —3. 


aba* — (a? + B’)\x + ab = 0. 
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217. One root of the equation v?—4r%+1 is 2+7/ 38; 
what is the other root ? 


218. If the side of a square were 53,600 centimetres 
longer, it would contain 6,553,600 square metres. What is 
the length of a side ? 


219. Simplify : 
(ey aty* nth gnn th A 
abc |’ shyt 7 art2pi-n’ 2 
220. Find the square root of 5 —7/ 24. 
221. Rationalize the denominator of the fraction 
o+2yV6 
vo 6 
222, Find the value of ()/3+V—2) (V3—V—2). 
Why does V—a V—6 = —V ab and not V (— a) (—8) ? 
223. Solve the equations 
x+y = 20. 
xy = 51, 
224, Find the sum of 


1+(14+6)+(14+26)+(+38)+. .:. 
when 6=2,n=11. 


HAVERFORD COLLEGE. 
Examination for Entrance. 


2a — 3 


xv 


and z= 


aa find y when x = —1. 


225. If y= 
226. Factor 


+2— > and (x — a) (y — b) — (a — b) (y—@). 


eee 
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227. Solve the ee 


— 9 ae 
2° a 
(¢) —3 2+2 


Ak, 
6 ee 
: 2x — y = 6. 
(c) (@— 5? =4 (a — 8y. 
228. The difference of two numbers is 5, and the differ- 


ence of their squares is 15. Find the difference of their 
cubes. 


229. Solve 2* — 102? +1=0. 
ga. Pactor(a) 2? — 42 — 60; (b) 2° — y*. 
—(1 +2?) 2x — (1 — 2%) Qe 


"ae ua as 
231. Simplif . 
oe ae 
iorary 
232. Solve for x and y the simultaneous equations 
eo Re 
= 6 
2 x 5 : 
oad, a2 edt A 
eg 3 3 


233. Solve for x the equation 2 + a at+- 


x a 


234. A railway train travelled 5 miles an hour slower 
than usual and was one hour late in making a run of 280 
miles. How many miles per hour did it travel? 


235. Solve for x and y the simultaneous equations 
rey ty eo Sh, 
y? + Qey = — 16. 
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236. A crew can row 8 miles downstream and back, or 
12 miles downstream and half the way back in 12 hours. 
What is the rate of rowing in still water and the velocity of 
the stream ? 


LAFAYETTE COLLEGE. 
Entrance Examination Questions. 


237. Define Algebra, Monomial, Similar Terms, Coeffi- 
cient, Exponent, Degree of an Equation, Simultaneous 
Equations, Similar Radicals. 


238. Give the symbols of quantity, also of relation, in 
aloebra. 


239. To what is the zero power of a quantity equal? 
To what is a quantity with a negative exponent equal? 
Illustrate each. 


240. Divide x° — ¥° by 2? — ay + y’. 2 

241. Factor 2? — 15x + 56. 

ee nee sy 
2 4 


+2 


242, Given i 


to. find zx. 


243. Multiply 5a*y? by — 30%y?. 

244, Divide Va Wb by Wa Vb. 

a VetVe-38_ 38 
Verve HR Ue 8 


246. Given 7+ 2y=7; and 2? + 3ry+y*=31; to find 
g2and y. 


24%. Solve 2° — 32° = 40. 


6245, Sol 
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248, Given = ieee Asse 


ow co gt mn 
1G gg 


Ss Seg ta 


find x, y, 2. 


249, A. and B. can do a piece of work in 12 days, but 
when A. worked alone he did the same work in 20 days. 
How long would it take B. to do the same work ? 


250. When a is added to the greater of two numbers, it 
is m times the less; but when 6 is added to the less, it is n 
times the greater. What are the numbers? 


BRYN MAWR COLLEGE. 
Examination for Matriculation. 
251. Show that 2° (a —6)—a*(6+2)+6?(a+2) van- 
ishes when (=a + 6). 


S497  o—27 
x e lift 45; + 
ee is ee 


253. Resolve each of the following into as many factors 
as you can: 
@) @-)YD@+)); 
ae) fo? + BF (a? + 0) — (0? + 8) (+ oP. 
254. Solve the following equations : | 
(4) (4x + 1)? = 42? + 4¢+9; 


in oo 6 
i peer 


255. Is it possible for two numbers to have 56 for their 
sum and 720 for their product ? 
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256. Prove that the sum of a geometric series of n terms, 
of which the first term is a and the common ratio is 7, is 


a (r* = 1) ; hence show that if the first term is a and the nth 


ne 


term 1, then the sum of the n terms is a8 


aa 
257. Find the fourth proportional to 3.1, .002, 9.9. : 
258. Prove that ifa:6::6:¢, thna:e=a@:¥ =f re 
and b = V ae. 


259. State the numerical values of 


: 1 re 
4~*, (02), ' 72) V 123 (to 3 places of decimals), 


260. Prove that the quadratic equation 2? + px +q=0 
cannot have more than two roots ; show that these roots are 
equal when p*’=4g. Under what circumstances are they 
imaginary ? | 

261. Divide abz’ — (a? + b?)x* + (6? + 2ab)a* — (6? + 2ab)a? 
+ (ob ye ab by bu aa a 


262. Solve the equations 


(i) = (82-8) +5 at = 82 
(ig 52118 _ 11 (y— 25) _ 
30 105 
lly —12 = 21x — 185 


263. Show that the product of the highest common 
divisor and the least common multiple of two quantities is 
equal to the product of the quantities themselves. 


264, Find the highest common divisor of 
(2a? + 3y")a + (2a? + 3a7\y and (2x? — 3a*\y + (2a? — 8y")a. 


MISCELLANEOUS PROBLEMS AND EXERCISES. 265 


265. Reduce to their simplest forms 
327 — ba —2 4-—- 9x — Qa? en 
a--2 - 32 —1 2-2 


(i) (3° + 1) (3? —33 +1); 


+ (iid (be + ca + ab)(" oan ) ae 


bs 
ae 
Grats 


266. A man works 365 days and is paid one cent the first 
day, two cents the second day, three cents the third day, four 
cents the fourth-day, and so on. How many dollars does he 
receive in all? 


267. The sum of two numbers is 11 and the difference 
of their squares falls short of twenty times the smaller of 
the two numbers by 47; find the numbers. 


268. Form a quadratic equation whose roots are 
—2+V5and—2—V5. 


269. If a:b::¢:d, show that 
7 aa + 60:3¢-+ 5d: : 5a + 86 : Se + 3d. 


270. Divide 52 into three parts in geometric progression, 
these parts being such that the sum of the first and third is 
34 times as great as the second. 


271. Find the fourth power of We hae, 


272. A horse and carriage were bought for $450. The 
horse was sold at a gain of 5 per cent., the carriage at a gain 
of 20 per cent., making the whole gain 10 per cent. Find 
the original cost of the horse. 


266 MISCELLANEOUS PROBLEMS AND EXERCISES. 


273. Solve the equations 


5 ea ONE ree 
tll! sts, otemtteennt Mle, emer 
Ot 


a ee 
watery 
274, Express as a single rational fraction in its lowest 
terms : ns : aa : : 


@—t Gite ab oe 
275. Reduce to its simplest form 
sts} (est, g (1, 
(y —2) @—#) @ —y) y—-2 3 


la+me+ ne. 
lb-+md + nf 


cae ? show that each is equal to 
277. If a:b =c:d, prove that 

ie d) GSS) a ee 
e(6+c) a™ ed? +a'd" 


278. Sum the following series : 
(¢) 201 + 199+ 197 +195 +... to ae 
(7) $+44+4+ 7,4... to infinity. 
279. (i) Prove that when m and n are positive integers, 
a” xa = ae. 
(ii) How are meanings assigned to a’, (a*ys, a, 
Larry a es 
Vath Vanb) Veo 
Va—b meat Va —ab + 


280. Simplify 


281, Finda quantity such that when it is subtracted from 


te 
PS 
sey 
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each of the quantities a, b, c, the remainders ‘are in con- 
tinued proportion. 


282. Two spheres of lead of radii 3 and 4 feet are united 
into’ a single sphere. Find the radius of the new sphere, 


given that the volume of a sphere varies as the cube of its 
_ radius. 


PENNSYLVANIA STATE COLLEGE. 
Entrance Examination. 


283. Factor 2? — wr we) eae 1 Soe 

erate +6, (a+ 36) — Ba + OF. 

284. Solve 2? + ¥? = 72, 

a? — gy + oy? = 12. 

285. Solve in two ways, 22? +42%+5=2; and show by 
formula how to determine the character of the roots of the 
following equations without solving them: z?7—2+1=0, 
ax’? + bv +e=0. 

286. Make an equation whose roots shall be 1, 
BatsV—3,-4-4V-3. 


287. Rationalize and then compute to two places of 


decimals 


1 
V2—-V3 
288. Solve the equation ax + by =e, 
ale + bly=c’, 
289. Expand by the binomial theorem (2 Va — 2) 
290. Solve V32 +7 —-2—V2+1=0. 


268 MISCELLANEOUS PROBLEMS AND EXERCISES. 
PRINCETON. 
School of Science. 


291. Find the factors of 
oy + Say — 3a? — Ps yf — e+ ler — a ae 
292. Simplify the following yer casa oe 


te) 07-9 a 


293. Extract the square root of 
Ax” + 9a" + 98 — Ide * — 16822. 
294. Solve the following equations : 


ee 

AN gee 
es gine 
ao — a= 9. 


295. Show that the roots of the quadratic equation 
x” + pa + q=0 are both imaginary when p” — 49 is negative. 

296. If a:b6=c:d, show that a&+ab:¢ +ed—=h — 
2ab:d?—2ed. If a:6=b:c=c:d, show that 6+e is a¥ 
mean proportional between a + 6 and ¢ + d. 

297. The area of a circle varies as the square of its 
radius. Show that a circle of 5 feet radius is equal to the 
sum of a circle of 3 feet radius and another of 4 feet radius. 

298. If a, b, c, and d are in arithmetic progression, show 
thata+d=6+ ec. The sum of the first and second terms 
of a geometric progression is 72, and the sum of the third 
and fourth is 8. What is the first term? , 

299. Find the factors of 

250 (a — 6) + 2, 1 — a’a? — 07? + 2abay, a ae ee 


: 4 : 
& 
ae 

ae | 
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ere ae 
ye? 


300. Simplify Cae : 


exe y 
or “ On—1 = 


1 
3 


301. Extract the square root of 25x — 302 + 16 — 24x 


“4 49a3, 
302. Solve the equations : 
a = by 
ba + ay=c 
lid at 
Pe Ne y5 
303. Solve the equation ee 


a ee 
304. Solve in positive integers 62 — 13y = 1. 
— $05. If the ratios a:b, c:d, and e:f are equal, show that 
each is equal to the ratioa +c+e:b+d+f. 
306. If a:b=c:d, show that ab + cd:ab—cd=a@? + 
wea’. 
307. Insert 16 arithmetic means between — 7} and — 63. 


308. Sum to infinity the progression4,41,4...... 


309. If a, b, c,d are four quantities in geometric pro- 
gression, show that b+ c is the geometric mean between 
@+6,andc+d. 


310. Expand to five terms by the binomial theorem 
m7 *)’, 
Sait, Factor 28a*y + 64a*y — 602*y: 1— 2? — 2ay— 7’; 
+o + a+ b. 
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qP-4 
ay Qv—Pr 


313. Extract the square root of 9a —12¢7+10~- 4¢73 
nae ae 
314. Solve the equations: 
(Ee 
(2) 


. ma ¥ 
. —pl1+ +} 
Pe » +f) 


312. Simplify oe x aro | 


kia: 
id ys 4 
dO 
eae tee 


315. If the equation 2 +2(1+k)x+h=0 has equal 
roots, what is the value of k? 


316. Find the general solution in positive integers of 
8a — 2ly = 33. 

317. If a, b, c, d are in continued proportion, prove that 
6 + ¢ is a mean proportional between a + 6 and ¢ + d. 


318. Insert four geometric means between 160 and 5. 


319. How many terms must be taken of the arithmetic — 
progression 42, 39,36. . . to make 315? 


320. Expand to four terms by the binomial theorem — 
(fant ary, 

321. Divide (p? — q) by (p** — q°). 

$22, Find the highest common factor of 


9at — 72° + 11a? — 82 + 2 and 
Jat + a? — 927 + 8a — 2, 


B28. Simply (0) 1 oh-* A+ = aaa 
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$24. Solve for x and y, 5 (a — 2y) — (x — y) = — 24. 
11 (22 + 3y) + (22 — y) = 200. 


325. Extract to three decimal places the square root of 
394.1. 


326. Solve (a) ke’? +ma+n=0. 
(0) (8a — 2) + (# — 2) = 84. 


$27. Solve for x and y, xy — 5a = 1. 
Ta — y=1. 


328. By use of the formule for arithmetic progressions 
find the sum of all the numbers between 1 and 207 which 
are divisible by 5..- 


329. By use of the binomial theorem expand (1 — 2x), 

330. Resolve into prime factors (7x + 4y)? — (2a + y)*. 

331. Reduce to its simplest form (1 —-Va—bV a+ ab) 
+(bVa —b). 


332. What must be the value of n in order that (2a + n) 
= (3n + 69a) may be equal to j; when a is 1? 


; sR Bai | 
a earmlity {{2 2) aanne! : 
2 2 
334, Find to four decimal places the square root of 
932.131. 
335. Find sum to infinity of —3,+4,—74,.. . 


oe 
Can ee he 
33%. Solve 3x? — 2y? = 115. 


2x — 3y = 2. 


336. Solve 
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338. Find the least common dividend of (z* — 7’) (2 — yf, 
(x? — y' (@ —y), (ety) @ +y’). 
339. Find the value of 
et be A eee 4 Gh 
(a +b) (a +o) (b+e)(6+a) (eral ere 


340. Simplify ie aby (at)r}” : 1G Ae 
eee Ae 
341. The sum of two numbers, x and y, is 240 and their 
difference is equal to + of the greater ; find the numbers. 


342, Find to nee decimal places the square root of 
253.481. 
7 


343. Solve for x, 22 + 14+ -=0. 
x 


344. Solve for x and y (finding the four sets of values of 
x2 and y), 2? + y? =170. 
xy = 13. 


345. Find the sum of 10 terms of the progression 2, 4, 


cleo 


9 e e e ) 


AMHERST COLLEGE. 
Entrance Examination. 
$46. Factor (1) 32° 17a +10; (2) 82° + 27. 
347. How many values of y make y ‘ Why? 


Find these values and verify the result. 


[2#=2_¥ 2 9 ‘ 
$48, Solve |.” ie . e 
5 ie 


3 16 _ 
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349. Divide a} —2 +a? by a? —a7 8, 
350. A man invests two-thirds of his capital at 4 per 


_cent., one-fourth at 3 per cent., and the remainder at 2 per 
cent. His income from the investment is $215. Find his 


capital. , 

351. Find the sum of 6 terms of the series 2—3 +3 

352. The roots of an equation are — git so and 

a 

4/2 ak 

- me ah Find the equation. 

353. (1) Show that 

ae 1 1 


ee) Gs) G-) Ga) ey) 


is an identity. 


(2) Put x =3, y=2, z=O0 in the preceding ex- 
pression and find its value. | 
(3) Does the fact that the value thus obtained is 0 
prove (1) an identity? Give the reason for your answer. 
$64, Simplify 2a — [a — {6—(8b — 2a — 6)} | — (6 —a). 
$55. Find the L. C. Dd. of 2? + 2—6, wv — 42+ 4, and 


a? — On. 


356. Simplify [(2)” «]**. 
$57. Find two numbers in the ratio 5:3, the difference 
of whose squares is 400. 
398. Extract the square root of 17 + 4 V 15. 
359. (a) What is the root of an equation ? 
(b) Is 2 a root of the equation 327+ 5a +2=0? 


ee dae TE 
18 


274 MISCELLANEOUS PROBLEMS AND EXERCISES. 


360. Find the sum of the following series to infinity : 
BB a a 
a + vy = 12, 


361. Solve ic oped 


8 : 
$62. Find the fourth term of ¢ + ) and express the 
Zz 


result in its simplest form. 


363. A hare pursued by a hound takes 4 leaps while the 
hound takes 3; but 2 of the hound’s leaps are equal to 3 of 
the hare’s. If the hare has a start equal to 60 of her own 
leaps, how many leaps must the hound take to catch the 
hare ? 


YALE COLLEGE. 
Entrance Examination. 


4V12.5 —2V 5 
| 6V18 
865. Factor a? — 86%, 81at — y82!. 


364. Find the value of 


Yio 
366. Rationalize the denominator of as 
5 
1} 4 See 
7 3 
367. Solve ae oat 
cy 
2 a 14 poorer 8 
Me 
Ve. View 


368. Simplify e Vas 
a a 


MISCELLANEOUS PROBLEMS AND EXERCISES. 276 


369. A bill of $12.50 is paid with quarter and half dol- 
lars. Twice the number of half dollars exceeds three times 
the number of quarters by 10. Find the number of each. 

370. Solve x’y? + 28xy + 192 =0. 

: x—y=8. 
371. Find a geometric progression in which the sum of 
‘the first two terms is 22 and the sum to infinity is 41. 
$72. The price of photographs is raised $3.00 per dozen, 
and customers consequently receive 10 less than before for 
$5.00. Find the new and old prices. 
Bee. actor (a) 8a° — 120°? — 4,7 + 1. 
(b) 3a +3b-—6V ab. 


(c) 8+2V 15. 
374. Rationalize the denominator of 
ae 


O14 4-3-8. 
$75. Simplify 2V8+2V3+V2z, 
1 is 1 va 
Va—e#+Va Va—2z2-Va v 
877. A man starts on a bicycle ride at the rate of 10 
miles an hour, intending to ride 20 miles. Owing to an 
accident he walks part of the way at the rate of 4 miles an 
hour, and finds himself one hour and a half late. How far 
does he walk ? 


378. Find values of x and y which satisfy the equations 


376. Solve 


| 

| 
| 
| 
i 
| 
i 


peas eo og 

sh AVA 4... == & 
2 ¥ 2 

| a 
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379. SolveVaz+1: ges) - 
x ok 


ca 
380. Solve (2 + i aay 


381. What distance is passed over by a ball which falls 
from a height of 60 feet, and at every fall rebounds 4 the 
distance from which it fell ? 


382. How many different sounds can be made by striking 
10 keys of a piano 3 at a time? 


383. There are two fractions: the numerator of the first 
is the square of the denominator of the second, and the 
numerator of the second is the square = the denominator of 
the first. The sum of the fractions is 35 and the sum of the 
denominators is 5. Find the fasous 


MOUNT HOLYOKE COLLEGE. 


Entrance Examination. 
384. Factor (a + b)* — 81c%. 

a® + a?b — 6ab?. 

vb? —a—b+1. 

(a + day fo Ly 


385. Solve for x, y, and z, - oe a, 
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386. Simplify 

2V3+3V2—(2 PL + WD) (LV6—V 24). 
$87. Solve the equations : 


‘ (a) ed + y = 182, 
3x’y + vy” = 40. 


(6) o—2 =4, 


fie 


388. Find a fourth proportional to a’, ab, 5ab. The 
arithmetic mean of two numbers is 201, the geometric 
mean is 20. Find the numbers. 


389. Solve the equation az? ~ ca + : = 0; state the con- 


dition (a) for equal roots, (6) for imaginary roots. Form the 
equation whose roots are } + V2. 


390. (a) Extract the square root of 75 — 12 V 21. 


(6) Expand (« a sai) 
2 ak 


391. Simplify : 
© i) g ha Cato 8 rab ll (lbonds) Bia ee 
: oes. fy a ay — yt 
oy 7 ®t a} 2a 
b ae ane + Ge 
(0) (2'**) | Sr 
392. If x:a::4:6, prove 
me+y:mat+b::pety:patb. 


j 
| 
1 
{ 
| 
f 
| 
| 
i 
] 


yo 8 


393. Rationalize the denominator of - —~* 
V—4-2783 
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394. Solve the following equations : 
(a) 20°—3V a+ 22+ 14+ 42 —49=0, 


(6) a? + ye Dy 
6(a 2 + y*) = 5. 


395. Sum the series 6 — 4 + § — etc. to 7 terms, and find 
the limit when continued to infinity. 


396. (a) Expand (2V —4—2V —5). | 
(6) Find the highest common factor of 2° — 7, 
2at + ay? — By", 2by? + 3aa* —Bay* — 2ba?. 


397. Simplify : 


(a) 273 (V9 -2722+4V1—3 V2). 
b2 aw b-? a f7-! ce ( a 6-1 ) 


b 
(2) abe? is ab= : bt a 


398. Insert between 6 and 16 two numbers such that the 
first three numbers may be in arithemetic progression, and 
the last three in geometric progression. 


399. Solve the equations : 


[Ava tverd 
We 
Be: 
Ele Seamtoage 
2 Ao? , 
a 
te ee: 
ar oe ea 


400. Solve the equation 2? + 4ba +c=0; state the con- | 


dition (a) for equal roots, (6) for real roots. 


‘ 
i 
: 
: | 
q 
I 
; 


| 
‘| 


b 


i 
i 
i 
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THE JOHNS HOPKINS UNIVERSITY. 
Matriculation Examination. 


401. Find least common dividend of 
meee +a al oat t+ ada + 1. 
402. Simplify 


aoe «te .. s. 8 Yn oe 7 
owe 82+) 8e-2 x’ 1 
oe 

14.20! 

o-- & 


403. Factor ax’ — 2a? — 32 + 6; also a? —B? + 8a +16. 
Is 2” + y" divisible by x+y? by x—y? Give reasons 
for your answers. 


404. Divide 1 + 2x — 7x? — 162° by 1+ Oat + Bai + 4a. 


405. An Artesian well supplies a manufactory. The 
water is drawn out each week-day from 3 A. M. until 6 P. M. 
twice as rapidly as it runs into the well. If the well con- 
tained 2250 gallons of water on Monday morning at 3 A. M. 
and was emptied precisely at 6 Pp. M. a week from the following 
Thursday, how many gallons flowed into the well per hour ? 


eo. a, eee 
pene ag ty 2 


406. Solve 227+ 32 +4=0; also 


407, Express V 27 —10V2 in terms of simple surds. 


Simplify ee and : so that no surd ap- 


—1 V34+V24+1 
pears in the denominators. 


e tat + et y= 18 


408. Solve 
xy = 6. 
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409. Solve 
at—g t=8; and /a+t+V/ztVa—-Vyz=Ve. 
410. Each term in a certain infinite decreasing geometric 
progression is equal to the sum of all that follow it. Find 
the common ratio. 
411. Ifa:b::e:d, provethata’+ 6: +a: s(a oy: 
ot ay, 


VASSAR COLLEGE. 
Entrance Examination. 


412, Solve zy =4-—y 
Qu? — 2 =17. 
413, Show that 
(a+bV—1) (a—bV—1)=(at+b+V 2ab) (a +b — 
V 2ab). 
14¢- 9 oo 
414, Solve x — EP iar 


: +6 —b b 
415. Prove that if a:b—o0:d, = = a 


416. Expand (1 + 2*)' by the binominal formula. 
417. Find the (2n)th term of the series 1, 3, 5,7..... 


418 Form the quadratic equation whose roots are 


9 and . 


419. Solve V22 + 6+V 2e2—5=11. 


42Q Produce the formula for /ast term and swm in arith- 
metic and geometric progression. 
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421, Rationalize the denominator of 
Veteatit+t Ver t+ea—1 
Veitat+1—-Ve+e-1 


422, Solve Vz +4—Va2=Var 8. 


OHIO. 
Examination for Teacher’s Certificate. 


423. Solve the equations : 
fie by — 3 (4 5)? = 40; 
(b) 8 (Ba —3)— * — 6 (62 — 3) F =--1. 
oo (oe 
424, Expand by binomial theorem (Z i A 
425. Solve for v7: x2? — xy = 27y. 
ay — y* = 8u. 


426. If the product of two numbers be added to their 
difference, the result is 26; and the sum of their squares 
exceeds their difference by 50. Find the numbers. 


427, A woman sells half an egg more than half her eggs. 
She then sells half an ege more than half her eggs remain- 
ing. A third time she does the same, and now she has sold 
all the eggs. How many had she at first ? 


428. Factor a5 — at —a? +1; (22?—y?— 7) — 4y2*; 
ee 0a)” + 2 (a? — 5a) — 24. 


429. Ifa:b::(a+c)’:(6+.)*, prove that ¢ is a mean 
proportional between a and 6. 
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430. Simplify : 


b+e ate a+b 
) @=5 @—9 @-9 ba) @-a) 6-8) 
i 1 - 4 
b ; 
yy [3/26 1b 


431. A man travelled 105 miles. If he had gone 4 miles 
more an hour, he would have performed the journey in 94 
hours less time. How many miles an hour did he go? 


432. Factor 4a'b — 12 a*b? — 16a*b? + 8a‘b*; 62° + 42? — 
97 —6; ed + ce + f'd + fre — 2efe — Zeid) a 
a? — 4a — 45. 


433. A jeweler sold three rings. The price of the first 
with 4 that of the second and third was $25; the price of 
the second with 4 that of the first and third was $26 ; and 
the price of the third with 4 that of the first and second was 
$29. What was the price of each? 


434, Simplify V4—2Vi—V A; 3 Joe x 4Va—a. 
mae 


a 


435. Expand by binomial theorem (2? 2 


pe 
436. Express with positive exponents (a) = ra ; 
a 


Express with fractional exponents (6) 7 16a 2°. 


437. Solve for x : 2x? — 94x + 420 =0; 2 (x — 2) (x — 3) 
me (te — A) 3B) 10; 


438. A certain number of sheep were bought for $468; — 


but after 8 of them had been reserved, the rest were sold at _ 


an advance of $1 a head, and $12 were gained on the lot. 
How many sheep were bought ? | 
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439. A., B., C., and D. found a sum of money. They 
agreed that A. should receive $4 less than 4, B. $2 more than 


4, C. $3 more than 4, and D. the remainder, $25. How 
much did A., B., and C. receive? 


440, Simplify : 
(a) V-@—V — 4a — V — 9a’; 
(6) 2V 1227 + 60axy + 75y? — V 482? — 72ay + 2777. 
#41. Factor (a) 277 + az’ — a? — a’; 
(b) 3a? — Gab + 367+ 6ac — 6be ; 
(c) 49b* — 1167? + 25c.4 
442, Simplify 
1 ne H Lo 
Bae 0 ta — 6) (6(6—a) (6c) c(e—a) (e—}) 
443, A. and C. can do a piece of work in 6 days; B. and 
C. can do it in 8 days. In what time can they all do it 
working together, if A. can do 3 as much as B.? 
444, Simplify 2/30 + 5 9a —V 272°. 
3a — 2 
ee VI 


sf 


ey 5 — = 4, find Matas of x. 
a 16 
446. re +(|- + 2)= 30, find value of z. 
ax 
2 ae 
Ye aie find x and y. 
e+ y+ cy = 34). 


448, A boy rode 10 miles on his bicycle, when it broke 
down, and he was compelled to return on foot. He found 
that it took 1 hour and 15 minutes longer to walk back than 


it did to ride out. How fast did he ride, if he walked 4 


miles less per hour than he rode? 
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VIRGINIA. 
Examination for State Certificate. 


449, (a) Prove that any quantity having a cipher for an 
exponent is equal to unity. : 
(6) Factor oy - 2ihe + 7, 
450. (a) Find the greatest common divisor of 16a? — ¢, 
and 16a? — 8ae + ce’. 
(6) Find the least common dividend of (a — 2’), 
4 (a—a), and (a+ 2). | 


451. Simplify the fraction 


2x 
OX a 
452. Given rs + 24+ 11= 4 + 17, to find a 


453. A. can do a piece of work in 12 days, and B. can do 
the same in 24 days: how many days will be required if 
they work together ? 


oe Paes 
454. Given < 7—y=4 fe find z, y, and z. 


2 Ee 6 
455. (a) Multiply Va +Vc by Va+Ve. 
oe la 
(b) Divide V2 by N; 
456, Given 2+ 2=V 4427/64 -+ 2? to find a. 


457. Given 327 + 5x = 42, to find the values of z. 


458. Find two numbers, such that the less may be to the ; 
greater as the greater is to 12, and that the sum of their — 
squares may be 46. 
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WHEELING, WEST VIRGINIA. 
High School Examination. 


459. Define the following : Involution, Evolution, Mono- 
mial, Binomial, Root, Radical. 

460. Define the following : Quadratic Equation, Incom- 
plete Quadratic, Complete Quadratic. 


461. Give three common cases where Simultaneous Quad- 


ratic Equations may be solved as equations of the second 
degree. 


462. Define the following: Ratio, Proportion, Variation, 
Progression, Arithmetic Progression, Geometric Progres- 
sion. 


463. Find the square root of 1 — 10x + 272? — 102° + ar. 


464. Find the cube root of 2? — 6” + ae ks . 
eT 
465. Simplify 2’—1+2V—9-—38V—4, 


466. Solve the following: x? — ; —5=0. 


467. The number of dollars A. has is to the number B. 
has as 9 to 5. By obtaining one-half of As.’ money, B. will 
have $2 more than A. had at first. How much money has 
each ? 


468. A man began saving by putting by 1 cent on New 
Year’s Day, 2 cents the next day, 3 cents the next day, and 
soon. In how many days would he have put by $98.70 ? 


469. Give the law for coefficients and signs in multipli- 


cation, and give your method of explaining the law of signs, 
with illustrations. 
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470, Give principles used in finding greatest common 
divisor when the quantities are not easily factored, and find 
the greatest common divisor of 6a" +a" — be —2 Oe oe 
Be ban ee 

471. Explain the force of zero used as an exponent, and 
determine the value of a’. | 


472, Find the value of x in the equation: 
a2 ee oe 


b d b 


and give reasons for each transformation. 


473, Give two methods of elimination in equations of 
two or more unknown quantities, illustrate each with exam- 
ple, and explain steps. 

474, Divide me by (ay)’, and explain the operation. 
ets at 6 


36 4 Maca 
26-— x x—I1] 
equals . 


475. Multiply <— Sem 


476. Solve the equation x — 


447. A courier starts from a certain place and travels at 
the rate of 102 miles an hour. Two hours later a second 
courier, travelling 132 miles an hour, is sent to recall the 
first. In how many hours will the second courier overtake 
the first ? 


478. Find the fourth root of 2* — 282? + 2942? — 13722 
+ 2401. 
Public School Examination. 


479. Define the following : Factor, Coefficient, Exponent, 
Reciprocal, Equation, Factoring, Monomial, Polynomial, 
Multiple, Elimination. | 


i 
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480. Find the H. C. F. of 242? — 2axz —~ 35a? and 482° — 
60az” -- 84a7a2 + 1052’. 


481. Expand (8a? yn + 2c an)’. 
482. Factor 9c? — (2a — 3b)’. 
483. Factor 92° + 6ay — 15y’. 


484. Reduce to fractional form m + n — 


485, A gentleman who had $10,000, used a portion of it 
in building a house, and put the rest at interest for one 
year; + of it at 6.per cent., and 2 of it at 5 per cent. The 
income from both investments was $320. What was the 
cost of the house? 


486. There is a fraction such that if 3 be added to 
the numerator its value will be 4, and if 1 be subtracted 
from the denominator its value will be 4. What is the 

- fraction ? | 


48%. Three boys, A., B., and C., had each a bag of nuts. 

_ Each boy gave to each of the others + of the number he had 

in his bag. They then counted their nuts, and A. had 740, 
B. 580, C. 380. How many had each at first? 


488. A. gives to B. and C. as much as each of them has; 
B. gives to A. and C. as much as each of them then has ; 


and ©, gives to A. and B. as much as each of them then has, 
after which each has $8. How much had each at first? 


_ 489. Define the following : Simultaneous Equation ; Invo- 
_ lution; Evolution; Radical; Surd; Quadratic Equation, 
_Incomplete.and Complete ; Ratio ; Proportion. 
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490. 2+ yti= 3, 
1 

22 + Oy + oe 2, 
z 

5) ee 
Z 


491. v—ay + a%z=a', 

2 — by + Bae = 6, 

Ge - oy + One. 
492, A. and B. together do a piece of work in 15 days. 
After working together for 6 days, A. went away, and B. 


finished it by himself 24 days after. In what time could A. 
alone do the whole? 


493. alayone sar : - Solve. 


494, oo = ——L.. Solve. 


495. Two trains run without stopping over the same 30 
miles of rail. One of them travels 5 miles an hour faster — 
than the other, and accomplishes the distance in 12 minutes 
less. Find the speed of the two trains. 


496. The velocity of a falling body varies as the time 
during which it has fallen from rest. If the velocity of a— 
falling ball at the end of 2 seconds is 64 feet, what will be 
its velocity at the end of 8 seconds? 


497. The cost of sinking a well was $45, $1 being paid 
for sinking the first yard of depth, $1.50 for the second, $2 — 
for the third, and so on. What was the depth of the well 77 
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INDIANA. 
Examination for Teacher’s Certificate. 


498. What is a linear equation? A quadratic equation ; 
Illustrate ‘each. 


499. Represent graphically, with as much care as possible 
without the use of a ruler, the equation 2 + y? = 25. 


500. Divide 46 into two parts such that if one part be 
divided by 7 and the other by 3 the sum of the quotients 
shall be 10. 


ala 


4) 
501. Divide (a) V; by V5" 


(b) a8 by at, 
502. Find the N™ power of z Vy. 
503. What is an imaginary quantity? Illustrate. 


504. Subtract 2 V — 4 from 9 V —1. 


505. Divide 100 into two such parts that the sum of their 
square roots shall be 14. 


506. a:b::c:d, prove that 
(1) a+6:6::c+d:d, and 
eradtb:a::e+ dsc. 


= 607, Tx—3y=1 
te iu = 1 
42 —Ty = 1 


| Find values of x, y, 2, and u. 
192 — 8u=1 


19 


290 MISCELLANEOUS PROBLEMS AND EXERCISES. 


NORTH CAROLINA. 
Examination for Teacher’s Certificate. 


508. Tell why multiplying a ‘ minus by a minus” gives 
a plus. 


509. Simplify 
b6—{b—{a + b)—[b-—(6—a@—6) ee 


510, Square 7° — 6, 427 — 577, ab— 2¢; 


511. Write the products of (x + 14) (« — 4), 
(x— 1)@+ 8), 
(a— 5) (eae 


Give rule for writing the products. 


512. Find the value of y: 24 + 5y = 62. 
64 —5y= 2. 


513. If A. gives B. $5 of his money, B. will have twice 
as much money as A. has left; but if B. gives A. $5 of his 
money, A. will have three times as much as B. has left. 
How much money has each ? 


514. Find highest common divisor, or factor, of the 
following : 


(a) ar re amd ofr ae ae 
(6) 2 2ey +o" and ay, 
(c) m* ++ n* and m? —n’. 


eee ead, 
zy 
12,4 _ 4. 


te 
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O16, 22 — 3y= 1. 
oy —4z2= 7. 
4z — da = 82. 

Find value of 2, y, and z. 


517. Find value of «: cB a cil Eg 
Chea ee Mee a: eee 


NEW HAMPSHIRE. 
Examination for Teacher’s Certificate. 


518. Define and give an example of each of the follow- 
ing: Coefficient, Binomial, Reciprocal of a Quantity, Homo- 
geneous ‘’erms, and a Residual Quantity. 


519. To what is each of the following expressions equal : 


a; (4—b) (a+b); (@—y)>; a—[B— {e-(d-e—f)}]; 


| 
| 
| 
| 


| 
| 
1 


Vo ve: 


520. (a) What is the apparent sign of a fraction? The 
real sign? What is an imaginary quantity ? 
(6) What is a quadratic equation? Give a method 
of completing the square in an affected quadratic equation. 


met. (c) Factor o* — b'; and ab + ay + be + xy. 
(6) If vy = 50 and 2? + y? = 125, what is the value 
of x and of y? 


522. The head of a fish is 10 inches long; the tail is as 
long as the head and half the body ; and the body is as long 


as the head and tail both. What is the length of the fish ? 


j 


H 
3 


F 
a 
Bs: 


= 
A 
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SOUTH DAKOTA. 
Examination for Teacher’s Certificate. 


a minus 1 a minus i 


528. Divide 1 plus 


a plus 1 ‘ a plus 1 
524. Define Quantity, Algebra. 


2x plus 4y minus 3z = 22. 
525 4x — 2y plus 5z2=18. Find the value of z, y, aA Ze 


62 plus 7y — z = 63. 


526. A capitalist receives an annual income of $2940. 
Four-fifths of his money bears an interest of 4 per cent., 
and the remainder yields 5 per cent. What amount has he 
invested ? 


527. Reduce Va, V 56, V a’ plus 6? to a common index. 


528. In gunpowder there are equal parts of saltpeter and 
sulphur and four times as much charcoal as of both the 
others together. How much of each is there in ten pounds 
of powder? : 


KENTUCKY. | 
Examination for State Certificate. 
Bed, acter a as ye 1s ae 


530. Find G. C. D. of 22¢ + 11a? — 1322 — 99a — 45 and © 
22° — Tax* — 46a — 21. a 


531. Find the value of | = +e bie 
1+ 2 x 


x Bt ak ‘ 
1+¢2 om 
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ae 

532. Given 4 ls + 4} ae a=s o : an 1} to finda. 

533. A person bought a certain number of sheep for $94 ; 

having lost seven of them, he sold one-fourth the remainder 
at prime ¢ost for $20. How many sheep had he at first ? 


534. If a carriage wheel 164 feet in circumference took 
one second more to revolve, the rate of the carriage per hour 
would be 1 miles less. At what rate is the carriage travel- 


ling? 


535. Perform the operations indicated in the following : 
V 128 — 27/50 +7/72—7/18; raise (1/2 +17/3) to the fourth 
power ; and find the value of a in the equation 


V2+a tye 


ae 
536. Given 1727 + 19x = 1848, to find the value of 2. 


537. A railway train ran one hour and met with an acci- 
dent which delayed it 60 minutes, after which it continued 

the journey at } of its former rate of speed, arriving at its 
_ destination 3 hours late. Had the accident occurred 50 
miles further on, it would have arrived 13 hours earlier. 
What was the entire distance travelled ? 


538. A. can row a skiff 6 miles an hour with the current 
and 3 miles an hour against it; how far can he pass down 
the stream and yet return to the point from which he set out 
in 8 hours? 


a 
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COLORADO. 


Questions for the Examination of Applicants for 
State Diplomas. 


539. Factor the expression 2 + ay? + y*, and state princi- 
ple involved in doing so. | 


540. Give definitions of the symbols a; a; a®; a. 


541. Solve the equations 2 2* — 327 — 20 = 0—i. e., find 
the values of x, which satisfy the equation. 


542. Describe method of solution of the system of equa- 
tions 62°—42y+ty=1 
a2 + y= 0. 

543. Given the following three terms of a geometric series : 


Ist term, 2d term, 3d term, 


3 3 
3 ’ a. 4 

find the sum of 10 consecutive terms (commencing with 3 as 
first term) by using the general formula for the sum of geo- 


metric series. 


aVbe 
in 


where a, 6, c, d represent given positive numbers, is to be 


544, The numerical value of the expression ( 


determined. 


NASHVILLE, TENNESSEE. 
Examination for City Schools. 


545. Ifa=2, 6 =5, m=3, n =1, what will be the value i 
pr ba? 0 a bo ES a 7, 
a—Wx 
Va—4 


If x = 8, prove that « —(V2#+1+2)— =0. 


ve 
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546. Subtract (a — b)x —(b—c) yfrom(a + 6) x+ (b+ e)y. 
Bey 1024 on de Se + Sx) } f. 
547. The united ages of a father and son make 75 years. 
The father was 35 years old when the son was born. What 
is the age of each ? 


548. Multiply a? —ab-—ac+ B?—be+e’byatb+e. 
Expand (32 + 7) (8a — 7); (4a’ — 22/. 
549. Multiply 3a" — a*'b + 2a**b" by 2a — b. 
550. Solve364— 15 (15a — 7) —3(13 — 2x) + 8=6(a—2). 
551. Divide m? + 3m’n + 3mn? + n? — p* by m+n—p. 
552 Solve (2a—a)(6x + a) — (4e +b) (8a — b) + Bax =0. 
553. Divide 
ea + + 37a" t? — 55a"*+?' + 50a"! by a* — 3a° +10a". 
554. If $132 be divided among 5 men, 7 women, and 30 
children, giving each man $4 more than to each child, and 


to each woman 3 times as much as to each child, how much 
will each man, woman, and child receive ? 


55d. Factor a? + 2ad + 12be — 9 — 46? + d?. 
Factor 1227 — 10ary — 12y’. 


wee ving 1. C.D. of G2’ — 42+ ~— 112° — 327 — 32 — 1, 
Bae 3 oa — 182" + Bx — 5. 


a OO 
2 2 
557. Simplif - baa A 
haan 1,1 eee 

nm ™ 


538 <A person walks to the top of a mountain at the rate 


_ of 24 miles per hour, and down the same way at the rate of 


34 miles per hour, and is out 10 hours. How far is it to 


_ the top of the mountain ? 
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B69. Solve? + 24°29, 918 6 ae 
ee AGT ee ee 

ee | 

ee ey 


560. A number is expressed by three digits. The sum 
of the digits is 21; the sum of the first and second exceeds 
the third by 3; and if 198 be added to the number the 
digits in the units’ and hundreds’ places will be interchanged. 
Find the number. 


561. Simplify : 


—2n 


1 
a 2b* 


(2) (8) Varta, 


tL 
” 


xy 


nr 


8 
562. Write the first four terms of (2 ae At 
a 


563. Find the square root of 2* — = +f+4 age =. 


564. Find the cube root of 2° — 3aa° + 5a°x3 — 8a'a — a’, 
565. Find the square root of a* + 4a~* — 247 $4. Ag 


4y7? + te. 
566. Solve 2? — 2az — br + a? + ab — 26° =0. 


567. Solve 2 + zy + y? = 37 
at + gy? + aft huey 
568. A cyclist coasting on a steep grade moves 14 feet : 
the first second, 44 feet the next second, 74 feet the third, H 
and so on; if he reaches level ground in 10 seconds, how _ 
long is the incline ? 
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569. Develop a formula for ‘s’ having r, n, and / given. 

570. Divide 6 —-3V—3 —2V—2—V6 by 2—V—3. 

571. (a) In a recent election for “Maids of Honor” 
there were 15 names voted for. If only two names could 
appear on, the ballot, how many different ballots could be 
_ prepared ? 


(0) A child has six blocks, each a different color ; in 
how many different ways can he place them, using four at a 
time ? 


! is 2 
572. Find the seventh term of : ( ou _ ; 


1 


a” 


B7s, Prove a" = 


574. Solve for 2 and nas - ! 2 a ee 
x 


575. The sum of a geometric series is 1. The first term 
is 4, the last term is 0. What is the ratio? Number of 
terms ? 


576. Divide V3 + V—5 by -V—5 —V—3B. 
577. Solve V2—7/4 —1. 


te Pg 
Ho] 


579. A man is told to select 4 books from a pile of 12 
different books. How many selections might he make? 


PS Aaa 


B80. Solve “TT 


1. 
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NEBRASEA. 


Examination for State Certificate. 


581. Extract the sixth root of 1 + 12x + 602? + 160x° + 
240x* + 1922° + 64za°. 


582. A. rode a certain distance at the rate of m miles an 
hour, and walked back at the rate of n miles an hour, and 
performed the whole journey in ¢ hours. How far did he 


ride ? a 
5838. V2—-3= 2V 10 + Vind 2. 
: Oe aa: | 
584. Define Symbols, Signs, Terms, Positive, Negative, 
Coefficient. 
585. Factor the following : 
foe ae eT. 
CG) gt nn a. 
(a) a Oe oa, 
haa ar ena 
586. Determine the values of 2, y, and z: 
2e + y + 82=19. 
ov + 2y —2z= 8. 
a — dy + 2z=1, 


587. If a certain rectangle were 1 foot longer and 1 foot 
broader, it would contain 14 square feet more area. If it — 
were | foot shorter and 4 foot wider, its total area would be — 
unchanged. What are its dimensions ? ‘ 

588, Find the G. C. D. of 22° + 4a? — 7z — 14 and 62° —F 
De" 2ige an: | 

1 1 1 1 
589. Oe gg | 
590. Divide a™?"** + a*b™ — ab" — 62" hy a> — Oe 


te 
Me : 


MISCELLANEOUS PROBLEMS AND EXERCISES. 299 
UTAH. 


Examination for Teacher’s Certificate. 


591. Find the L. C. Dd. of 4a? — 6ab — 185, 4a? + 40% 
— sab’, and 6a* + 5a*b — 6a7b’. 


592. A certain sum of money, at simple interest, amounted 
in m years to a dollars, and in n years to 6 dollars. Required 
the sum, and the rate of interest. 


593. Solve the following equations : 
(a) (Qa + 5)* + 31 (Qe + 5)~? = 32. 
(6) V2 + Qe +9 = aF + We +8. 


594. Solve the following equations : x — a a. 
i 

a, 
a 


595. A rectangular garden is surrounded by a walk 7 feet 
wide ; the area of the garden is 15,000 square feet, and of 
the walk 3696 square feet. Hind the length and breadth of 


the garden. 


~ §96. Define imaginary quantity, and perform the follow- 
ing operations as indicated : 


Multiply 4+ 3V—2 and 2-5 — Vv — 2. 
Divide V — 294 by V—3. 
597. (a) Find a fourth proportional to 3, 3, and 2. (6) 
Find a third proportional to 3 and 2. | 


_ §98. Find four integers in arithmetic progression such 
that their sum shall be 24, and their product 945. 
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599. Reduce to simplest form : 


x 1—z De 4 Baas, 
ies ro % 
; also 2 — 
4 6 Ve 1 ee x 
ig x i 1 +2 
600. Find the L. C. Dd. of 2 + 4xy + 4y?, a + xy — 2Qy?, 
eB, 
Find L. C. Dd. of 12m? — 21m — 45, 4m? — 11m? — 
6m + 9. 


601. Find H.C. F. of 2? — 6” — 27, 2? + 6x + 9, a + 27. 
Find H. C. F. of 3a* + 5a’ + 12a? + 8, 6a* — 10a® + 
19a" 10a > 4, 

602. Write the fifth term of the expansion of (e—y)". Ex- 
pand (a + 6)’ by the binomial theorem—leaving all your work. 
603. Find the values of x and y from these equations : 
ery. 1 epee te 
cy m—n’ ot a +0 


604. Prove 2° =1; alsoa” = 1. 


ras 
605. Express with als, crnenenn and simplify : 


ree 


ae zg 
606. Prove: If four quantities are in proportion, they — 
are in proportion by composition. | 
Note.—Y erification is not proof. | 
607. A man bought 6 ducks and 2 turkeys for $15. For : 
$14 he could buy 4 ducks more than he could turkeys for $9.9 : 
Find the price of each. ‘ 
608, A farmer having sold, at $75 each, horses which cost | 
him « dollars apiece, finds that he has realized 2 per cent. — 
profit on his outlay. Find z. ; 


4 


5. $.01. 
6. 27. 


7. 163,504. 


8. 2. 
9. $600. 
10. $169. 


2. 5. 
3. 36. 
4, 0. 


ANSWERS. 


Page 15. 


6. 119. 


fe’ hs 
8. 79. 


9. 202. 


10. 0. 


Page 16. 
6. 186. 


7. 330. 


8. 60. 
9. 36. 
* 10. 263. 


Page 16. 
4. $.25. 


Page 17. 


11. 146. 
12. $82. 


14. $40. 
15. $.52. 


Page 18. 


5. 100, 0, 2500, 1, 3. 


6. 0. 


13. $264. 


Ze 
8. 


11. 


9. 


15. 
16. 
17. 


50. 9. 0 
0 10. 20 
Page 19 
68. 12. 6. 
Page 20 
C= 6. 1 i, C= 9 
C= 11. 12. C= i 
x= —6§6 14. «=60. 
C= —2 15. c= 12. 
ca 
Page 21. 
8a. 6. 13, 39. 
aa. @. 24, 96. 
20, 40. 8. 6, 18, 36. 
50, 250. 
Page 22. 
5, 30. 10. 10, 30, 90. 
Page 23. 
ya 18. 5, 6, 7. 
50, 100. 19. 100, 200, 200. 
18, 30. 20. 0. 
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302 


22. 
23. 


24. 


ANSWERS. | 
Page 24. 10. 25-22. 
10,120. 25, 45. te a 
49, 26. 24, 18. PRUE Tis 
12, 48, 13. a. 
Page 26. Page 29. 
— 2. 9. 3az. 14. 16—12z. 15. x + 3a. 
—Axy. 10. 2a + 2. 3. 0. Opa 
w—Te. - 11, 4x*—8. 4. 15. a. % 
" S 6 9. 4. 
6. 4. 10. 6. 
Page 27. 
4x3 — 8. Page 30. 
2u° — 4, 1. 2a—2b0-—2c—(—d—e+ f). 
— 12x + 2a% + 2a% + Sart. 2. 3x—2a—y-—(46 +2 +0). 
Ant — 2. 8. a—-b+c—(ba +n oee 
8x. 4, byt+azx+bxr—(—cx—ez+ my). 
— 8m. 5. e+ y—z—-(—u+t 4—5a). 
2% + 3y 
— 3x. REVIEW. 
fae 1. 1. ~=5. 4, x=—70. 
1. 16a—106- Ile. 9, x=-12. ggreer 
2, lla?— 6r—5. ny ote 
3. 62? + 4az. 
4. Ta?—10ab + 36°. 2. 1. 62°—4a? + 10a’. 
5. — Say? — 5aty? + 8a8y?. 2. 4a + 836—3c—d. 
7a — 106. 
a2 + dy? + Bett Fage 
2b and — 20. 8. 8a? + ab—5b?—3c%. 
ve + 2. 4. —-2a + ab—3f. 
5. 6a—5b + 2c—S5ae. 
Page 28. 3. 1. 8ac—8ab + 7e+ 
9x —13y. 2. 5a% + 2a?—Ta% + 11b%e, 
—a+6+ 8e. 3. —@+2a'+ aa 
—a?—gxzy + y* 4. —22?—2az. 
a?— 3b? + 3c, 5. —4a? + 5a7b—5Sab? + 6, 
6x — dy. 4. 1. 22 +4, 
2n—-—n—p 2. 2a—b—-d. 
1— 22. Be On. 
x-y 4. a? — 3b? + 3c? 
oat 5. 62—5y. 


ee a 


ANSWERS. 303 
me 1. 21. 4. —3000. Page 36. 
2. 5. oe —9. 2. l4axty~ 8bxy’. 
3. 40. 3. —24a5y? + 6x2y?, 
6. 1. 6a + 96 — 6c+ (4d-—3e + 4. l6anzc?—l6an?m’. 
3 2h). ; d. —9m'n—9Imin + Imbn. 
2. O—(x + y- 32 + 20-c). 6. 3xt+?— 4a41, 
Page 32. 4. 12a" — 24a, 
8. 35% — 2527. 
pee @ + 40° (20° + 4a? + a +1). 9. 1542 — 10x27 — 202? 
: ; ‘Y gh 
4. —3a—2b + (6c—4d—e-—2f). 10. — 303 + 92%y—9ay? + By. 
5. ax— cy —(dz—bz-— cd—az). ey ae, 
« 4, 26¢n'n’. + min ps, 
: Ceaghameaae 2. 9a°D'. De ek 
1. —18a—86—10¢ + 182. 3. adbtct, 
2. 2a + 7b—8e. 
3. 2ab + 267. Page 37. 
4, —b*- 2ab. 2. 1. 6x? —112-—10. 
5. —a@’?—2ab—b', Z. 8x?—10x—12. 
6. —x? + 7. 3. 6x? -—- 12a — 48. 
f. par. 4, 202?—4lay + 20y/. 
8. x-pt+p=o+ p. 5. 40at + Qa*y? — 24y4. 
Ha oy Oe 6. 42z*y* + xy — 56. 
9. —1la’b + 4ab*?—12a7b?— 6b, 7. 45a5d + 6a®h?d? — 8abta. 
10. z+ 9. 8. 48a%y + 4rty®— 24a’75, 
a, ot y+ 2. 9. ax + 2abxe + a’y + 2aby. 
Page 33. 10. ax’ + 2az*y — ba? — 2bx’y. 
12. . ?.. 7 m — n’, 
18. 1. — 3a? + 3a7b + ac + Tby. mee + Oa Gt Saal! + Be, 
2. 3a* + 9a7b + 21by— ac. Page 38. 
3. — a*—9ac— 3a’°b— Tby. 3. x® + 8ar® + 8a2rs + ates, 
Page 35. 4. 24 + abs®— absy’—y'*. 
1. 90 10. 35be%d2? si dl 
» 90. . edz. ey aa. 
2. Dz. 11. —8f%97. cate re 
3 e oh ae 
3. — 60zy. LZ. 2izty e Ae eek 
e ey 9. 2a5—1025 + 5at — 227%— 522 
Bo. —70a7y* 14. — 48a”. ae ee 
2 a 27, 2m } : 
“ pon = Tew 10, 2° + 22 + Ba4+ 22% 41. 
8. 108a?2*. OR ae Page 39. 
9. —S6ary?, 18. a’y*. 2. a? —2b?. 4, 0. 
20. 1. —9aba’y + babzy’. S. 6: 5. 2a? + 20°. 


304 ANSWERS. 
1 eee 12. a?+b?+c?+2ab + 2ac+2be. 
2. —2ab. 13.@7+6°+ 2 — 2ab — 2ac 
3. 0 + 26c. 
4. —6a. 3.1. ay, 
5. x°—7?*. 9. 2° + Day + 
3. 2?—Qay +y’. 
REVIEW. 4. x? + 82*y + 38ry? + y’*. 
5. 2 —8a7%y + 8ay?—y’*. 
Fag one, 6. ay ae a 
Be ER 2 7. city t 2+ Qay + Qaz + 
3. mon? + mint + mind. oye. 
4. a®b?— 3a'b* + 8atd>— a8O®. 8. a2 + y? + 2! — Qay — Qxe + 
Page 40. 2yz. 
5. a’ -- 6? + 2be—c’. Page 41. 
G. 1207+ Ty8 — Qdamtoynts + | 4, 1. 1. 4. 6. 
L2ahy™**, Ya 5. — 9. 
7. 9at— 13a? + 4. - 3 —2. 
8. mt—5m? + 4. a 
8s ryt +. aie 2. 8b’. 
Seiichi ab hiaete 3. 2b. 
10. —15a* + 37a*%bd — 2Ma'cf 4. (m + 1)*. 
_20b%d? + 4Abcdf—8ef?. |, 2?—4ba? + 5b*x — 2b%. 
1. 2 + a5 + 8 + x1. 
12. 1—2x— 31x? + 7203-3024, Page 42. 
18. a? + 63 + &—3abe. 1. Ik. 4a%. 6. —7. 
14. 2a?" + 2a™b? — 4a™c* — 2. — 62". 7. —4a*?, 
3a”b — 36? +1 + 66c". 3. —10y’. 8. 524b?. 
9. 1. a? + 2ab + 6. 4. —32*. 9. 6min’. 
2. a?—2ab + 6. 5. —S8aty. 10. —5pgq. 
8. a?—b?. 8. 1. 1 + oe 
4. a— 6%. 2. 38a?—4. 
5. a? + 6%, 3. 3—2a?. 
6. (a + b= a + Ba + 4. 3x + xy. 
Sab? + b8. 5. x72? + 2. | 
7. (a— 6a? — 80% +30d?| 8 —atb+e. | 
mei DA, 7. —2a? + 4dab + 667. : 
8. (a+ 1)§=a3 + 3a? + 8a+l. 8. a8—ay—1. | 
9. (a—1)}=a'— 3a?+3a—1. 9. —427 + 2ay + 3y’, | 
10. (a + 5)? (a — 6) =a? + a 10. 2m?—4mn-—10n?. | 
~ ab?— 8%. 3. 1. 1—m—m? + mi’. | 
11. a?—a*b—ad? + B°. 2.0+1+ 2-27. | 


20 


ANSWERS, 
Page 43. 

3. l—a+ a? 2. 
4. 3b%° — 2be. Be 
5b. a’+a—!b— 2e—a’b-1. 4, 
6. 1— 16+ 27 — 16+ 5 =1. Be 
ee a ae 
eee eh ot, 2, 
moe” + Zia” — 1. 3. 
* 10. 327-1 — 72’y". 44 
Page 45. 
1. 24 +3 4. 
B. 2r— 5. De 
3. x 3y. 6. 
4.a+4. - 
5. a?—2ay + y’. 8. 
6. 22° + 4x7 + 8a + 16. 9. 
7. a—b—-e. 10. 
8. 27—3a. 11. 
9. 3623 —272?2y —16xy? + 123. 12. 
10. 2*— xy? + y'. S. 1, 
— L. 2?+ ar a. 9, 
> 12. a? + 2absa. o. 
) 18. x + 203 + 2? —4r—11. ! 

| 14, 2? +? + kay —2x2-yz. 
15. 22-27-24 + 1. 4. 
16. 2+ vy + ay’ +4’. 5, 
49, 2" — yy. 6. 
: 18. 2°-—27-. a 
iD. 1+ 27 + ot + 2%, 8, 
| 20. 9a? + 46? + 9c?—6be + Yac + 9. 

6ab. 

10. 
: REVIEW. 11. 
Blel.a+bdiec. 12. 
2.6+m+ 3ab—c+ Tam. 6. 1. 
3. 0(a + x), or 0. 2, 
4. 4Vx. 2, 
4 & (2a + c) Vx. _ 
2.1. —6a’x + 7a’. 5e 
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Page 46. 


10a°b?c + 9Yabe. 

19a” —176"— 2c” + 10d3. 
—@ + 112—4e + Zoe. 
—ty—Ha-we, 


oon. Ay Oe. 


46. DB. 6x — dy. 
2— 52x. 
ig at A 
L—a. 
x—d. 
2 +a. 


x*—ax + a’ 
x?+ax+-a%. 

v—ax’? + a’x—a’. 

2 +az?+ ax + a’. 
v?—ax+ a’. 

eh ae + ag’, 

x+y? + 22*—yez—2x— xy. 
4z* + Qay + y?. 

xv — 152? + Tlx— 105. 
823+ 80x%y -- 58ay? — 1dy'. 
x—1. ' 


Page +7. 


xv§ — 256y* 

xv§ — Qaty*t + x8. 

x? —378 + 3a4—1. 

at + 4a?a? + 162+. 

8lat + 9a?x? + xt. 

20" + 2am™be — 4a™c* ~ 
8a” b — 3bP+! + 6bc”. 

20 — Da. 


3.52? — 3x” + 1.5. 

4a3 — 37? + .5a. 

408 — 2d? + 4d. 

ot De St, 

2a’ — 2.49a7x7— 3a2? + .523. 
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Page 49. | 8. (2+ 2)a. 
1. 0? + 2be + C3, 9. (a—b +¢--d) (a—b-c+d). 
2. b?—2Qbe + c?. 10. (9x + Ty) (5x + y). 
3. a? + 2ax + 27, Page 51. * 
4. a’ + 4ab + 467, : 
5. 9a?—12dax + 4d?. 1. (a+d+1)(a-d+1). 
6. 16m?—24mn + 9n?. 2. (% + 9-1) Gg 
#s 40° + 12072? + Oct. 3. (a—b + c) (a—b-Cc). 
8. 2?—10x + 25. 4. (v—6 + a) (x—b-a). 
9. 9a? + 30a + 25. 5. (¢ +d +1) (e+ d-}). 
10. 49—282? + dat, 6. (a—-m+b+n)(a-m—b 
11. b?— 2. Whe 
12. 1627-9, 7% (a+b+m—n)(a-—b+m 
18. 4a* — 40+. + $2), 
14. 16a?— c?. 8. (a—-d + b—c) (a—d—bte). 
15. a?— 4904, 9. (3—x-a) (a—x-1). 
10. (a + x)? (1— 454). 
Page 50. Page 52. 
1. e(z ty +2) eee 
* us ok “ oe 2. y(a—6 + €) (a—b-—¢@). 
pga ts 3. m(2m?+2b—1) (2m*— 26 +1), 
aE nae 4. 5(a—-mt+n+b) (a—m—n—- 
5. (5+ 4a) (5—4a). ‘ 


(2% — 38a) (2% —3a). 

(a + 5b) (a + 50). 

(~—8) (x-- 8). 

- 9X2n—n)?*. 

y Bw + 4), 

« (3x + 4y) (3x — 4y). 

- (5a + 6) (5a—6?). 

(7m + 10n?) (7m—10n), 
Mah (4ab? “- 5c3) (4ab? — 5c), 
a?b?(2a + 130)3. 


« (2--y + 2) (x—-y- 2). 

« (2y + 22-2) (Qy—224+ 2). 

« B(a.+ 6) (a ~ 6) (a? +O). 
(a? — 4be). 

o (m+ x-—y) (m—2z+y). 

- (a+ b+e+d) (at+b-—ec-—a). 
7. (8a + 5+ 2a—38) (8a + 5—2a 
+ 3)=(5a + 2\ (a + 8). 


i 


b). 
1. (2a + y) (84-2). 
2. (@+ 1 Ga 
3. (x—2y) (m—n). 
4. (y—1) (y’ + 1). 
5. Piat+e+b+d) (a+e—-b 
—d), | 
6. ry(x + y) (wy). 
Page 53. 


5. (ax + by) (ma—ny). 

6. (a+ 2) (a—2x) (ax—m). 
7. (22?—q) (2%—1). 

8. (y + 10) (y—11). 

9. (w+y) (l—xz-y). 
10. (oc + 2)86. 

1. (2% +2+1) Gee d 
2. (2? + a? + xa) (a? + of —2a) 


B. (2a? + 8a—1) (2a*~—3a—1). 


ANSWERS. 


4. (8a? + 3a—1) (8a?—3a-1). 

BO. (76? + 5d? + 96d) (7b? + 5d? 
—9bd). 

6. (32? + 267 + 462) (32? + 20? 
—46z). 

7. (5a? — 2y? + 4ay) (52? — Qy? 
—42zy). 

8. (7a?—12y? + ay) (7a? — 127? 
—ay). 

@. (lba* + 767 + 16ab) (l5a* 
+ 76?—16ab). 

10. (16c?+5d? + 14cd) (160? +5? 

—14cd). 


Page 55. 


» (25 3) (2 +3). 
2. (u+1) (x + 2). 
Bm. (2 + 7) (x + 10). 
4. (x +1) (x-2). 
mM (2 + 2a) (x + 3a)... 
GO. (z* + 2) (2 + 3) (x—8). 
7. (a + 4y) (2? —3y). 
8. at(a—5) (a—7). 
9. (x—10) (x— 20). 
10. 3ab (a + 8) (a + 3). 


Page 57. 


I, 12(2 + 1) (2 + 1). 

Bs. 3(2z + 5) (x + 2). 

3. (2%—3) (8a + 4). 

4, 2(x—3) (2x +1). 

5. (5u—1) (8a + 7). 

6. (x—11) (5z- 2). 

7. (5—2z) (3a + 4). 

8. (a+ b+ 2) (a—b—8). 

9. (ax + b) (y +c). 
10. (a? + 8) (a?—8) (6 + 10). 

Page 58. 

1. (m+n) (m?—mn + n’). 
mee. (2 + 4) (a?—4a+16). 
> 8 (xy —4) (x*y? + dry + 16). 
4, (7-27) (49 + Tx + 2”). 
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5. (2a—b) (4a? + 2ab + 67). 

6. (2 + y*) (® —y') = (e+ y) 
(w—wy ty’) (e—y) (2? +ay 
+ a). 

Eo) + 2) 2). 

8. (a—b) (at + a®d + a’? + ab} 
ae}, 

9. (at + y") (at—y) = (at + y') 
(x? + y*) (w + y) (e-y). 

10. (m+n+2) (m?+2mn4+n?— 
2m—2n+4). 


Page 59. 

L, (2? +) Ge + 0). 
we (2-0) (2 + an + a" + 1). 
3. (2a—y) (427 + 2ay + y?—1). 
4, (a+ 20) (a? — 2ab + 40? +a 

+ 3b). 
5. (6—a) (42+ 7a + a’) +6. 
6. (m+n)? (m+n) (mM — N). 
7. (a? + 6?) (a?— 0) (at + 54-1), 
8. 9(a — y) (8a? + 8ay + 3y? — 


Gy), 
9. (a — 2y) (x? + 2Qay + 4y?) ( p + 2q) 
(p — 2g). 
10. (a + 2) (a—2) (a—1) (a?-—2a 
+4) (a?+2a+4)(a?+a+1). 
Page 60. 


1. (4a+6+¢) (a—30+ 4c). 

2. (x + a—8c) (2e—a + Te). 
8. (a + 2y—8c) (Bu-—-y + 2c). 
4. (@ + 36 + c) (4a— 26—C). 
5. (4a—y + 2) (Qu + 2y + 22). 
6. (a—b—c) (2a —26— 2c). 
7. (2a+4x—6) (a+z—6). 

8. (a—3b+4c) (4a+b+ Ce). 

9. (x+2y—3c) (8%—y +t 2c). 


Page 61. 


1. (v@+1) (a@?—a—2). 
2. x(x+1) (2?—x—2). 


308 ANSWERS. 
3. (a+2) (a+2) (a—1). 31. 52? (x—6) (x + 38). 
4. (~+1) (w+2) (x—8). 32. Ta*x (2x—a) (xw—2a). 
5. (a+1) (v+2) (8a -2). 88. (9 + 2) (8 + 2 
6. (~—4) (w+3) (w—2). 34. a? (38a— 6) (a + b) (8a + B) 
Ze (x—2) (x—5) (2-1). (a—b). 
8. (2~-— 1) (8a—1) (a—8). 35. (82? + 3xy + Sy?) (82?—-3xy7+ 
9. (24+5) (2a—3) (a—1). by"). 
10. (%+3) (2445) (w—1). 36. 4abay. 
37. (a—b + c) (a—b-C). 
Rees On. 38. 52*y (4y? + 2?) (2y + 2) 
1, 3,3; @, &% & Ob, 6 (2y—zx). 
2. a(e—1). 39. (x? + w+ 1) (a?—a2 +1) (at— 
3. 3a(a— 2b). x + 1) (a 
4. 3m* (m—4). 40. (502d? + 7¢)2.. 
5. (a+ 6) (a + 6). 41. (a+b=c) (atb+c). 
6. (32% + y) (32° + y). 42. (x+ a) (w—a) (~@—a@). 
7. 5a* (3x—2y + 2). 43. (x—2) (z?~a + 1). 
8. a(a + 8) (a—8). 
9. (a? + 4b") (a + 2b) (a—20). Page 63. 
10. (y + 5x) (y—52). 44, (a? + ab+ b*) (a—b+ ce). 
11. (6x -+ 5d) (6x — 5D). 45. (m+n) (mo — min + min? — 
12. a(a@’?-—ay+ y’). mn? + m?n*t—mn> + n®). 
3. (a—4) (a + 2). 46. (a7b* + ct) (a’b®—c*). 
14. (m+n+1)(m+n-1). 47. (l—z) d—-z a Fete, 


~ (e+ ay ty’) (ee - 7y +4"). 
« (2-2) (2 + 2) (272 + 2a + 4) 


(a? — 2a + 4). 


« (x + Qyz) (2?—Qaye + 4y?2"). 
» (a—b) (a +641). 
(e+ 4)(a—1F. 


(a—2y) (x + 15y). 


- (3a—2b) (9a? + bab + 40°). 
« (3a + 4y) (9z?—1l2xy + 16y’). 
« (vw? + w—2) (@?@-4 4+ 2) = 


(x + 2) (w—J) (2? -a@ + 2). 


« (w—8) (x—7) (x + 1). 
~ ry (x + y) (e—y) (ey). 


(a—20b) (a + 2b). 


« (a + 1) (a—1) (a?-6). 


« (% + y) Qy. 
« (w—12) (a + 5). 


(a + b) (x—38) (x—2). 


48. 
49. 
50. 
ol. 
52. 


Be 
54. 
De 
56. 
a7. 


58. 
59. 
60. 
61. 
62. 
63. 


(10ay? + 9z) (10ay? — 92). 
(x—b+ a) (@—6—@), 
(a+ b-—c) (a-6b+ @). 
(x +5) (x—5) (a + 2) (a—2). 7 
(a+1) (@ —at1) (a-1)G@ 
(a+aee 
(a + b) (a? -—ab + OF +1). 
(a+38b) (a-—36+1). 
x3(x— 12) (x—1]). 
(x—a) (x+a+2y). 
(a + 2y) (a—2y) (a*—2ay + © 
dy?) (a? + 2ay + 4y’). 7 
(x+1) (abz?—abr+ab+1). 
(6a?+ 38a—1) (6a?—3a—1). 
(x—a) (x+2a+6). 
(a+6+1) (a—Db). 
(a—b—c) (2a+35+¢). 
(a+b) (a—b) (a?+6?—1). 


64. 2c(c? + 3d’). 


65. (2u—2y+1) (2x—2y—1) (xy). 


66. xy(x—y) (x—y) («+ y). 
67. (a + b) (w—38) (w—2). 


68. (w@tyt+a+db)(«+y-a 
—b)(a—b + x-y) (a— 


x +’y). 
69. (a + 6) (a + 5b) (a+ BO). 


‘ 70. (a—b) (a—b) (a—6B). 


wae (+1) (+1) (@+1). 

72. (a—1) (a—1) (a—1). 
Oo (2 +2) (2 +2) (+2). 

74. (a?—b?)$. 

os Ce + y + 2)*. 

76. (w-y + 2). 

oe. ry? + 3) (zy? + 4). 


73. (a°—abd + 6) (a +6 +1). 


79. (x—y)’. 


80. (2a? + 3a—1) (2a?—3a + 1). 


81. (m—n—9) (m—n-—8). 


82. (3a? + 2ab + b*) (8a? + 2ab 


a0"). 


Page 64. 


me. (2 + 4) (a + 2) (27 + Sa + 8). 
84, (at+1) (@?4+1) (x+1) (x—1). 


85. (3u—1) (5a? + 11). 
86. (x—-1) (x—2) (@ -3). 
Bae tae ty) (a? + 2°). 

88. (a—36 + 3) (a—3b-8). 
89. 9y (42? + 2xry + y?). 

90. (6 + c—ba) (b + c—a). 
91. (x—b + a) (w—5—a). 


92. ax’ (a? + 2) (a + 2) (a — 


x). 


Oe, (ae 4 8-+ 1) (a — 1) (1 — B). 


94. (2x + 8y) (Qx- 38y)*. 
95. (x + 2)? (2—2)% 

© 96. (a’?-6?-c?*). 

= 97. (x + 1) 

98. (x + a) (w—5d), 
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99. (x—c) (xv + d). 
100. (4a + 6 + ec) (a—36 + 4c). 
Page 65. 
1. 3a7b?c. 6. 17abe. 
b— | &. 3xy*z. Te Are. 
3. 6a?2?. 8. 3a’m?’, 
4. be. 9. 42°. 
5. ab. 
Page 66. 
de Say. 7.2 a—d. 
f. ety, a..a +1, 
3. x—l. 9. az—l. 
4. ¢ + 1. 10. (2% + 3y)y. 
5 etl. 11. (x-y)’. 
6. ab(a—b). 12. xv + 2y. 
18. x(5x—3y). 
14, (x+y) (z?7—ay + y’). 
15. 527-1. 
Page 67. 
is 22-3. 3. a—1l. 
2. x—a, 4, 2+ t. 
| Page 68. 
5. v?—-244+ 3. 12. 2-5. 
6, 2(S27+°2). 13. 2—1. 
fo 2 Sey 2. 14. 2° 4+ 2 +1, 
8. v?7—1382 4+ 5.15. 2¢—1. 
9. x-y. 16, z?—8. 
10. 2 + 2. 17. x?(2z3—y?) 
11. 2(27 +3). 18. 3a + 6. 
1. x—2. 
Page 69. 
S. 22 + 7. 5. 3u—y. 
3. x—2. 6. x—5y. 
4. a?—1, 
Page ‘70. ; 
d, 2i0abe.. 5B, 120*bc. 
2. 72atb?c*. d, Oxy’. 


(u+a) (a7 +arF ax) (2? +aq?— 
ax). 


(x? —24+3) (~2—38) (2? + 2a— 
3). 
(8a—7) (2*— 2a + 3) (2a 4 be 
+3). , 
(a? — 2a + 4) (2? + e—2) art 
62). 
Page 74. 
(a—1) (x—2) (@—3) (w—4). 
(8a + 1) (a—1) (2a—1) 
(8a— 2). 
(8a—4) (8x2 + 4) (7z?—5) 
(2a — 3). | 
(2a +1) (22? — w—1) (42? + 
xo +1) (awe 
(x—3) (a? — 2x + 3) (a? + Qe 
—3)(2° + 3a" + Oe + a), 
Page 78. 
ie 4, Cf. 
3ab 3xy 
2a" a. 
oY ax~—1 
PER iinet g, 4(e=y). 
2—3ax 1 
x—3y : 
xv? + 3xy + Oy? 
oa Pee 
36 at+z 
ie a 
x+4 
Sg oe ") ioe 
ba +7 ODS 
a—2 3x? —6x+4 
Page '79 
5, 2@ +3 c+? 
“80+ 5 a+ 18 
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Page 71. 12. 
fe Lore, 6. 84a7bc?, 
Yl rar ee, 13. 
8. 264a*tb‘ct 
9. 3600. - 10. 168z5y?. 14. 
A, 2*(2--3). 15. 
ae Oe +1) (2-1), 
3. 62(3x2—1). 
4, x(% +1) (w—1) (274+ x + 1). 
a. (x@+ 1) (x1) (a7 -2 4+ 1). 1. 
6. (c—1)(~+1)(~+2) (w?+a-2).| 2 
7. 12a?b?(a + 6)? (a—D). 
8. 12a2°y? (x?—y’)?. 3- 
9. (a. + &).(ae? ~ 2°). 
WO. (Vater) (eae rarse ae) 4 
(a+). 
11. x(1—2z)*. 5. 
Page ‘72. 
12. (2?—y?) (xz—2y). 
13. a®— 0°, 1. 
14. (w—1)? (x + 2). 
15. (w+ y+z2)(x+y—2z2) (w—-y+z).| 9, 
16. 5ab (a—x—1)(at+z2) (a—zx)?. 
17. (3a +1) (2x7 + 37-2). 3 
18. (2e—8y) (8x —2y) (2? — 4y’). 
Page 78. is 
1. (8u—4) (247+7) (4a—5). 
Q. (2a—1) (x+2) (8x41). 8. 
3. (2a—3) (+2) (2a-1). 
4. (4v+1) (2v+7) (84-8). 10. 
5. (7a—4) (8a—2) (2?—8). 
G. (v+2) (e+) (7432+), 1. 
7. (v?—5x2+6) (w—1) (w~—4). 
8. (27+327+2) (x—3) (@+5). 
9. (v7 +2%-—8) (247-—3x—8) (22? 2. 
—x—5). 
10. (~—2) (x--3) (v?4+2x+4+1). 
11. (2% + 1) (82779-—x-2) (8274+ & 
—2). 
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10. 


coe anli aae 
at 2 


x—3 + > 
a 


x-2+ 2, 
62 


Not reducible. 


O+ar?+at1+— 


——__—_1 
: 


x—l 
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e+ e?—Ar + 3. 

xv? + Qa-—1 
267 

a—b 


9. 


2? — Qa + + 
e+e-—1 


Page 83. 


n?—3n, 1+ 3n 
n—3 
e+ 3, 2er+4— 
(2 + 2) (2 +3) 
22, 3a7, 4az 


aex 
1 38x —3 
g—1 7] 
pa One 
az — x? 


g, 2(a+ 1 (a1), vie) ie +2) 


(a +1)(a—1) 


7, ay? (w—y), bx? (x + y), exy 


ey (ar —y") 


g, (a—1) (a—2), (@ + 2) (a—5), (4 + 8) (@ + 8), 
(a + 8) (a—5) (a-2) 


yee Oo. 
(a—b) (6—c) 


10. 


wera ia’ +a t+ 1), (ee 1) a4) 


(w—1) (474+ 2+ 1) 


dll 


olg ANSWERS. 
rg cameos 2. a? + 2ab + 3b? + at 
2 4, 9(2x' 1), ane 
15 8x2 woe 
42 2—a 
2. 15 De ; oma y 72+10+ art 
xXx 
3a — 25 an 
Be a ‘Too ig ee + fee 1 
: a?+2ab+ 6? Ont: of a : 
. 4ab de ke pea OR 
3x —-95 
Rata Se ib nL Ve-7 
(x —2) (w@—1) 2 ae 
9. 2a—a*+1 10. b 2a—x 1 
a—l Ge 3. on 
Page 85 4. 10a? + 4% + 3 
OL 
os sac f 5, Jax—4a—Tx + 2 
ee ¥ . Sa— 2 
9 3x + 4 ax os +5 
* 9a? + ba] t ~ ne as 
3, & + 2 7 oe 
24-1 * git 
i haat g, Ht 8a" 
x’—5 a+ 2 
5. a A eee oe 9. 2(z tae 
Fie pA 10. 0. 
Pee tn _ 2a +1 9. 4, sees 
x — ary x—2 ‘a 
i tas 9 a? + 2ab — 6? 
a?—3x4 +1 } a? — 6? 
9 oh ae 3. 0. 
eee+] Page 87 
a + a+ a : 12 c abe 
oar 
Page 86. ~ eee il 
Os 1 7 = 
Me be O21 > ap 1—-—; (22—y?)} 
a+ b———; 2 ga ee 8 aro 9 Pear 
a +8 ae . ae — b& 
9, a+ 2 
eS 33 10. 0. 


7. 


13. 


16. 
17. 
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Page 89. 
6+ — 2. 9, 
5 (a? + 67) (x+b) (x+5b) 
: -o re 
Ya 64 
” 6. at L 
be (b 4c) . 4 
a — 6 oy a. 
6c7x 4 
Page 90. 
(acd —6°d + bc*) bed aa 
a—b+e 
(a-2 
~ 11. 10 2. 
ee) ye. 2p8 
2 385qy 2. 
a ae 
v—xyt+y 3ab 3. 
vie ay") 18 mn 
Yo m —n* 4. 
cae ean | 
y e+5 x 
a 20. 1 
Page 92 1. 
d(an +m) 
n (6d—c) 2. 
a+ 4c 
4x + 2z Se 
x? (a—8) 
aig’-xz +1) 4. 
5 (a — 6) 
10a + 96 
a(df + e) ‘ 
ody + be + cf 
—d. 6. 
Pe 
be +ac+ab 1 
a’e + ab? + ab 
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Page 93. 


—2x 


iv 10. . 
1+ 2° 


_2mn . g, Btaxt x 
At+x 


a? + 2ab + 8b? + an 


a—1 
a’? —2 
43 


iz +10 + ——. 
x—A 


G-i + 


Ce OF ae ae 
a+ax—-1 
3a 
x— 2a 


a2 > 


xv? + 8ax + 8a? + 


208 
a? —ab + 6? 
a? + (b—c)? 
2be 
oo + ee 
2b 
(a—1)* (a—1) cp ee 


a a 


Page 94. 
(at ae or)? 
e~ory + y 
EA eal & Oe 


eg+atil 


ete 8 
ke ae 
bie + oh ates a) ao’ 
ab (x? — y?) 


2. 


3. 
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—1 1 
aoe ae | + 1 
oo | P 
L-yY £—-¥ hae 


(1-— a) (ax—z’), (a—6) (a—«a), bx 


axa—x" 


(2 +2) (v7 +1)?, (8a + 2) (2-2) (@ + 1), @ (Qe Tee gy 


xe (a?@—4) (a +1) 


1. 9. —] 
a— ce 
a’? — b? 
Page 95 
a. 
6 
(a + 6) (a +e) 
(a—6) (a—c) 
b+a4a 
9. 
b-—-a4 5 
to eet 10 ue. 
y? . ab? 
Cee ae 1 
atl 


ye + te + wy 
e+ ap + ye 


y® + lly? + 38y + 32. 


m?—mn+x. 4. 4a(a? +1). 


SE Sane 


1+ ; 
Po a ae 


2a* 


L+ fet oe + Ba + ae 


Alte tog) 
1—~x+2? 

52-242 

x o* gt Bae 
Page 102. 

o. ly 2a. 6. +=30 
2. u=4 ¢@. = +2} 
es = 8..2=64. 
4, 2=3 9. x=10§ 
5. 2-4, 10. «= 6. 

8 1. r=§ 6. v= 10, 
2. r= —6. fe THH 
3. v= — 3. 8. r=4 
4, v= 48, 9. c= 4, 
5. c=1. 10. z=10. 

Page 108. 

4. 1. r= -—12.5. 4, 7=—28 
q, re &. +=6 
Oe ee 

4a—2b6 

ee oe ee 

oo ab—ec 
3c + 2a 
§. c= oe 3 
2 eae 
4, ee re 
5. 2=0+ 2a, 
6. 7 = 0e= am 
a—5d 
7. b(a +e) 
a+1 


a 
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ee b(a + 6d). Page 108 
nae ta) 2. 0-4) 4 =7 
9. v= 1—a. 3. x=4 db. £=3 
i 
oo ange Page 109. 
/ im == G, pa x2 =4., 
1. caus bia 4. Lx 2, de a= —1}. 
9, £=—3 a 2 0 i W+b4+ e+ a 
oo G 
ot 5. c=—§ 6 a Ot 
Page 104 oo eae 
. i a—b—d 
Me For |g, gat 2a +0 
2. red 5. x=i, c--b 
3. x=-1} 9. c= ii. x= — 3h 
1. pegs ih 2040... 12. eh 
13. x= it 
Page 105. ei i Gb + 00> a0 
2, x=—O. oe ie = 13. 14. a= — lf 15. t= 30. 
Behe + ab +o’ ” 
ein Page 110 
e v=, neo y 
a adie 162-2. 18. e=8. 
a(a+ 6) 
3. t= ae taal 17. 2=72. 19. x=3. 
4. = 9. 20. = bd — 2be 
ee 2ac—cd 
5. r=b?—b-1+ 5 
REVIEW. 
Page 106. 
“ 1. (2u— By) (@ + 2y). 
1. z=1 4, x= —18, 2. (x+y?) (x—y?) (x?-+ay?+y") 
2. 38 By ved, (a? —ay? + y'). 
3. U4 3. (1t+a*) (1+a?) (1+a) (1—a). 
4, (2a™ — b*)?. 
P 107. : 
pee ee B. (a? +0? + ab) (a? + B?—ab). 
1. x=4 a. 0-7. $. (wt1) (a®—a41) (x—-1) (2 
2, c= 6. 5. ZZ = 2, ot), 
3. x=18. 7. a(n —2)?2. 
x=23. 8. (x—-y) (w@+y+t1). 
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9. (w—y) (x + y—3zry). Page 115. 


10. (38a + 2) (a—1). 25. $80. 26. 100, 200, 600. 
27. 240, 120, 40, 10. 
. 5u—4y. - 4a—2b-38e. EE: 
; oe a. a, 4a 20-20. || og: 50s, Oo an 
2. —: | «G, Bu—4y—2z. | 29, 334 yards. 81. 30, 18. 
2 39. 72 Ib. $2. 72. 
s - Ga. $ 
1. =5. Page 116. 
33. 57; minutes. 
Page 111. 34. 32,8 minutes. 
o oon. ‘at, 35. 49,4, minutes past 9. 
36. 5,3, minutes past 7. 
> ; 3 ad 
8. 2 = %. 5.2 ==". | 37, 2517, 2180, 4353. 
b 6-1 ; 
38. 18 miles. 
6. ge = 26 (26—a). : 
; : 3 vie Page 117. 
e HU. e — a. 
. ue 89. lz hours, 41. 94, 95. 
ye 40. 560. 42. 144 sq. yd. 
a—c 
1 43. v ’ us : 
10. x = —- l+a te 
ie 44, Gem 
" et+a 
Page 112. ; i 
5. 2 days. ‘ . 
Problems. ad os: b-a 
1. 192. 2. 250, 750. 47. 300, 200, 150. 
Page 113. Page =e 
oe 8, 16. 8. $50. 48, t= we. 49. t= —. 
4. 100. 9. 800, 1200. n(m—p) nl 
5. 80. 10. $120. 50, mp), 
6. 12, 36. 11. 28, 42. 
Ze 180. Page 119. 
12. Ross 20, Raymond 10. i. Fes: 6. y=5. 
138. 30, 60. y =2. ye 
2, =: 10. ti L= 4, 
Page 114. oe ook 
14. 30, 12. 20. 24 feet. $. 2-8: 8. x=2. 
15. 1800, 800. 21. 7,13. ve oot 
16. 12, 24,36. 22. 20, 21. ‘ek oe 
17. 37, 53. 23. 30, 40, 80. ye 16. y=2. 
18. 18, 12; 15. 24. 33 days. 5. x= —2. 10. z=2. 
19. 24 years. y= 4. y = 32 
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Page 120. 
1. x=3. 6. r=3. 
y=. =—4, 
2. w= 3. te x= 33%. 
get. Y=Tr 
mm ei. a, 2 = 7. 
y=6. y=8. 
4. x=1. Oe x5. 
y=i. y=5. 
5. x=3. 10. x=21 
y =A, af = 25, 
Page 121. 
ee 5. 2 =3, 
y=T. y =A. 
2 @=1. G. v=12. 
y =2. y =6. 
S. z=1, Gt ty 
y=38. y= —2 
4, u= 2. 8. x=16 
y= —1., y=12 
o ¢=3. 
y=l. 
10.2 = Merba, 
mb + na 
_ me—ad_ 
mb + na 


Miscellaneous Exercises. 


1. = 20. .. x= 51, 
y = 16. y =17. 
Page 122. 
Se a= 24 5. ae 
y=6. y=—A4. 
4. 2 on SH 6. z= 10. 
y=49. y = 36. 
Fe oe 74. 
y= — 24 


_ ab(an—bm) 
8. 2 = eee 


_ ab(am—bn). 


amie 
9. x=19. 11. v=2. 
y=. y= % 
10. e ==.15, 13, x=ab 
y=10 y=at+b 
18. x=. 
> (a+ 6) 
14. 2=4 16. x=a(a—b). 
ee | ¥=b(a—b). 
15. ~=5 17. z=(a + OF. 
teh y=(a—b). 
Page 124 
L. z= — 7%. o.0=0 
y= i- y=3 
8 7 =. ad—be 
f dm—bn 
bc—ad 
y cm—an 
2n 
4. am é, ~ ee 
5 belies 1+n 
2n 
4 =1 Fre 
is . id 1-7 
be! e= 7 §. «+=6 
| y= y= 6. 
4, x= 9. C= 1 
n 
1 
=1, = 
yrs K7 a 
16, 23°. 
n 
ek 
Mm 
Page 125. 
1, z=, 8. t= 2. 
y=2. y=3 
25. g=4 
2. w =« 2. 4, == 13, 
y=3. y=8 
z=—4 z=6 


63. 10. 48, 18. 
500, 700. 
285%, 2032, 684. 
x=4, y=7. 
Page 130. 
x=4,y=8. 
4,9, mi., 2345 mi. 
$7400. 
14,400. 
Im x &. 
A., 54; B., 283%; C., 214; D, 


540. 
$64,000 and $36,000. 
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Page 126. 9. 
be T= —2 8. x=. ea 
y= 19. Y= Yn 13. 
wets. Z=75. ' 
6. t= A, >. x=4, 
grt y=4. 
ee} 2=$. 14. 
ae 5 (6) 15. 
“eo E=8, 10. dues * 16. 
es <s ive 
ane ae 18. 
z=14. =< hie 
2 
20. 
Page 127. 
1. y=3. Oe x= —3. 
z=—l1. y=11. 1 
u=0. 2=17. : 
zy eB. 4, z= 10, 
y= 2. y = 16. 
z= —4, Zen Zo. 3. 
u=6. 
w=. 
poe ee ee: 
4 4. 
y = FP FETE ond 50 on, 5. 
Page 128. 
Problems. i 
1. 137, 129. a. th, . 
3. 12 shillings. 
Page 129. t 
4, 20, 30. 6. 20 years. 3. 
Boa a eh ik 4. 
8 «<= 4% : oie greater. - 
y= 2, the less. at 


Page 181. 

= 99, 2. x=450. 

y=115 y = 225, 

g= 33. 2= 2374, 

u= 23. u= 874. 

xe Z, 

y=5. 

ZB 

The number = 253. 

8, 5, 3: 

A., $93; B., $54; C., $3. 
Page 184. 

oa 

— 282° C.; —182°C. 
Page 136. 

ave. 2. 8lat™. 

625a*b8e”. 

— 3125a5h'¢, 

— 3437%y%26 6. 729a*b%C%. 

re 216a*y?12%, 

243m5"b*, 9. 4" a"h'*c*. 

a uma aye 
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ci Ps. eh Page 139. 
32a * 729% 1, @ + G+ & + 2a + 2ae + 
2430 7, vor. 2be. 
S22/"5 tas 2. a2 + y? + 22 + Qay— 22 —-2yz. 
aaa S. aL . | 8 a+b? 4+ &-2ab—2ac + 2be. 
saa isis 4. 2 +m? + p? — 2lm + Wp — 
4 ad ae ae 2mp. 
2187 ” eae sted 
1 asp 5B. Lt a? t+ at + Qa + 2a? + 22°. 
128al* = “ea S++ + 0° + Zab + Zac 
(Page 138. + 2ad + mink 26d + 2cd. 
ne 4 . ae +O + Oo + a ~ 2a0~— 206 
oY. + 2ad + 2be—2bd —2ed. 
x — 8x%y + 3xy?—y. Bet Pet tw — ay + Ove 
1 + daz + 6a? + 4a? + at. —2xru—Qy2z + 2yu—2zu. 
a — 20a* + 16023 — 64027 + | 9. 14+ 2m 4+ 38m? + Bmt* + 4h + 
12802: -- 1024. 2m + mé, 
m®> + 8m'n + 28m8n*+ 56min? | 10. 40®—12a> + 52* + 1823 — 172? 
+ 70mint + 56min + 28m?n® —6x + 9. 
ae Page 140. 
m—9men + 26min? — 84mon? |) 4 93 23 + 3 — 3q% + Bate + 
+ 126m'n* — 126m‘n® + 8ab? + 3b’c + 8ac? —-3b¢?— 
8470?n§ — 36m? n'? + Imn5-- Buia. 
nm? 

: 2. @—6?—- 3a°b—3a’%e+3ab? 
ee) — a 9a? + 27a 27. Siglo Bab! L shots Baie: 
(3 + x)= 81 + 108x + 549? + O. 4.844 Bat Tae 4 Bat — Sar 

toa + 2. a 
ian ooh 4 vee HU | 4+ 8360 + 1020? —1712% + 204 
si a : _ — 14425 + 6476, 
a —6a@ra + 12ax* — 82%. 5. mo + n&—o8 + 38min? — 8mto? 
256a* + 768a°b + 864a7b? + + 39739! — 8nto?+ 3m?o* + 
432ab? + 8154. 3n?0* — 6m?n?0?. 
a + Gaby? + 15z8y* + 20zey®! G, 29 + 625 + 3xt — 28x3 — Ox? + 
oe tory? +. 62x77! + y?. 54x — 27. 
32m> + 240min + 720m n? + 
1080m2n + 810mnt + 243n'. Page 141. 
2187 p7 —- 10,206p%q + 20,412p%9? | 1. 6030. 6. 4024. 
— 22,680p*q? + 15,120p%g* | 2. —2ay*z. Pe ae Wh 
—6048p7q> + 1344pq* — | 8. 9q?rts°. 8, —2ato™. 
12897. 4, 7 imntn*. Oo. 22. 
10,000 — 400 + 4= 9604. i, -<mne?: 10.2%. 


O20 
1, 4m’ a Page 147. 
: te 27,2, 
ie abte 6. 8291 +. 9. .86602 +. 
9, dab?! se 7. 6928+. 10, 1.55454. 
66° 3y” 8. .70716 +: 
Pmt wy? 
ve [ee . 6. ary Page 148. 
Be HL “he Y—y-l. 
Page 143. 3. 2 +2 8. 27-274 1, 
1. a’—2a-—2. 8, 2x — By, 4. 2m—] 9. 2u—3x—1. 
9, 277+ 827-1. 4. ?-Qr—1. 5d. 4a— 3b. 10. 2a?—-a—85. 
6. 427 + 8x2 + 10. 6. 2? + 2a—4 
6. a— ib. 8. 1 os Aer + 3277, 
150. 
(7, 20 + a-—2. -9. 207 + x-—1. — 
3 2. 42. 4. 32. 
sade cima ere 8. 25. 5.47. 
Page 151. 
Page 145. . ; 
ra) eens . 526. 
ace - a 7. 123, 10. 632. 
2. 232. qe 780. 8. 325, 11. 1234, 
8. 785. 8. 3546. f ae 
4. 376. 9. 5453. 1. 3 a. 5 
5. 401. 10. 60,507. pith 8. $3 
De 3. 0, 36° 
Page 146. 4. 3 10. $3. 
5. 8 11. $3. 
1. j. oe if 6. 43 12. 82. 
2. g—4, 10. 32. 1 e 4 5 
Be 235 @ es ° a 
ro ee as 2. 43 +. Be 627 + 
yh a AA eee . 928, 21s 
Bs e: 18. 345. ses Des 
6. i} 14. rv = Lo Page 152. 
vy. a. 15. 1991, 
8. 15 — 5. 16. 2222 1° oe yA | 12. a2: “. 
coe ae Ms 8. 5.7. 13. 3.45. 
i ies 2, .9486 + 9. 464+. 14. .01. 
3. .12. 10. 1816+. 15. .00464 +. 
4, .3821 nearly. 11. 1.91 +. 
De 1. 8. .5550. 1. .908 +. 6. 94 +. 
6. 3513 +.  9...0099. 9, 884. 4 O64. 
te 874. 10. 0101. 8. “At +, 8. .94 +, 
2. 2. .9354. 4, .2886 + 4.°1.07 +. 9.: 93 +. 
8. .9428, &. ii. b. BT, 10. .501 +. 
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3x2 4+ 1. ae ae ee Page 155. 
2x —3y. 5. a—b 1 mt: 6. zyse—ty 3, 
2 4—4 
Page 153 2. 2a. 7. oe. 
a8, 3 p 8. 5a’. ee A? 
3 
y?. f 6. ¢3 a4 
; r td 4, =_-. 9. xmin 
m? 7. 325. 3 
i! 353 ay 
n*. 8. Eee ae De 4a—b*c 10. m nr’. 
= = 1 6 
> he aa 6. ‘ 
3ab™c 1 na Ee 
%, 4. 52V¥. Pe : Le 
Va. 5 Va VO. ax? atb~ tm 
30. | ee ygrrin VAY é i i i 
\ ee 2 sf 3 x 8 abc 
Sim! Vn'. 
as 4. nds 9, o —e 
aVb We Wau : at Tabi s 
5 ae Ae 1 
243 7. 100 ee yes 
: 8. 1000. Bago lde. 
4 ve 1. a’. 6. 30. 
216. 10. ~ 3125. 1 7 
2. a or —. 7 cae 
Page 154. a ato? 
o-. 3 
g 452 a a =], &. 3y : 
ok 4. v8. 9. 44a’. 
"i 5 8 
» _3 5. 3c! or © 10. 26rya%b?. 
e a 
oy 1. mi —ni. 
6 
5. bt 2, m? + Imin? + nb 
2 i ae 
Ty" 3. m? —2mn3> ns + n? 
e mi 4. at + a+—2. 
Gat erat at 
Ce oe 6. x+y. 7. 2-8 + yd 
xtyrzt 8. a+ a?b? +b 
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3. 


4. 


2. ee ba 
; ad?z—1q— 


82° — 36 + reer 2x. 
— bat + 199? Bet, 


att 4 dye 

x4 — Qu + 4, 

ain — Qa8n 4 4am _ gan + 16, 
4x° + 162% + 16—92~ 

Qu — 122? —2 + 4-2 + a, 


Page 159. 
Transfers. 
Sate? cm 2 
5 
Sxt ycidta—y—d en 4 nate 
Le oe 
3a Bahai: 
a —By he gap Pe tz. 


tntnta-In-tp-t— 


= zaten., 


e ee. 
Transfers. 
4 
Tatbiz by~4,— s 
5 


1 


ANSWERS. 
Page 15'7. 

: oh 
Qx8y—! + 184 Sy—20. i, 
btab—— ateet aa a 40 + 

6a—1b2 ~ 28. 2. 
ra: 6. mz. 3 
oe Se ve ais : 

ax 5. 
2S 1 47 
x ae 8. = 
¥Y 
ra ott 1. 
x e 9. ee 
a Ee 
c Be 
oe 10. n+) 
azks x n 4. 
5. 
ute 158. 
ee ea 
ee = 
xv*—24% +] 
7x3 948 +] 
1 aa Ze 
xi—-2—3e  § 
sat 2472 ; 
a? + abt + b8 
Tax + 8at—A4. 
Bb? + 45° + 867% 49577, | fem 
Squares. 
at am 2a*b? + 8, 1 
og SD ag | 74 +B ae 
fey t+ 4+ ott. 
1 2a + 9, 
mar —2+ m-?, de 


Re oe ee 
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GE, aan 27, (a+ Vabtb) (a—Vab + d). 
— 3 ; 
—~ * 28. (w—Qa 3) (a? + out + 4c 4), 
5. 6 3 \ Frias Ye 3 3 
7mnp——q- 29. (a> + ald + D5) (at — 
3 3 3 
Operations. oe Oy 
/ 
1. a"— 6%. 5. G3. Page 162. 
a. ups ® V(a + x)b®, 1. 12V2. 7. -3zy pie 
AEE oe 
3. am) ee Se BTACS. 8. (a + b) Va. 
4. 2x. aia 8. 44. 9, 2? 17. 
Page 160. _ 4. 612. 10, 2-0. 
TE eS ose J 12. v—?, 5. 15 V6. 11. d5y2? Vx%. 
10. am. 18. 22%, 6. 3ab? V3ab. 
11, a toto 1, 12. (a +b) Vand. 
14, (a + b)*—2 (a? 0778 + 18. (2a + 8) V5. 
2 
: (a—6)". 14. y? ze. 30. ‘a VBE 
16. x —oyt + saxty. ; : 
ay ae 15. 4 V6 91. 2 Var. 
17. 3a *—5a—b—2a_ 7b. a 
18. a~?_at. 16. }V2. 22, make 
eae E 
19, v1 + 2278. 17. $V3. 28. eee 
20. (Va + Vb) (Va—-V). noe . 
ee! lig mek 18 
ee oe +a *) (ce *-—d *). } 49, bY/ 7. 
22, (m* + né) (mt —n’). 
oe 1p? + G*) (p? —g?). of 
a o a b +, V 98. rt V 252 6. 
24.(m:z:+n 2)(m 2*—n 2). Me = 
os a |) 9 ves, 8. 4/22. 
25. (m? + mint + n2) (mi — oe va 
; it: 3 3. V8 9. V8ax. 
arn” + n*). ven rne: ean 
| 4. 13645. 10. 2%. 
fb Page 161. 5 Ve 11. Very’. 
© 26. (a + a b—' +: 5") (a? - 40. 
eb). 6. Vo 12. Var-¥. 


324 ANSWERS. 
Page 164. 5. Vz + Qy VE + y?. 
1. 16 V5. 6. —12VTl. 6.5+2V6. 
9,5V5. a be ve mMt+2UVmns+ n. 
oN ba atc a 8. 917. 8. 23+ 8a? Vy + Bay + y VY. 
NOS Pas 9. 7. 9, —1-381 04 8ee 
5. 8V11. 10. 5%. 10. 59 + 14/10. 
11. A Vi5. 11, 37% 15. VG. 
12. 421 + 6 V3. 12. 5. 16. 2. 
Page 165. 18. V2. 17. —_ 
sais ade ee eee 18. 327%, 
2, 288 1/2. 4. 23087. : 
ae 19. 2a 825 (a—2z)*. 
5. 240 4, 20. 27 WaT EF 
° Be; i i 9c ‘ 
6. 21%. Y) 
bas : : Page 168. 
7, VR ae oe 1 
Vo 10. 3, 35. oe a ba 
4 
Page 166. 9, 2 Ve. 6. $V'1000d 
b 5d 
laty—Vvarty. 3. 619. 7. 1 Pare. 
2, 6V21 Rein) 46. Cc 
$.2-—3V2" +2. 4. “Ve. 8. 2 V3, 
e 2. e 0. aia ; 
' : 9 vi-a 7 _V- 
Division. ” fave te 1—a. 
1. 3V2 3. a? V3. 10. —. a 
9, 5d. 4, WB. i 
5. WE = 1 4B. Page 169. 
6. VaEs. 8. V Gla, 1, 2-32 
7. U2, 9 Ne : 
: 26 2,2(V8+1). &. 37 ore 
1 
10. 1/9be. $2+V5 6.36.1 
Page 167. 7, C+ 2V ay +. 
c—y 
1. 6136. 3. xa’. 9, m ‘ 2Vmn—n. 
2, 2154. 4. 6. ‘ m—2n 
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8e + 22a? + 4-1 Bol 2ie 7 

“—2 6. V6. 

eT 

Vela Page 175. 
ee iM me 
i ies 1. 2 v2 +1. 4.V64+2. 
Been. 3k kK o. Vs.+ 1. 5.3+ V7. 
3.65 — 3. 2+ V3. 6. V2. 

Page 170. 8. 3174+ 2V3. 
3092 . . @e 1.4851. 9.44 V3. 
101. 8, .608 biwat 10. 1 (V10 “ V6). 

Page 1'71. 11, V7-—V2. 12.2+3V-T. 
woL ce eG Noa spit 
19VoL 1. Umt+2z- m—x. 
(ct+y)V—-TI. Page 1'76. 
2a 1. S.W9, Il, v=16. 8, x=2., 
2V—T. 9. 4mV—3. . oe fi Ag 

ee 2 M ly ° Mae 
22 V —1. 10. 26V —1. es ll. 2-35 
_* x=6. 12. x=81. 
dacdialiae bomb i ce. 18. ad. 
— 30. 4. —-7V-7 %.2=-2. . 14. x=3. 
— by. 7 5. —abe. Page 177. 
+ 20 Vay. 6. -2 VY —30 15. ¢=100. 
14-101 —2. Oo  evare 
69-12 1-2. ns 
70. _ 8 
18. x=iI8 20. tT=—- a 
i. 4a 
—6 V6. 3. 50. 
39, 4, 6V6—29. chad aut 
14.8 1/— Ib. 1. x= +6. 6. x= ula 
2. eo + 8, ye cen ane 
een +7, cm 25, Ree 
2. 3. §V—5. 4. 2= +8. 9, z= +V3. 
2. 4. 2V—15. 5. «= +7. 10. r= +1. 
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11. 


12. 
14. 


15. 


16. 


ANSWERS. 
o= +a V3I 8. v= 128 Ofc = 3, 
3 9. c= —2+ V5 or x= —2-V5. 
e=+V3. 18. ¢= +4. 10. =m + VIF me. 
ee Md 
een, r=m— VIF mM. 
Sa b 
Va—2b Page 183. 
sic (Ot 8)" 1. x=lor — §. 
2b 2. u=-—2 or 4, 
&. Gs On , 
Page 180. 4, 2=2 or 2. 
x=8or — 1. 5. x=3 or — }. 
x=54 or — 2. 6. r=3 ors 
x=2or — 6. 7. x=4or — 
x=10 OLe os = 8. ae | OF = 42, 
x=7 or — 4. 9. x=2 or — 3 
ies D OF 24, 10. x= # or 35. 
ee ae Miscellaneous Exercises. 
x=(—5+V7) 2. ae 
a= or — 22. 1. aes Z. 
eel oe 4 A Be 2 
x=5or — 3. 3. es q ‘ 
x=3 or — 4. 4. x=3 _ ne a 
t= Or oe 8: b. 1 = “5 OF aq. 
ee oak 6 r= —for +e 
; 7. =a or — 4a 
x=#or — 5. ' bs ' 
t=%or — 4. 8. x= —#k or — 8k. 
a a 9. v= —4 OF I, 
hig? ei ee 10. 2=3 or 4. 
a=4ce or — $e. 11. x=6# or 3}. 
ic Ree 1, 12. x=9 or 4, 
v= 2. 18. x=12 OF = 14. 
v=l or % 14, cola Oy, 
15. c=(24 176) @ 
Page 182. 16. x=5 or — 5. 
Hey . i. Page 184 
ae 17. x=lor?. 18. 2=2ored 
v=or — l. 
5 3 19. r= 10 Of o> 2. 
y=% or — 3. 
: " 20. x=24 or 42. 
x=10 or — 4 ? 
ae al A te et Problems. 
x=—taorta 1. 25 or 5. 


2. 
3e 


15. 
14. 


ANSWERS. 


mtVm—An 
2 
48 or 8, 64 or 104. 


Page 185. 
12 or 8. 8. 10. 
(6 Ne 9. 120 or 60. 
9 or 45. 10. $90. 
9, ehh, 5. 
Page 186. 
16 or 12. 16. 12 or — 15. 
$60 or $40. 17. 7, 8, 9. 
7 or 3. 18. $400. 
15 or — 12. 19. 10 hours. 
25. ( 


Page 187. 


§ mi, per hour; 4 and 6 hr, 

Length = 37% ft.; breadth = 
32 ft. 

9 or 6. 


Page 189. 
e=+b5o0r+2V—-TI. 
a=+3o0r+vV—-I. 


a =-4 or 149, 
c=4 or 1. 


Page 190. 


r=4or 9. 
*#= 65 or 60. 
x=4 or — 4,. 
L=gy OF re ay, 
y=3or — 2; also —-38+ V3. 


6. x=} or 4. 


=8or — 3. 
Mla + ob 
a 


c= ate or 16. 


x=6 or —1; also, ov iis 


15. 
16. 
lis 
18. 
1. 
2. 


3. 


8. 


9. 


12. 


13. 


14. 


16. 


21. 
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a=5 or—1; also, 2+ V5. 


x=6 or—1; also, 3 or—2. 
e=2V2% orl. 
x=5 or 2. 

Page 193. 
x=sorl7. 4. x=3 or—14, 
y=2 or—12. y =2 or $2 
zx=5o0r4. 65. x=5or—3. 
y=4 ord. y= — 3 or 5. 
x=dor-3. 6. 2=7or 1. 
y=—3Sor 5. y =— lor—7. 

Page 194. 
x=5or2, 10. x=9or-—1. 
y=2 or 5. — y=lor-9. 
z=T7or3. 11. v= +2. 
y=3 or 7. y= +1. 
x=3 or 2. 

y =2 or 3. 
v=2or — 10, 
9 
y=3 or — 4. 
z= 60 or — 6. 
y=6 or — 6. 
x = 36. 15. x=4 or 2, 
y =4. y=2 or 4. 
x=11 or—133. 
y =6 or—74. 
x=4or — 3. 
y=—3 or 4 
x=3 or — 2. 
y=2 or — 3. 
x=aor—a. 


y=a or — a. 


2=2 or — 2. 
y=5 or — 5. 
x=3 or — 4. 
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22, #=4(4+V4d+ c+ 0). 
y=} (+V4d + 6 — ce). 
23. 7=6or4. 24. x=9or 
y=A4 or 6. y=4or 


26. x=2or — 2. 
y=lor—1. 
27. x= — 46, or 2. 
y=15 or 8. 

28. x=4 
y=3 
29. x=1 or— 


TL 
17" 
ps 


Page 195. 


30. x=2 or—3. 
y=1 or—4. 
$1. x= +5 0r +3. 

y= +3 or +4. 


ANSWERS. 


9. 
10. 
11. 


4, 
9. 


12. 
18. 
14. 


19. 
20. 
21. 


82.%=2o0rl. 88 2= +3. 8. 
y=lor 3. y=0. 9. 
bh, as 8 4 oe 10. 
y=3, 5, 44V—97. 
Problems. - 
1 # xr=9, y=6. 4. 
2. y=10+V/100—p. De 
Be x =A, y=5. 6. 
re 
_a@, ./4ce—a? 
me 12a ; i 
ya2: 4e—as : 
2 12a 10. 
5. x=4, y=7 
6. x = 64, y = 36. 
7. x=10, y=14. 1; 
8 2=15, y=17. 2. 


Page 196. 
A.’s age 24, B.’s age 20. 


21 and 25. 165. 8 and 10, 
¢=33. 16. x=10. 
6=11. 
Zor — i$. 17. 10, 15. 
2 = 50, 18. 3, 3. 
5 mi. per hr. 

Page 1977. 
2, 4, 8. 22. 73. 
x=650. 28. 1 in; 7 im, 


x= 60 or 30, 24. A, 15 or 5. 
y=40 or 70. — B,18 or 8. 


Page 200. 


Roots rational, real, unequal. 
Roots rational, real, unequal, 
Roots real and equal. 

Roots rational, real, unequal. 


- Roots surd, real, unequal. 


Roots rational, real, unequal. 
Roots surd, real, unequal. 
Roots conjugate imaginary. 
Roots surd, real, unequal. 
Roots surd, real, unequal. 


Page 201. 
x?—Tx= —12. 
e+a=-6. 8. 27-fr=F. 
x*— 8x =20. 
au? — 3x = — fe. 
pn ue 23U = TH. 
x? + a= —$§8. : 
xv’? + 73x =0. [ —26°)] 


x?—(2a + b)x= —(a?+ab 
2.-pr= —P = . 


Page 202. 
x=—s3or — 4. 
x=2or— 5. 


| 
de 


4. 


6. 
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ANSWERS. 
x= +5or-4. 8. x= £07). 
xz=—2or — 6. y= £ ab’. 
“=0, 2, or 25. 9, 2=3. 10. x= 
xz=0, 17, or — 3. y=1. 
ad 2, 1 ¥ 3. 6. x= 32. 9. r=9V 2 
eel, ~1, z+3V-3, y = 2A, 
iy 
it aaadh ve D. te BeC ork. 10. 2-12, 
x=1, + V—I. y =8. 
t= —F, + §. 8. 2=4. 11. x=10. 
y=10. y = 20. 
Page 208. 
. oe Page 212. 

a—1 1. 7=161 A. Lo 40h. 
cea de T= 12y? $. 143. 5. 1=252. 
aS 6. 2a 3. l= — 49. 

Page 209. Page 2138. 
1. t= 178, S= 1850. 
by? i ge 414, 9 = — 261. 
70. 5, Dae—ad, 8. S=779. 6. S=34,850. 
5a—b 4, B= —483. 7. S= 10,000. 
135. ¢, = tab + Mk. S008, | Be SEH: 
9. g-" 1 ac ° 
y. 2. 4a. 2 em) 
a? =F 2ab + 6? 10. ga (8—a@). 
a 2 
ore + 2 
=—y Page 216. 
xy. 8. 6b%y. ee a=, S= 595 
Aq? 4. 9ay?. 8. 1=38, S=258 
4. a= 3or Lana . n=12 or 10. 
a:ce=da:b. $3 a:b=b:a. eae Fe 

3 ne . 0 

PiP=2?:y. 4.a:A=da:6 Ron dao A 
- : ‘ 
% == 9. 
wee pr — dr. Problems. 
2=3. 5. r=2VE. 1. a=10, S=840. 
2, d=.3, 2.3, 2.6, 2.9, ete. 

Page 210. 8. gan(n +1) 
z = 32, ye te 2 
y=2A4, y=11. 4. nm=10. 


Be 


6. 


ANSWERS. 
Page 217. 8. l= — 332, S= — YB. 
20, 22, 24, 26. 9. (= - #1, 8=47. 
11 mi. 840 yds. 
Page 223. 
Page 218 Infinite Series. 
(= 48. 4, tage, 2, 80. Lae 
co De l= 13s 8. 3. bi ee 
p=. 2. 45. 8. 3. 
Page 219. 
Page 224. 
{= 2187, S=3280, 
l= — 1,, S=341.. 6. 162, 54, 18. 
a O8, B ae (4. ~ 28,14, 0° oe 
[== 2182, $9633. 8. xy’, xy. 
b= gdox, S= 13384. bbb 
1 — 4374, S= — $280 10. 3. 13. 2, 4, 8. 
1=81, S=42. 11. 1535}. 18. 24. 
1-37-19 play coe 14. ts —# 375° 
P 15. Vaz. 
ee aie sant ae $2048. 
512 ee « Debt 5; last part 
sane mee a - 18. Last bushel, $196. 83; total cost, 
: $295.24, 
Pee nee Page 226. 
= 256, S= 
fae: a tg 1. a® + 5atb + 10a°b? + 10a7b? + 
By as Bab! + BP. 
sor, LS 2. x§ + 6a°b + 15atb? + 20a%b? + 
yo a fee eae ee 15a°b! + 6ab®. + BE, 
that is, 242 = 38% —land| 8. a'’—Ta®x + 2la°2*?—35ata5 + 
3” = 243. 300° xt — 21a7a5 + Taae—z". 
But 243 —3 x 3 x 3 x 3 x 3. 4, a8+ 8a7.4 + 280°.47+ 56a°.4° + 
te oe 70a*.44 + 5603.45 + 28a7.48+ 
ce ea 8a.47 + 48 = a8 + 32a" + 
eA an 448a° + 3584a5 + 17920a%, 
1=900, r=3. ete. 
r? + of —18r + 12=0., 5. & — d5at2y + 102%. (27/)?—- ‘ 
(r—3) (7? + 8r—4)=0. 1027.(2y)> + 5a.(2y)* + (24)? 
.. T~3=0, =27 — l0aty + 40a%y? — 
and r=3. 80z7y? + 80ry* + 32y°. 


ANSWERS. ood: 
6. 28 — 625,24 15at.(® )'- 54% 13. 3a. 
2028.(=)" £ 160. (=\*— 14, 5b 
¥y ¥y wn 
5 A ee sea 
éz.(8) n ey ts 15. x + 32 18. “or 
Y Y 
18a%y— a 135044 a 16. 4ab. We 1. 
54z3y— > + 121527y—-4, ete. 17. 4a + 30. 20. y. 
7. x! + Ta%a + Q1eea? + 352ta3+ | 91, (1) (2a—6) (4a? + 2a6 + 67). 


eee a + 21970? + 7ra® +a". 
8. (2a)*+4.(2a)22 + 6.(20)*(5) 
+ 4.20. te) + (>) =8at + 
2 2 
16a’ + 6a?b? + ab? + a 


9. 16a*—96a%y + 216277? — 54ay? 
+ Bly. 
2. — 13,6082%y/5, 


Page 227. 
a, . 20. 5. 245760a"a°. 
a’ 
4, 226808. 6. 7920. 


GENERAL REVIEW. 


po 
i. i 6. ee 
2a — 6 


1 
2. ° e a Sa 
. ‘ oy? —] 
Bb. 4a—2b—8c. 8. 5u—A4y. 


9 C+ax+2? 


4. Be, HN Mond Soa 
a 
5 

a Taplin att 

a+b 

Page 228. 

10. ‘mae © fre 

32 — 4y ~— 2z, 


(2) (a? + 6? + ab): (a? + 6 — 
ab). 
(3) (8m—2n) (2m + 3n). 


22. (8u + #) (8x-—#), 
(a—b) (6—c¢). 


Page 229. 


23. (2c + d) (a—38b), 
(n+ 10) (n—8), 
(w+ 2) (x? — 2a + 4) (x — 2) 
Ce oe +t 4), 
(a +1) (at§—- + @—-a+1), 
(a—6b + ce) (a—b—c). 
24. (2a + 4b) (3a—b), 
(%—5) (2? + 5a + 25), 
(1—a) (1 + 2) (1~2), 
(42 +41) of-2 +1) ate 
a +1). 
25. (4 + x? + Qx) (44+ x? -2Qz), 
(8a—b) (9a? + 8ab + 62), 
(a? + B4) (a +b) (a—d), 
CeO ae ae baa Orn 
(2u—y) (x + 2y). 


2G; (2 +4) (2 -— ay + yy) Gry 

(x? + ay + y"), 

i + ay +e") (ee ey ee) 
(at —aty! + y4). 

2 (a+ 2) (a—7), 

eae eye a + ey 
1) 

(2a + 3x) (8a—2). 
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27. 3 (x + 5) (a—7), ' 
(1 +m? +m) (1+ m-m), 
(2+ 6) (2-6) (4-206 + 6?) 
(4 + 26 + 5), 
(a™ ae 6”) ia + Qgmb” + pb) 
(2—y) (w + y). 
28. (8x—2y) (24 + y), 
(2. + a") 1 2? + 8F), 
la-1) (8 + a+ 1) (a? +0" 
ik Dy 
(x + 2a + b) (x + 2a—D), 
(c+ y)(a™+y"). 


29. (lla + 2) (5a—1), 
(i654 ey 
(2 ae x), 
(a?+ a-—1) (a?—-a-1), 
(x? + y?) (at—ay® + y®), 
(m—-1) (m +1) (m—1). 


30. (vz? + y*) (@ + y*) (w—-y’), 
a (a + 2) (a—85), 
(c—1 + y) (x-1-y), 
(a® + 5?) (a®’— ab? + 64), 
(2? + & + 1) (2?#—a@ +1) (2*— 
Pei), 
Sl. v= 5. 


82. ©=2a, y= 30. 


(2 + a) 


a + 0 ee Oe 
Pre ee bd” ad+be 
es 
$4. r= 
ir at+b—e 
aa 2 
Oe eee 
a 2 
a+b+e 
85. x=b, y =2e. 
6. 2 am—edn ,,_me+abn, 
mee @b + ed a’?b+ced 


ANSWERS. 


Ot Oe. 
ab—c 
Page 230. 

_ds (an—bm) 
ens—bdr ° 
_ dns (a—b) 
y= 
adr —ems 
39. x=9,y=3. 40. z=da. 


be+a 
37. u= 
aca abe+e 


38. x 


_ ac. 
41. x= 
ye 
2. <= 
picitls at+b+e 
i yee 
ok —at+e 
SR a 
b—a-e 
43. r=2 48. 277-82 + 9, 
y=3 
44. x-3 49, 2?—3. 
45. a—3 50. 1 + a—at'. 


46. 22+ 42 +3. 51. ja? —40?. 
47. al. 
52. (a — 6) VO, 2 V10, 3. 
58. ab? Va, 
7a—3b V3. 


54. Say VIE, 30% VFab, 2x V3. 


Page 231. 


56. Vb; 8ab*o ae; Ne 
Va, 

57. (w—y) V@; V15; b V2 

aVvb—a; 2ab 5G Ba a 


" 1 
58. 2a Vab; 
: (x—y)3 


~ 66. 
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oe a ~4-—4 
59. ab Va; mn’: a a’. i tied 
a 97. a—£+ b. 
a Zz 
60. - SEO ; V3. 98. 2—3a—2? + 523 
Ag 
61. 2-4; y=. 68. z=38; y=1.| 9% @—2 + — 
62. x=3 oF 64. x= 7 oF —3t 1 
65. +=4 or 3; y=3 or 4. 100. cn ina 
aon 1 
ode a 101. 2a—a*—3a7 3, 
67. c=2; y=4. 70. =6 or —3§ | 102, 128a4—224a" + 168a%G?— 
68. 7=4§a. 71. 2=3; y=}. 70a®b*, ete. 
69. r2=3 NY == 2, 
i” 108. 64a8— 64056? + sae 
Page 232. 160a°b* , 200768 
72. x=3; y=2. 75. aa 27 27 
104. 2'§~—478q@ + 7r%q?~TzIq? + 
(48 t=2; y=. 76. Lat: y =H. 35artat 
oa GeO: y=2. 77. c=7a. cae” ioe 
78. 2=7; y=3. ; 103. a@®—8q4B3 + 28ql2pe~— 
79. at® + ab" + @?"h™ + Qnb— say ars *g 
oe ere + oe.) 106. 820° —e0atd + 45a°b*— 
80. 2ai— 2x. 135073 | 405ab! _ 24308 
81. 2q3" — Q75n, 82. 38a” — 32. 8 + 128 1024 
aoe + 1. 107. 128a"4 — 4480? + 6720" 
A ae — 560085. 
84, 3af—2-—a?. 108, 2 _ Txty? , 2labyt _ 
85. z(y + 2) + yz. peers: 32 8 
86. zt —atyt + xty? y gat + TORR a ke 
8§ ® = 3 
iol ie 109. 452%y’. 
og I Ae 
3 Page 234. 
89. 7r=40rl core 
20. 19. i 
‘hee . ou), (4)%. 
90. — 92. x=9. 110 er ae ae (32)'*.. (#) 
91, 1=8,},. 93. x=a?— b*. 111. 9249. 112. 70z*. 
Page 233. 7. 80. 5. 8 and 6. 
2. 60 and 40. 6. 65 and 45, 
94. x=8 or —2. 3. 246. de bo and Db. 
: O65. oe 0)’. 4. 84. 8. 40 and 30. 
4a 9. Sum, 480; rate, 5. 


d04 ANSWERS. 
Page 235. 59. Wyrm —Y¥ +2 ee 
10. 9and6. 11. 81 and 9. ee ah 
12. oe 3, a 3 5 eae: 53. 3h. 36 min. 55. $4.26 ; $906. 
1g, PIT ie 64. x=6. 56. 48. 
"100° ON | ee 5 a 
14, 2=7, y=38 17. 27 + 22~—4 2 
15. 42. 18. 3%. 
‘ose NEW tO 
20. P=400; rate, =5. Page 239. 
mis 26, 
4,@’-2a+1. 6. x=23,000. 
Page 236. 5. 64 and 36. Jo ©1130. 
22. 15 and 8. Page 240. 
25. 513, 30. mk ?. v= 12. 10. x=8, y=. 
es nh Re. 2a- b. 
26. 2=8" or 2”. 31, a* —a*b + 6? 18. 6m + 3hce—2. 
3 
E on 14. ¢+1. 15, Cae 
a5,2- 15. 84. — a(a +2) 
8x + 3 16. ¢=7. 
y=3. 
Page 2377. 17. (1) cob one 
35. 2shillings. 388. 54, 81, 108. (2) x=4da or —a. 
36. 5 days. SO, SOs 3, 18. (a) 4 in Algebra. 
37. 4 days. 12 in Arithmetic. 
40. Atl p.m., 15 miles from C. 48 in Grammar. 
41. 6.4 in. nearly. (6) x=500. 
404567 48. 2-17. y= 700. 
ve aaa ao 
44. ox 4a? + 124 = 0. Page 4) 
- OC ae 
i, 19. (a) x=50. (6) x=29. 
. y= 60 y=19 
aoa ef epee | ss S 
46. x=0 or —5 and $ or —3§, pee 
4 
Page 238. 20. 368 x 
48. 22%, 29 V4) 87 VG 2a & 
49. apm, a9, 2n? (n? — 2") 
50. 6, V—3, — V—-3. m* (n + 2) 
ol. x=% or 0. ae Cc 
y= or 0. 23. seat 


ANSWERS. 
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94, U-n matn 43, 2=30. 48. x=2. 
Lam Lim y= 36. y=8. 
25. 4 day. Z2=3 


26. (1) z—y=1. 
(2) -—-y=r+ y. 


3m 
27. acx"2". 38, ie V3. 
Page 242 
29. x=6 
y=8. 
(a?— 2x) xy? 
ae (ce +1) 
1. oo ‘ e = §4, 
oa * y ap 
32. 2=78. 86. 2a + 0+ 8e. 
4 = 27. 
38. A., 500, 38. }. 
B., 400, 
C., 300. 
34. B., 100, 
A., 300. 
Page 243. 


39. a. (2a—5z) (2a—5z). 
b. (ab +1) (ab—1). 
ete + 8) (x + 8). 


40. t= 68. 43. c= Se 


y=2., 
c—m 


41. 2x7?-xv+1. 44. 
a—b—d 


42.2=16mi. 45. r=5. 


46. (a) (x—y) (a? + xy + y?) 
(x + y) (2? —-ay +”). 
(6) (a+ 6+ 4) (a+ 6-4). 
(c) (a? + B*) (a® + B*). 
(d) (g—22) (g + 5). 
(e) (x + 12) (x-8). 


49. 49; min. past 9. 


Page 244. 
50. “x=V—11. 52. x = 27. 
51. 60 and 48. 
53. x=4 or 3. 
y= or 4. 


54. 266 miles. 58. 1, 6, 11. 
57. y= 60, «= 40, 
58. 246. 


Page 245. 


60. 2430 — 4950% + 13505)?— 
b° 
baa a Leche OF 

4 16 39 


64. L. 


a 
63. 2-— V3. 65. (6) x=102. 
66.' 7=2, y= 4, 2=6. 
67. = 80. 


68. aot Oe. 
. ab?+e 


69. ¢= 6. 
70. T= 5. 


61. i 80. 


Page 246. 
re 5x — Ay. 
7c a + ww + x 


336 ANSWERS. 
76. (a) (2x—5y) (a + 2y). go, @ _ Sat , 5a* 2a? , 40a 
(0) (wt y’) (xy +y') 32 86 CO 
im Rn AN Pap! 
(c) (1+ at) (1 +a?) (1+ a) ‘8 
seis | 90 2x7—1 
(d) (2a"—b") (2a"—5"). ‘etal 
. ke + ab) (a + O~ | 91. = 8, y= 
77. (a) Va? —O* 92. x =380r-—2 
4 938. 2=2, y=4 
. ee 94. 65 and 45. 
ee oe 95. 32 — 4y — 2z 
Ge 
yee 96. a? — % + 2. 
2. et 


78. 2—38r7—2? + 52°. 


99, Ft 2 
* g2 + 3243 
80. ox 12. 
y=. 
1 
2.0. ; 
8 88. 
_5 (ot 264), 
84. x earr 
Page 247. 
85. (a) a= or noe a 
a 2a 


86. (a) (44+ 27+ 2x) (4 + 2?— 22), 
(b) (3a~b) (9a? + 8ab + 6). 
(c) (a? + B) (a + b) (a—B), 
Lea) (ee) fae oe a 
a"). 
(e) (2a—y) (x + 2y). 
S72. (a) VO, 


(6b) 4abe VIC. 


97. Sum = 480, rate =5. 
Page 248. 
yt 6 a5. 
98. 7. 2Y" + 21.5. (29%)? = 
4 
35.22. (2y?)'— 35.5. (2y8) 
99. rab) 
2 


100. x=3, y=}. 
101. (a) (x—y) V2. 
(6b) V15. 
(ce) OV 2a. 
(d) avb—a. 
(e) 2ab V2ad7—ab, 


102, 2! —ziyt + aa 
103. r=F or bee. 

y=6 or — 9. 
105 oxex 144 

Te oe ap 

106. at—2a7b? + 4abc? + bf—c4. 
107. (a) (2m—z) (n-y). 

(6) (a + 14) (a—4). 

(ce) 7a (26—1) (26-1). 


ANSWERS. 


Page 249. 
110. (a) 2455. 
7 (6) r=3, y=}. 
All. 2=120. 
112. 7225, 5625. 118. 9- m+n. 


114. (a) 2a°b?c Véen. 
(6) V5. 


115. mp—(ab + cd)=s. 
116. 2° + 82x? — 8x74? + l6ayt— 
l6zy* — 32y'. 
117. (a) (x—9) (x—1). 
(6) (2a + 6) (c+ a). 
(c) abc (ab—be + ac), 


1 
vv (a—1) (x +2) 


Page 250. 
119. z=a; y=b. 
120. z= 160. 122, t= + 21, 


y= +6. 
721, 


y=1}. 
Si, 
124. (a) 4 35. 
(b) > vz. 
a 
(c) 81a. 
125. (a) at (a—7) (a—5). 
(0) (2u + 1) (2y—1) (24y +1) 


. (2y—1). 
22 


128. 22?—x +1. 


oot 


(c): (w— @) (a? + ax + a’). 
(a) (% + 2) (w@ + 1) (w—1). 
126. x= 24. 
Page 251. 
127. v=3, y=2. 
128. 20, 24. 
129. (a) Va. 
(6) 3m* V6am. 


UNIVERSITY OF PENN- 
SYLVANIA. 
130. (a) (p + w—2) (p—x+ 2). 
(0) (a+ 6) (a—b) (a + B) 
(a + bd). 
131. (a) x3. 
(6) x?-2Qx + 3. 


- ab sit - 
= 134. x=7, y=4. 


Page 252. 
135. 60 yds. 
186. (a) (x-1) V—-1. 
(6) 9+ 8V 10. 
24385 
137. (a) Bogle 
3 1 
188. (a) x=6o0r—1. 


[0] 2= Sa or 20. 
(¢) #=81 or 1. 


139. (a) ~2. 


(0) z?—4x= 21, 
(c) z*-27=6. 
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140. t=7, y=5. 


141. 2° + 52? + 10a-? + 102-4 + 
oe ae, 


pee ad 
142. 1 ae 


Page 253. 


5 4 4 
622 — 7x? — 19473 + 5a + Ox 


146. 


147. Any two digits one of which is 
twice the other will satisfy 
the conditions of the prob- 
lem. 


y=6+ V30. 
C= 6 . 
6 + V30 
2, 4, 6, 8. 
Cr+ 


148. 


149. 
150. 


151. (a) [5(a + b) + 6c] [2 (a + 
b)~c}. 
(6) (a + b~1)%, 


Page 254. 


18%. (a) x—2a. 
(6) 2? + Qe—38. 


153, ~% +1, : 
ot. 154. 0. 


155. x=1, y=2, 2=3. 
156. 5, 10. 


ANSWERS. — 


157. az’? + bx + c=0, 
—b6+V6'—4ae 


2a 


c= 


-b2 VB 


If a = 0, then z= 


Infinity. 
158. (a) x=a or — 2 
a 
(6) x=5 or — f. 
159. Vai, 
12 a. 
160. z=1 or — 2. 
y=2or— 1. 
161, U2+ V3-V5) V6, 
4 12 


162. 16a* — 96a> + 216a® — 216a' 
+ 81a’. 


Page 255. 


164, 1. 165. ab(a—Db). 

166. (a? — 3a + 2) (a? + 2a + 4) 
(a? + 3a—1). 

167. m. 

168. 

169. 

170. 


174. 


16, min. past 12 o'clock. 

c=4,yun1, 47), oe, 

25o0r}. 172. y?$8. 
5,2 4 

16a? — 32a? 6 * + 24a%bF — 

a2? + Bat, 

175. a=5, S= 5. 

176. (a—8) (x? + 3% + 9) (~—12) 

(x? — 2). 


177 (2% +1) (w—2) (@ +1) 
‘ 22—1 
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Page 256. 198. x- 
ee : daee, 
eee 170. 9g Ga st 
a—C ( + ay « 2 &© ® ® 
ye 82x 2 200. ary, 
10, 2 ee 
zvi—y* 801. VE —l|-—2z 
181. x=4 182. 1504. 202. 9V3. 
188. z=4, y=}, z=1. 203. x=17 or —1. 
2 (a + ba) 204. +=3, y=1. 
184. (a 
) (a? — 6?) (1-2?) 205 (a) -2(K2 + Va 
(0) 0 Vi-x 
185. (a) (a + b) (a + b) (a—D). (b) 3942 
(6) (@ +1) (e—-1) ([pat healed ae 
206 ie oe YU as ¥ 
qx + p—q)). ae Ore mes 
(c) (a?— 3c’) (a?— 46? + c?). Y 
Page 259. 
Page 2577. 
207. at—ba? AOR Coa yao. 
186. (a) x=24, y=28. 208. 0. 
ee V2—-2V34+ V5) (94+4V6 
(6) x ra 209. ( ae : i 
a 3 210. x=4orl] 
aa pie ; 0 mM = 38x— 
+ a eh roe 
187, 2—2-°. y=1or2. 218. 2=7, y=8. 
ak “ . 214, 2x=24,000. 
eer pte Xe e & —q's, = 
A7A3 18 
191. (a) (24—3y) (x + 4y), Shilo thie aan aa 
(6) (a +1) (a—b-1), ri: 
(c) (w-1) (w—8) (#-1). On pa 
Bes, te ©. Dd: = (a * b) (a — 6) | 916, z?—22 + 13=0.. 
(a?—ab + 0?) (a2 + ab+ 
b?). Page 260. 
yao 917. 2— V3. . 218. 2024". 
193. (a) eo 219. (a) abet. 
65 Vary Gop 
im ae 
194, 1. 195. 0 990, 3 —- V3 
Page 258. 991. C +2V6) (9+ 3V6) 
81 — 54 
196. 93. 222, 5 
! Saotec . a-¢ 298. x=17 or 3. 224, J=21. 
ee get 541 S=121. 


4 
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HAVERFORD COLLEGE. 
225. (a) y= —5. : 


_1-—32 
) Ys 


226. (a) (x—}4) (w+ $). 
(6) (a—6) (vy). 
Page 261. 
oo. (a) pe in, 
(6) ==6, y=6. 
(c) w=42 or 1. 
228. 65. 
929: c= V3— V2. 


230. (x + y) (v?—ay + y*) (ey) 
(2 + ay + Y*). 


232. x= 32, y = OF. 
283. aor. 
a 


234. 40. 
Page 262. 
235. r=2V—3. 2386. 12 miles. 
y=V-38. 

LAFAYETTE COLLEGE. 
240. (w+ y) (w—y) (a? + ay +y?). 
241. (x%-8) (w—7). 

G42, 21s. 
243. - Laity? 
244, a V2, or Wadbt. 
245. C= 4. 
246. x=3 or 25.. 
y=2 or — 9. 


947, x=2 or—V5. 
Page 268. 
248. x 949. 4<30 


Y 
2 


I 


3. 
}. 
ff 


I 


974, 


ANSWERS. 


250. 2— meta. 
mn—1 

_an+ b. 
mnrn-1 


BRYN MAWR COLLEGE. 


252. 227 + 18. 
253. I. (2? +1) (2+1) (&@-1]) 
(2 + 1) (e+ ay 
II. (a? + 67) (a? + c) (+e) 


(6—c). 

O54. 1. 2=# 

il. gad 
255. x=36 or 20; y=20 or 36. 

Page 264. 

257. «=.006388 .. 2 

(6) 50. 

(c) 44.362, 
261. az®*— ba? +Oe. 


262. L. x= —$§. 

IL c~ -184 po 

H. C. D. =a? + ay. 
Page 265. 


I. 2a +1. 
II. 4. 
il. 24a +64 6) 
$667.95. 267. 7=7,y=& 
e+ 4¢7=+1. 3 
4,12, 36. 


$464 ee 
64 


a 


264. 


265. 


266. 
268. 
270. 


271. a+ 4a 


272. $300. 


Page 266. 
I. a= 4}, 
Il. e=1, yee 
2(a? + 6? + a&b—5*) 
at —2a7b? + b+ 


273. 
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275. 0. # af 
278. I. 10,201. 293. 2v*—4+ 3x *. 
aoe Sh Gye 2; 
\ Va—o OY e359; 9-4 
981. ae 0" 295. In the root we have Vp? — 4q, 
a—-2b+6¢ and when the quantity 
Page 2677. under the radical sign is 
negative, the expression is 
282. 4.5 very nearly. Wainer: 
STATE COLLEGE. 998, 54. 
283. (a) (x—dy) (w—4y). 299. (a) 2 (5a — 5b + 1) (25a? ~ 
(6) (a + 6) (a@?—ab +6? +1). 50ab + 256? — ba + 5b 
(c) (w—a + 1) (@-a-1). aes 
(d) 2(6—a) (18a? + 22ad + (6) (1 + aw—by) (1 - ar+ 
284. x=4 or 2, y=2 or 4. (ce) (at—y? + 4ary) (x?-y*— 
sh i eu) 
: 6 
286. (x—1) (a2 +2 +1)=0. Page 269. 
woe, 0.1465. 3. 300. (a) an (—) + q. 
b/c — be’ . 1 
288. 2 =—_——__ (6) 5V5 + 11. 


(c) Qn°'—a» + Om, 


aolon 


289. 162? ~ 2x2 + 9A4r—!—8a 


+ a, 301. 5a? — 828 + 4, 
290. xz=3 or —1. 
802. (a) z-—2¢_; y=. 
Page 268. aie dh 
(6) z=1, y=2. 
ETON. 
oc ohana 303, +2 V2. 
291. (a) (x + y) (ey) (y—22. 
(6) (y+ e—2x) (y—c+2). | 804. r=11, y=5. 
(c) (9a? a (3a + 26) (34 | 397, First mean = —7H. 
. 308. 1. 
292. (a) 2a*c 
(6) 1 810. «®—82* + 28a*— 562? + 70, 
xt - | 811. (a)- 4a*y (72-5) (x + 8). 
(c) Vi-Vv2. (6) (1+2a+y) (l-z—y). 


5 | (c) (a+b) (a?—ab + b?+1). 


342 ANSWERS. 
Page 270. Page 2'72. 
312. ai™P-9, 338. (x? — y?) (a? — y*) ( — y) 
a 
818. 3c?—94+2 73. (2? —ay + y?). a 
314. (a) c=2. siseeies 340. 62 
hs 341. ~=144, 7 =96. 
Y ar $42. 15.921. 
(0) x=}or —# 248, ro le 
y= sor —4$ 2 
S15. 52h 344. x= +13 or £1. 
BAG. 212: y= 8. y= +1lor +18. 
318. r=4; means, 80, 40, 20,10. | 345. 2393993. 
319. 15. 
320. 32a'x!— 80ata!! + 80a%ax!? — A 
A0a2213. 346. (a) (8x—2) (~—85). 
BB) ott eligt ephy 0) (e+ 3) 
nl ee 847. y=24V3. 
prog? + q®. oe 
322. 222-37 + 1. 348. 2=5, y= —3. 
sos. $24, 7=3, y=4. 
Page 273. 
Page 2'71. ; 4 2 
3 9. a? coe Pe ° 
able aca 350. «$6000, 851. S=—8,. 
396. (a) on mMtzV m —4in $52. az? + 2exr + O=0. 
21 304. 4a—4b. 
(0) w=3% or — 24. 355. L.C. Dd. =a (22-9) (x—2)3 
327. x=1lor — }. 356. x. 357. 25 and 15. 
y=6 or — 2. 358. V12+ V5. 
328. 4305. 359. w= —#or—1. 
329. 1—a2 + 42? + ae Gi zteu*. Page 274. 
Pe a eee: 360. 2t. 862. 722 
331. Va— 861. x=3,y=1. 368. 180. 
832. n=. 888. 27+Va. YALE COLLEGE. 
$34. 30.5808... . 364. 3. 
gan, —o%. 236, 242129 | 865. (a) (a — 205) (a? + 2ab> + 
7 4b), 
$37. 2=7. (b) (92? + y*28) (Sau + y%28) 
y= (3x — yz). 


ANSWERS. 


966. ee ee 

13 

368. CT. 
Page 275. - 


10 quarters. 
20 half dollars. 


367. 2=2,y=7. 
369. 


874. 


370. ~=6 or 2 or 4. 
STH PH t+ ht Se ee. i, 
372. $3 per dozen and $6 per dozen. 
$78. (a) (37% + 1) (1 + Qy) (1- 
2y). 
(6) 83(Va-Vby2, 
(c) (V5 + V3)? 


(2V38—- V—2+ V6) (8+ 4V3) 


375. 
377. 
378. 


si 16. 376. x=3a. 
x=10 miles. 
r= —2. 
y= —6. 
Page 2'76. 
x=8 or — 5. 
o> 2S. 


120 feet. 
120. 


879. 
380. 
381. 
882. 883. 4, ¢. 


MOUNT HOLYOKE. 


384. (a) (fa + 5]? + 9c?) (a +b 
+ 3c) (a + b—38c). 
(6) a(a + 3b) (a—2b). 
(c) (6+ 1) (6-1) (a +1) 


(a—1). 
(d) (a +1)§ (a—1)8. 
385. ll ee 
a, b-e 
eu, 20 
a—b 
Page 2'77. 
386. 216 + 2154. 
y=5. 


(6) 2= 5* or (—1)¢. 
388. (a) 507. 
(6) 2=25; y=16. 


1 
e690, I <¢-2 +Vci—ab 
: 2a 
i. & = ad. 
Til. ab >’. 


IV. 2?—a= . 


390. (a) 3V7—-2V3. 


ae 
(+ay + y*) (x—y)y? 
a+tb 
0 et 


391. (a) 


393. V3 ae —1 


Page 2'78. 
394. (a) ~=5or —7. 
(6) w~=9 or 4. 
y=4 or 9. 
396. (a) 64V —1 + 96 V—5, ete. 
(6) 2?-y’. 
397. (a) 6-6 V6. 
a e 
( act 
398. 9 or 12. 
$99. (a) r=4. 
ih) ee 4. 
ge 


344 ANSWERS. 
Page 2'79. 417. 4n~1. 
JOHNS HOPKINS. 418. 62'— 132 = —6. 
419. = 15, 
401. L. C. Dd=(a? + 1) (a?—1). 
402. (a) 0. Page 281. 
(b) 421. Denominator = 2. 
wits 422. x=4 or —4t.. 
4038. (a) (x—2) (az? —-3). 
(0) (@+6+4) (a—6 + 4). OHIO. 
(c) a + y® is divisible by | Rxamination for Teacher's 
+y if n be any odd Certificate. 


whole number. 


404. 1— oxt = Sot he, 


405. 15 gal. 
406. (a) n= =3= ss 


(6) x=2 or —1. 
407. (a) 5— V2. 
(6) ~-V~—I. 
(c) 2(V2— V3 +1) (1- V8). 


1 
408. x=3 or 2. 
y=2 or 3. 


Page 280. 


409. (a) x=16 or x. 
(6) x=4a—4, or 0. 
ar 
410. arena" 
a-—ar=ar 
2ar=a 


a 
r= =F, 
2a 2 


VASSAR COLLEGE. 


416. 1+ 72? + Qla* + 35784 21710 
+e ee, 


428. (a) x=9 or —(5? +5). 


(6) x=7 or — 42. 


424, x 
425. 


GAUSS 7S Sige ce 


428, (a) (a+ 1) (a +1) (a-1) 

(a—1) (a? + 1). 

(0) (w+y— 2) (w@— yt 2) 

(x+yt+2) (x—y—2). 

(c) (w — 6). (2 +1) (a@— 4) 
(a—1). 


Page 282. 


430. (a) 0 


— 2 


432. oe 4a‘b (1—4b? — 36 + 25%). 
(6) (3% + 2) (2x? -8). 

(c) (ad + e) (e-f) (e—f). 
(a) (279+ a4+1) (2?—2+1). 
(€) (a-9) (a + 5). 

ras, 

y= 18. 

a= 16, 


433. 


ANSWERS. 


434. (a) —3 V2. 

(b) 12 3 ee 

a—x 

435. x0 — . HRP ee og 
436. (1) vans o at 

(6) gabe, 
437. (a) x=42 or 5. 

(0) x=5 or — 2. 
438. 72 sheep. 


Page 283. 


439. $36, $32, $27. 
440. (a) —4av—T. 
(b) 1y V3 


441, (a) (22 +a) (@ + a) (x—-a). 


(6) (a—b) (a—6 + 2c) 3. 
(c) (76? + 96c— 5c?) (76? — 
9be— 5c’). 


442, 443. 4 days. 


abe 
444, 7 1/8a—32 V3z. 
445. x=} or 27. 
446. c= 4 or S ; 
447. e=4 or 6. 
y=6 or 4. 
448. 8 miles per hour. 


Page 284. 
. VIRGINIA. 
449, (b) (y— zy (y? + wy + 2°). 
450. (a) da—c. 
(6) 4(a + x) (a—2). 
451. 10cx + a—b 
10cza—-a+b 


452, x=10. 
453. 8 days. 


also, - 8344V2. 


345 


454, x=12, y=8, 2=6. 


455. (a)at+2Vact+ea 


a 
b) 4/22. 
e) v2 
456. x=6. 
457. x=3 or — 4%. 
458. x=3, y=6. 
Page 285. 


WHEELING, WEST VIR- 
GINIA. 


High School Examination. 
468. 1—5z + x’. 
464. a 465. 2V—=1. 


466. x=3 or — 2. 
467. A., 36; B., 20. 
468. 140 dive 

Page 286. 
470. 
477, a = 


£74... 


475. 
476. 


“+ 477. 624 hours. 
478. x—7. 


Page 287. 


480. 4x—5a. 
481. 9aty?n* + 12a?axyn? + 
4c&v?n?, 
482. (8c + 2a— 3b) (8c—2a + 3b). 
483. 3 (38x + 5y) (w—y). 
484. m —2mn—2n? 
m—n 
485. $4000. 
486. 34. 


346 ANSWERS. 


487. A., 1000; B., 600; C., 100. 
488. A. 13, B. 7, C. 4. 


Page 288. 


490. x=2. 
y=-1. 
z=1. 

491. x=2a? (a+ 6+) + abe, 
y=ab + ac + be, 
Z=a+odb+e, 


492. 24 days. 
493. x=7 or 14. 
OEY ee mal ak 
a+b 
495. 25 and 30 miles per hour. 
496, 256 ft. 497. 12 ft. 


Page 289. 
INDIANA. 
500. t= 28, ¥Y Sai 18. 


501. (a) ye 
(b) Va. 


1 
502. xay™. 504. 5V—1, 
505. v= 64; y=36. 
507. r=4, y=9, 2=16, w=25. 


Page 290. 
NORTH CAROLINA. 


509. 0. 

510. y*—12y + 36. 
16z* — 40z*y? + 25y4. 
a’b?—4abc? + 4ct. 

511. 2? + 107—56. 

x? + Tx—8. 

x?— 9x + 20. 
612. y=73. 

y = —122. 


513. A., 138; B., 11. 
514. (a) x—1. 
(O) 2 +, 
(c) m+n. 


515. 2=18, y=12. 


Page 291. 
516. 7= — 134, y= — 92, e= — 84. 
617. ~=8. 
NEW HAMPSHIRE. 
619. 5 a’? —b?; a—327y + 3ay? 
~—y’; a—bt+e—dt+er+f; 
\2 or 4 V8a. | 
521. (a) (a?+?) (a+ Bb) (a—5B). 
(b) (6+y) (a+ 2). 
522. 80 inches. 
Page 292. 


SOUTH DAKOTA. 

sog, 2a(a+ I) 

a—1 
525. w=3, y=7, 2=4. 
526. $70,000. 
527. Va, (5b), Va + OY. 
528. Saltpetre, 1; sulphur, 1; 

charcoal, 8. 


KENTUCKY. 


529. (2?—xy + y")- (a? + ay + yf) 
(x+y) (x—-y), 
(y—1) (y? + aye ee 
(2 +1) (at—a'y + a?y?— ay? 
+ ye 
530. 22? + 7x + 3. 


1 
531. on? 1 


root of the reciprocal of a. | 


541. e= +2 or +3 V—IO. 

542. v=1 or 12. 

548. S=5328. 

644, Assign numerical values and 
simplify. 


NASHVILLE, TENN. 


545. (a) — 8640. 
mr 6-5--3-8—8=—0, 


Page 295. 


546. (a) 2bx + 2by. 
(6) 22. 

547. 55 and 20. 

048. (a) a®’—3abc + 63 + 8. 
(6) 9a? — 49. 
(c) 16a*— 16a? + 42”. 


ANSWERS. 
Page 298. 549. 
, 532. =x 3. 
533. 47 sheep. 550, 
534. 53 miles per hour. bol. 
53d. (a) V2. i | eee. 
(6) 49 + 20 V6. B53. 
jean 5b4. 
537. 663 miles. 
538. 16 miles. bee 
Page 294. 
COLORADO. 
2 ors 2 556. 
539. (x ay + ) (x —xry + cade 
540. ae = = ( = qi—t) = AL. 907. 
. ~~ 
Va (=a4d) means the cube 558. 
root of a. 
a’ (= Va) means the 5th B59. 
root of the square of a. 
ao eS VY 1) means the nth 561. 


562. 
563. 
564. 


565. 
566. 
567. 
568. 


570. 
571. 
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6a"t! — Sab + 4a"—1h" + 
ar b? 2 aqn—2prtl, 

Z= 2. 

m? + 2mn + mp + n? + np 
ae oe 

x=a—Ob. 

am + QZamtl— 4qmt? 4 5qmt3, 

A child, $2. 

A woman, $6. 

A man, $6. 

(a) (a+ d+ 2b—-3c) (aid 

—26 + 3c). . 

(6) 2 (8% + 2y) (2u—8y). 

203 —47? + a—1, 

m (m—~n), 

mtn 
14 miles. 


Page 296. 


U=A,y=b, 2=c. 


(d) a™b—ng¢-3, 


988.912 4 28.21 (2) ae 
a a 


xv?+a-h, 
v?—ax—a’. 

ant + 2a! — Ia, 
x=a+ 26 or a—b. 


v==4 or 3. 

150 ft. 
Page 297. 

Su. 7%, 

(a) 12X14 — 105 ballots. 
1x2 at 


(b) 6k ‘5 x 4x 3=860. 


\ 


Page 298. 
NEBRASKA. 


582, e-em 


1 + 2%. 


5838. 7=9+2V10. 
585. (a) (x—7) (w-1). 
(0) (x—5) (a + 4). 
(c) (w + 12) (x—8). 
(d) (w+y+z) (e«-y-Zz). 
586. 1=2, y=3, 2=4. 
587. +=9, y=4. 
2x? —7. 
at x 5, 
: az” ve 62m, 


Page 299. 
UTAH. 
591. 2a? (a—3b) (2a+3b) (2a—b) 
(8a—2b). 
bm—an 3 100 (a—6) 


592. 
M— obm—an 


ANSWERS. 


593. (a) x= —2 or — 28. 
(6) x=0 or— 2; or —1+ 
2V—1. 
594. x= 2a or — a. 
y =206 or — 6. 
. «=150 or 100. 
y = 100 or 150. 


—6-13V—-2; 7V2. 


599. 


600. (a) (vw + 2y)? («@ — y) (@ -— 
2uy + 4y?). 

(b) 3(m—8) (4m + 5) (4m? 
+m — 3). 

(a) +3. 

(6) a+ 2a+ 4. 

(a) n(n — 1) (n — 2) (n—8) 

1.2.3.4 

ae 

(b) al + 7a® + 2iaeat 

s=(m—n+1)m. 

y= —m(m—n—1). 


601. 


602. 


608. 


pe 
oo 
608. 2 = 60. 


605. 


$1.75. 


Soreness 


Be 
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Date Due 


ae See i ee 
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ase, NN eee | 
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